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BE IT REMEMBERED, I1iat xn\ this Sistli day c(f May, in the Foitpnxth 
yeiu* •f the Independence of the United States of America, Joseph Ctish* 
SEAL I '°^ ^°*^ Joseph Jewett of the said Distiiet have deposited in this Office 
the title of a Book, the right whereof they claim as Propiieton^ ib the 
words following ? to -w^t : — ^ 

, *« Eudid's Elements of Geometry, the six first Books. To which are adcted, Ele- 
*• iheats of Plain and Spherical Trlgon'ometry, a Sy8lem of Conick Sections, Elements' 
^ of Natural Philosophy, as far as it relates to Astronomy, acconlin|; to the Newto- 
** Qian System, and Elements of Astronomy : with. Notes. By the Rev. JoHir Axusir, 
*• A. M. Pi-ofessor of Mathematicks in the tJfiivei'si^ of Maryland. 

^ The works of the Lord are great, stmght out of all those who have i^teasvTO 
.« therein/'.... PqUcxf." . 

In Conformity to the act of Congress of the United States, entitled, ** An act for 
tlte encouragement of learning, by securing the copies of raapf, charts and Books, to 
the authors and proprietors of such 'oopies during the times therein mentioned." And 
also to the act, entitled, •* An act supplementary to an act, entitled, ** An act for the 
€nco«iragement of learning, bysecnring the copies of maps, charts, arid books,, to the 
authors and propriet6ra of 'such copies during the times therein meiitioned,'^ and ez« 
tending the benefits thei^of to tlie airCs of •<lesigning,, engraving, and etching historical 
and other prints." 

PHtWP MOORE, 
Ciei k of the district of Maryland. 
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1X> THE HOKOXTB&BIJB 



JOHN QUINCY ADAMS, 
skcsetaht of state for thb uititbd statks of alikbica. 

Sir.  

In dedicating this work to jon, I only pay a tribute of rt* 
specty to your many virtues and eminent talents^ usefully em- 
ployed in the service of your country. 

In compliance with your particular desire* as well as from 
my own personal feelings, I think proper to state, that tliis work 
was originally intended, to have been dedicated to the late Hon- 
ourable William Pinkney, Senator of the United States from 
Maryland, lately the pride and ornament of his country, had not 
that intention been defeated by his much lamented death. 

Wishing, Sir, tliat you may long continue to devote to the 
service of your countrymen, those talents and virtues, which 
they have so justly estimated, 

I am, respectfully. 

Tour most obedient humble servant, 

JOHN ALLEN. 

Baltimore, Md^g Ut, 1822. 
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M.^KC.J. iJ.A( Klil JIN, 



RsTBBBim Sis.— -The Mathematical work you intmid to p«b- 
Sab, has my decided approbation. We purpose adopting it in 
our seminary^ and can, with confidence, recommend it to the 
teachers of that highly important branch of education* Tou ap- 
pear to have been particularly careful to avoid the prolixity of 
most other authors, and, at the same time^ have omitted nothing 
essential to the full demonstration of the propositions : — tliis will 
certainly render it more intelligible to the young student, as un-» 
necessary minuteness, and too frequent repetition, only tend to 
embarrass and confuse hinu You have, with much propriety^ 
omitted the 11th and 12th books of Euclid, and inserted in their 
plac^ a plain, easy, and concise system of Conick Sections. 
Your system of Plain. and Spherical Trigonometry must render 
your work very valuable and complete^ attil cannot fail to insure 
publick patronage. 

JOSEPH WALKER, 
Teacher of Mathematieks r» the Rev. Br. Barry* & Academy. 

SiK. — ^Having perused the manuscript, which contains the 
work you intend to publish, on Eiiclid^s Elements, Plain and 
Spherical Trigonometry, and Conick Sections, I recommend it 
to the publick, as a useful performance. The Euclidean part is 
concisely and clearly demonstrated, and freed from the tedious 
prolixity used by most other writers on Geometry ; the proper- 
ties of the Conick Sections are neatly analysed, brought into a 
narrow compass, and so blended together, that the |^p%can see, 
at one view, the true analogy, which exists between^ese curves^ 
and know their properties with ease and dispatch. On the whole^ 
I think it a very suitable work, to be introduced into colleges 
and seminaries of learning ; and for my part, shall give it a 

decided preference* 

OWEN REYNOLDS, 

Professor of MuthemaHdis, Baltimarei Caliege. 



PREFACE. 



The psalmist, in the twenty eiglith psalm, gives it as one 
of the characteristicks of the wicked, that they rcji^rdcd not the 
works of the Lord, nor the operation of his hands; and indeed 
nothine^ can tend more, to impress the human mind with strong 
convictions and reverential sentiments of God and his attributes, 
than an attentive and careful survey of the various works of cre- 
ation ; and among these works, there arc none perhaps so well 
calculated to answer this purpose, as those heavenly bodies, 
which, by their beauty, order and fitness to answer the purposes 
for which they appeal* to have been formed, speak aloud tlie in- 
finite wisdom, power and goodness of their Almiglity Creator ; 
the heavens, as tlic psalmist expiTsses it, declaring the glory of 
God, and the firmament shewing his handy work: thust lie con- 
templation of these things and the laws whereby they are regu- 
lated, tend much to strengthen and augment the power of reli- 
gion over the human mind. 

And as the powers of the human intellect appear to be very 
great on many subjects ; so on none is the excellence of these pow- 
ers, so manifest, as on those of a mathematical and astronomical 
nature : that eager thirst after knowledge, which is so pi^cvalent 
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amoii.!; mankiiidy is vcrj much c^ralifiedy on sub jects, which af- 
ford t!ie most clear and ccKain conclusions ; the ])lanctary sys- 
tcni* amonji; its otiier iicrfecfions, performs the oilicc of a most 
correct and unerring chronometer ; can man, who is so curious 
to pry into the springs and causes of motion of inferior machines 
of human construction, not wish to discover the causes of the 
motions of so wonderful a machine, as the planetary system ; the 
workmanship of a being, infinite in wisdom and power ? 

But licsidcs the tendency of these sciences to impi-ovo man*si 
religious state, and employ, advance and gratify his intellectual 
rapacities ; they are iiigbly useful to him in his passage through 
tliis sublunary state; there is hardly anv situation of life in 
which a man can beplaced, wiierein he will not find mathemati- 
cal knowledge useful to him. It is unnecessary to mention par- 
ticular instances of its utility, which is universally admitted. 

And since the utility and interest of mathematical knowledge 
have, in consequence of the improvements of N^wlon, been much 
enhanced; it seems matter of regret, that, since theyear 1 686, when 
the first cditi<in of his mathematical principles of Natural Philoso- 
phy w as jjiiblished, in the lapse of nearly 140 yeai"s, so little should 
have been done, to diffuse the know ledge of his discoveries, or 
to rendci* them mr»re geiieraJly accessible : among the various 
causes which have contributed to veil the&c, discoveries from the 
view oi the world, one has been, the g^cral practice of publish- 
ing them and tlie necessary preparatory works, in a language 
with which comparatively few are acquainted ; another has been, 
the pi'actice of publishing the different prepai-atory branches, not 
only very generally in a dead language, but in separate works, 
thereby rendering the purchase of a greater number of books ne- 
cessary ; and from this mode, it has also happenetl, that books 
on tliosc branches, which were of less pressing and general ne- 
cessity, became extremely scarce and ditiicult of attainment* 

1 have therefore, in this work, given all the mathcmaticks of 
a syntiictical nature, which appeared necessary for understand- 
ing tliese discoveries, and have joincl to these pai^s of Euclid's 
elements which are most useful arid i.;.Mieraily read; a system of 
ronick sections, so compressed, that iIk* wliole, includuig many 
other highly important things, can be alForded at as low a price, 
as the generality of editions of Kuclid, which want much of this 
momentous matter. 

jSIuch advantage has arisen from this method, as in the part, 
which (Contained Kuclid's elements, it became impoi'tiint, to 
give, in the form of corollaries or otherwise, whatever nn;^lit bo 
n(N essary in su!>sequcnt parts of the work : and in those subse- 
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qiieiit pails, tlic citalioiiH can generally be made moit; distinctly, 
and the irader is not i-efci'i-ed to another book, for tlie authority 
of any thing advanrcd; whci-eas those, who give systems of co- 
riick sections, witliout having Euclid's elements pivviously de- 
livered in the same book, must be often at a loss, if tliey cite 
any thing except Kurlid*s original propositions, sts to the edition 
of his elements to which they should refer ; anotlier advantage 
from this mode is, that the student of geometry, when the book 
with which he commences his studies, which is usually Euclid's 
elements, is put into his hands, should he have taste and talents 
for such pursuits, which many no doubt will be found to have, 
will be in possession of the moans of advancing himself to very 
higli degi-ees in this science. 

As to the manner in which this work has been executed ; the 
figures, instead of being in ])lates, aiT on tlie page with the mat- 
ter of the work, this being found by experience to be by far the 
best mode. 

The wording of tlie propositions tlii*oughout Euclid's Ele- 
ments, plain and spherical trigonometry, and conick sections, 
ai-c in general terms ; in order however to avoid repetition and 
prolixity, and to render the |)r()positions moi'c clear and explicit, 
the lctte]*s avQ sometimes added : in which casc they ait; inclosed 
in parentheses, and the pi*opositions, being i*ead without them, 
are expressed in general terms. 

In Euclid's second book, besides his d^'monstrationsof theninc 
propositions from the 2nd to the 10th, botli inclusive, are given 
other demonstrations, which were used hyTac([uet; of which 
tlie three first ai*c said to bo from Caiapanus, the rest from Mau- 
rolycus. 

In the fifth book of Euclid's Elements, proportional magni- 
tudes are defined by submultiples, instead of Euclid's method by 
multiples ; as this definition varies but little from that given by 
Mr. Elrington^ in his edition of Euclid's elements, I think it 
proper, to be particular in mentioning how I first came to use it. 

Being relieved from my collegiate studies, by obtaining the 
degree of Bachelor of Arts, inTrinitj' College, Dublin, Ireland, 
in February 1784; I began to compose elements of plain geome- 
try, being the substance of the six first books of Euclid's ele- 
ments, but in an order different from his : as I never did like 
Euclid's definition of proportional magnitudes, I thought it pro- 
per, to read evcrj' thing I could meet with on the subject; in 
reading a long dissertation on propoKionals by Tacquct, I 
found the propei-ty, used in this work, as a definition of propor- 
tionals, mentioned by him, as belonging to all proimrtional 



j(rti{Ki<utiiin*i, wTiicti iin\ iil'tio nw«nitIiMii for ilciititnstrnliiifEfotliei'^ | 
nit<l»ii arraiis" (he jiifipuatlioni, ttiiit jOI tbc uffiTtums of {.\ie* 
Mine kinil run bo (tdn»ii:4mloit toe^'thiT. 

1 rfiiicluik witlivxpt^KnitiKinj'.l^ni'ni'JstwiAli antl hnjic, tlmt thin I 
.wiii'k mnv l>" liii^itijf iMHti-iiiuPrital. in (iroiiiHting mid tliHuMiniC'l 
MKwffil niiil intei-CAtiit^ knnwlctl}:^. 




EUCLID'S ELEMENTS OF GEOMETRY. 



vFEOMETRY, is that science, whereby we compare together 
such quantities, as have extension. 

OBSERVATIONS. 

A Propositionf proposes something to be done or demonstrated. 

A FfiAfUm, proposes sometliing to be done, which) when taken 
for granted as obvious or self-evident, is called a postulate. 

A Theorem, proposes something to be demonstrated, which, 
when taken for granted as obvious or self-evident, is called an 
axiom. 

A Lemmaf is something demonstrated, in order to prove 
something which follows. 

A CoroUarjif is something drawn, as an inference, from a 
preceding proposition. 

A Schdh^m, is a remark or I'emarks on something which pre- 
ceded. 

The rules of mathematical reasonings whereby we should be 
directed in the prosecution of this science, and which have been 
formed after mature consideration, are few and obvious; and 
are as follow : 

1. The principles assumed, whether practical or theoretical, 
under the appellation of postulates and axioms, ought to be as 
few and as simple as possible. 

2. Nothing ought to be assumed, in any construction or de- 
monstration, but these principles. 

J\\)te. — ^When in the quotations you meet two numbers, the 
first shews the proposition, and the second the book. Also 
Post, denotes Postulate; Ax. Axiom; Def. Definition; B. 
Book; Constr. Construction; Hyp. Hypothesis, or supposi- 
tion ; contra hyp. contra hypothesin, or contrary to the sup- 
position. 
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BOOK T. 



DEFINITIONS. 

1. A point, is that which has no part. 

2. A line, is length without breadth. 

3. The extremes of a line, are points. 

4. A right line, is that which lieth equally between its points. 

5. A mperfides, is that which hath length and breadth only. 

6. The extremes of a superjides, are lines. 

r. A plain superficies, is that which lieth equally between its 
lines. \^ 

8. The distance of two points from each other, is a righl^line 
drawn from one of them to the oilier. 

9. A figure, is that which is inclosed by one or more boun- 
daries. 

10. A drde, is a plain figure, bounded by one line (ADBA), 
every where equally distant from a point (C) within it. 




11. That point (C), is called the centre of the circle. 

12. The bounding line (ADBA), is called its circumference 
or periphery. 

13. A diameter of a circle, is a right line, passing through 
the centre, and terminated both ways by the circumference, (as 
AB). 

14. A radius of a circle is a right line, drawn from the centre 
to the circumference, (as CD). 

15. A semidrde, is a figure, contained by a diameter of a 
circle, and the part of the circumference which is cut off thereby, 
(as ADB). 
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16. A plain angle, is ihe inclination of two lines to each 
other in a plain, which meet together, hut are not in the same 
direction. 

ir. A rectilineal adgle, is the inclination of two right lines, 
meeting each other, and not being in the same right line. 

18. The legs of an angle, are the lines, which form the angle. 

19. The vertex of an angle, is the point, in which the legs 
meet each other. 




B C 

An angle is designated eitlier by one letter placed at its Yei>. 
tex, as E ; or by three letters, of which the middle one is at 
the vertex, the other two somewhere in the legs ; thus, the an- 
gle formed by the lines DB, BC, meeting in B, is called tbe 
angle DBC or CBD. 

A 




20. When one right line (AB), standing on another (CD), 
makes the angles (ABC, ABD) on each side of the insisting 
line (AB) equal, each of these equal angles, are called right 
angles, and the insisting line, is said to be perpendicular to the 
other. 

21. The distance of a point from a ri^lit line, is a perpendi- 
cular drawn from the point to the right line. 

22. An angle (EBC), which is greater than a right angle, 
is called obtuse. ^ 

23. An angle (EBD), which is less than a right angle^ is 
called acute.* 

* Mathematicians have supposed the whole circumference of a circle to be 
divided in 360 equal parts, called deg^es, each degree into 60 equal parts, 
called minutes, and each minute into 60 equal parts, called seconds* &c. and a 
circle being described from the vertex of an angle, as a centre, an angle is said 
to be of as many degrees, minutes, seconds, &c. as are contained in the arch in- 
tercepted between tiie legs of the angle. Thus, see fig. to 6ef 10, above, the 
angle DCB, is said to tc of as many degrees, minutes, seconds, ice. as arc. 



(. 



V 



16 



Euclid's eusments 



BOOK I. 



24. A rectilineal fgiirff is a plain one, bounded by riglit lines. 

25. A triangle, is a plain figure, bounded by tlu*ee right 
lines. 

26. A quadrilateral JigiirCf or quadrangle f is one, bounded by 
four right lines. 

27. Plain figures, bounded by more than four right lines, 
are called polygons. 

28. Of triangles, those, whose three sides are equal, are 
called equilateral. 






29. An isosceles triangle, is one, which has only two equal 
sides. 

30. A scalene triangle, one, which has three unequal sides. 

31. A right-angled triangle, is one, which has one right angle. 





32. An obtuse angled triangle, one, which has one obtuse angle. 

33. An acute-angled triangle, one, which has three acute 
angles. 

34. Parallel right lines, are such as, being in the same plain, 

would never meet, though ever 

so much produced both ways. — - 

35. Of quadrilateral figures or quadrangles, a parallelogram, 
is one, whose opposite sides are parallel. 

36. A sq^iare, is one, which has all its sides equal, and all 
its angles i*ight. 

contained in the arch BD, as will be more fully explained in the tract on 
plain trigonometry in this work. 

This note is inserted, to give beginners a more correct idea of the magni- 
tude of angles, about which they are apt at first to be puzzled. And it is 
chiefly for the sake of setting them right in this particular, that it was thought 
ezpedienty to place the definition of a circle before that of an angle, contrary 
to the usual praclicc. 
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37. An oblong, one^ which has all its angles rights but not 
its sides equal. 

38. A rhombus, one, which is equilateral, but not right 
angled. 

39. A rhainboidf one, whose opposite sides and angles are 
equal, but which is neither equilateral nor right angled. 

40. All other quadrilateral figui^es, besides these^ are called 
trapeziums. 

POSTULATES. 

1. It is required to be granted, that a right line^ may be 
drawn from any point to any otii^ point. 

2. That a terminated right line, may be produced at pleasure 
in a right line. 

3. That from any point as a centre, at any distance from 
that centre, a circle may be described. 

AXIOMS. 



1. Things, which are equal to the same thing, are equal!; > 
eacli, other. 

2. If to equals, equals be added, the wholes are equal. 

3. If from equals, equals be taken away, the remainders are 
equal. 

4. If to unequals, equals be added, the wholes are unequal, 
that, which arises fi-om the addition to the greater, being the 
greater. 

5. If from unequals, equals be taken away, the remainders 
are unequal, that, whicli arises from the subtraction from the 
greater, being the greater. And if fi*om equals, unequals be 
taken away, the remainders are unequal, that, which remains 
from the subtraction of the greater, being the less. 

6. Things, which are double of the same, are equal to each 
other. 
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7. Things, which are halves of the same, are equal to each 
tfther. 

S. Things, which, being applied to each other, do coincide, 
are equal. 

CaroUary. The whole is equal to all its parts. 

9. The whole is greater than its part. 

10. Two right lines cannot enclose a space. 

11. Two right lines (AB, CB) 
have not a common segment (BD). 

See notes on 10th, 11th, and 12th, ^ , "R 

ax. and on Prop. 4. of this book. ^. 

12. If a right Hne 
(EF), intersecting two 
others (AB, CD), 
make the two interior 

angles (AGH, GHC) / p 

on one side of the in- ^ 

tersecting right line, ^ 
taken together, not ^S* 

equal to the two interior angles (BGH, GHD) on the other side 
of the inteisecting right line, taken together ; the right lines 
(AB, CD), so met by the third, may be so produced towards 
the part (B, D), on which the interior angles taken together 
are least, as to meet 

See note to Prop. 29th of this book. 
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PROPOSITION I. PROBLEM. 

•s- 

Upon a given fight Jinite line C^BJ. to make an equilateral 

triangle. 

From the centre A, at the dis- 
tance AB, describe the circle 
BEC (post 3). From the centre 
B, at the distance BA, describe 
the circle AED (post. 3). Pro- 
duce AB both ways (post. 2), so 
as to meet these circles in the 
points C and D. Then, since the 
point C is without the circle AED, and the point B within 
the same circle, and the circles BEC, AED, are contiiMwd 
lines on each side of the right line CD [det 10], these circles 
intersect each other on each side of that right line, as in 
E and F. From one of these intersections E, draw the right 
lines EA, EB to the extremes of the given right line [Post 1]. 
The triangle ABE, which is constituted on the given right line 
AB, is equilateral. 

For AE is equal to AB, being both radiuses of the same cir- 
cle BEC [Def. 10] ; and BE is equal to AB, being both ra- 
diuses of the same circle AED [Def. 10] ; whence A£ and BE, 
being each equal to AB, are equal to each other [Ax. 1]. 
Therefore AB, AE and BE are equal to each other^ and the 
triangle ABE is equilateral [Def. 28]. 

Scholium. AF and BF being drawn« the triangle ABF may 
in like manner be proved to be equilateral. 

See note on this proposition. 

PROP. II. PROB. 

M a given point C^^Jf lo put a right line^ equal to a given fight 

line CBCJ. 
From the given point A, to either ex- 
treme C of flie given right line, draw the G-^ 
right line AC [Post 1]. On AC make the 
equilateral triangle ADC [l. 1]. Frojn the 
centre C, at the distance CB, describe the 
circle EBF [Post 3], and produce DC to 
meet its circumference in E [Post 2]. 
Fi-om the centre D, at the distance DE, 
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describe the circle EGH [Post. 3]. Produce DA to meet its 
circumference in-H [Post. 2]. AH is equal to the given right 
line BC. 

For DH and D£ are equal, being radiuses of the same circle 
EGH [Def. 10] ,• taking from them the parts DA, DC, which 
are equal, being sides of the equilateral triangle ADC, the 
residuei^ AH, Cfi are equal [Ax. 31. But BC and CE are 
equal, being radiuses of the same circle EBF [Def. 10] : there- 
fore AH and BC, being each equal to CE, are equal to each 
other [Ax. l]. There is therefore put at the given point A, a 
right line AH, equal to the given right line BC. 

Scholium. The position of the right line AH is varied, ac- 
cording to the exfreme of the given right line, to which the 
right line is drawn from the given point ; and also, according 
to the part of the right line so drawn, to which the triangle is 
constituted. 

PROP. III. PROB. 

Two unequal right lines C^^^ ^^J being giveUf to cut off from 

the greater f a part equal to the less. 
At either extreme A, of the greater 
of the given right lines, put AE equal 
to the less CD [2. 1]. From the centre 
A, at the distance AE, describe the cir- 
cle EFG [Post 3], meeting AB in F. 
The part AF, cut off from AB, is equal 
to CD. 

For AF is equal to AE, being radiuses of the same circle 
EFG [Def. 10]j and AE is equal to CD [By constr.] ; there- 
fore AF and CD are each equal to AE, and therefore to each 
other [Ax. 1] ; and so there is cut off from AB, a part AF, 
equal to CD. 

PROP. IV. THEOREM. 

If two triangles C'^BC, DEFJ^ have two sides f C.^ CBJ, and 
the angle C^^^B) included by them^ of one triangle ; (JIBCJ^ 
severally equal to two sides (FB, FEJ, and the angle (DFEJ 
included by them, of the other ; the bases or third sides (AB, 
BE J are equal; as are alsOf the angles at the bases, opposite to 
the equal sides C^'^B to FBE, and CBJl to FEB J ; and the 
triangles themselves. 




■<it^ 
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For the triangle ABC, 
being applied to the trian- 
gle DEFy so that the point 
C may coincide in the point 
F, the I ig!it line CA with 
the right line FD, and tlie 
right 'lines CB, FE be to 
the same pari; ; the point A would coincide with the point D^ 
for part of C A cannot coincide with FD5 and part be without 
it, as in the direction GH, *for then two right lines GH, GD 
would have a common segment FG, contrary to the 1 Itli axiom ; 
and if the point A went beyond or fell short of the point D^ 
the right lines CA, FD would be unequal [Ax. 9], contrary to 
the supposition ; .and because the angles C, F are equal [HypJ, 
the right line CB would coincide with FE ; and, because, Cn, 
FE are equal [Hyp.], the point B would coincide with the 
point E. 

But the point A coinciding with D, and B with E, the right 
lines AB, D£ would coincide ; for, if AB did not coincide, in 
every part of it, with DE, two right lines would contain a 
space, contrary to the 10th axiom. Therefore the bases AB^ 
DE are equal [Ax. 8]. 

And the legs of the angle CAB, coinciding with those of this 
angle FDE, and those of the angle CBA, with those of the 
angle FED ; the angles CAB, FDE, as also the angles CBA, 
FED would coincide, and are therefore equal [Ax. 81. 

And the right lines, which contain the triangle ABC, coin- 
ciding with the right lines which contain the triangle DEF, the 
triangles themselves would coincide, and are therefore equal 
[Ax. 8]. 

See note on this proposition. 



PROP. V. THEOR. 



The angles CCJB, CBA)^ at the base C^BJ of an isosceles trir 
angle (ABC J, are eyual : and, if the equal sides f C.^, CBJ 
be produced below the base, the angles under the base (BAD * 
ABE J are equal. 
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In either leg, as CA, produced, take any 
point D ,• on CB produced, take CE equal to 
CD [3. 1], and draw DB, AE. 

. In the triangles DCB, ECA, the sides CD, 
CE are equal [Constr.], also the sides CB, 
CA [Hyp.], and the angle C is common to 
both these triangles ; therefore the angle CBD 
is equal to CAE, the angle CDB to CEA, 
and BD to AE [4. 1]. Whence, in the triangles ADB, BE A, 
the angle ADB is equal to BEA, the side DB to AE, and, 
taking the equals CA, CB, from the equals CD, CE, the side 
AD to BE [Ax. 3], therefore the angles DAB, ABE, which 
are the angles under the base, are equal [4. 1]. 

And, in the same triangles, the angles ABD, BAE are 
equal; which being taken firom the equal angles CBD, CAE, 
the residues CBA, CAB, which are the angles at the base AB, 
of tlie triangle ABC, are equal [Ax. 3]. 

CaroUary. — ^Hence every equilateral triangle is equian^lar. 
For, whichever side be considered as base, tiie angles adjacent 
to it are equal, being opposite equal sides. 

PROP. VI. THEOR. 



Jff two angles fCJBf CBAJ of a triangle fABCJ be eqttal, the 
sides C^^9 CBJf opposite to them, are eqml. 

For, if CA and CB be not equal, let one of 
them, if possible, as CA, be the greater, and 
take from it AD equal to BC [3. 1], and draw 
BD. 

Because, in the triangles DAB, CBA, the 
- sides DA, AB are severally equal to the sides 

CB, BA, and the angles DAB, CBA included A* *B 

by Ihe equal sides, also equal [Hyp.] ; the triangles DAB, CBA 
are themselves equal [4. II9 a part to the whole, which is ab- 
surd [Ax. 9], therefore the sides CA, CB are not unequal, 
they are therefore equal. 

Cot. — Hence every equiangular triangle is equilateral. For, 
whichever side be considered as base, the angles adjacent to it 
are equal, and therefore the sides opposite to them. 
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PROP. VIL THEOR. 

Upon the same base C^^BJ^ and on the same side of it, (here can- 
not be two triangles C^^CB^ ADBJ, whose conterminous sides 
are equal, fnamdy AC to AD, and EC to BDJ. 

For, if possible, let ACB, ADB be such 5 
and first, let the vertex of each fall without 
the other. 

Join CD, and because, in the triangle CAD, 
the sides AC, AD are equal [Hyp.], the an- 
gles ACD, ADC arc equal [5. 1.] 5 but the 
angle ACD is greater than its part BCD ^ 
[Ax. 9], therefore the angle ADC is greater A. 
than BCD ; of course, the angle BDC, which is greater thaii 
ADC [Ax. 9], is greater than BCD : but, because the sideg 
BC, BD of the triangle BDC are equal [Hyp.], the angles 
BDC, BCD are equal [5. 1.] 5 therefore the angle BDC is 
both equal to, and greater than, the angle BCD ; which is ab- 
surd. Thei*efore two triangles on the dame base and same side 
of it, have not their conterminous sides equal, if the vertex of 
each fall without the other. 

Let now, if possible, the vertex D of either 
triangle, as ADB, fall within the other. 

Join CD, and produce AC, AD, as to E 
and F ; and, because in the triangle CAD, the 
sides AC, AD are equal [Hyp.], the angles 
ECD, FDC on the other side of the base CD 
are equal [5. 1] ^ but the angle BDC is greater 
than FDC [Ax. 9], and therefore greater also 
than ECD ; and the angle ECD is greater than BCD [Ax. 91 ; 
therefore the angle BDC is greater than BCD : but, in the 
triangle BCD, because the sides BC, BD are equal [Hyp.], the 
angles BDC, BCD are equal [5. 1] ; therefore the angle BDC 
is both equal te, and greater than, the angle BCD 5 which is 
absurd. Therefore two triangles, on the same base, and same 
side of it, have not their conterminous sides equal, if the vertex 
of either fall within the othert 

Lastly, let the vertex D, (see figure to the preceding prop.) of 
one, fall on one of the sides AC of the other; and in tiiis case 
AC, AD are unequal [Ax. 9]. However therefore the vertices 
of the triangles fall, their conterminous sides are not equal. 
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PROP, VIII, THEOR. 

If two triangles C-^BC^ DEFJ, have the two sides C^^^f CJBJ 
of one, severally equal to the two sides (^^9 ^^) of the 
other f and have also their bases C'^B, DEJ equal; the vertical 
angles fC, FJ are equal. 

For the trianj^le ABC being 
HO applied to the triangle DEF^ 
that the point A may coincide 
with the point D, and the right 
line AB wfth DE/the triangles 
ABC, DFE being to the same 
part, the point B would coin- -^ ^ ^ 

cide with E, because AB is equal to DE ; and the whole trian- 
gle ACB would coincide with the triangle DFE, for if it should 
have a different jiosition, as D6£, there would be on DE, and 
on the same side of it, two triangles, with equal conterminoua 
sides, which is absurd [7. 11; therefore the sides CA, CB 
would coincide with the sides FD, FE, and the aiigle C with 
tlie angle F, which angles are therefore equal [Ax. 8]. 

Corollary* — Because CA, CB and the included angle C, are 
severally equal to FB, FE and the included angle F, the re- 
maining angles A, B of the triangb ACB, are severally equal 
to the remaining angles FDE, FED of the triangle DFE, and 
also the triangles themselves. 



PROP. IX. PROB. 

To bisect, or divide into two equal parts, a given rectili- 

lineal angle (BAG J. 

Take any point D in AB, and, on AC, take 
AE equal to AD [3. 1] ; draw DE, on which 
make the equilateral triangle DFE [l. 1] ; 
draw AF, which bisects the given ^ngle BAC. 

For, in tlie triangles ADF, AEF, the sides 
AD, AE are equal [Constr,], AF common, 
and the bases DF, EF also equal [Constr.] ; 
therefore tlie angles DAF, EAF are equal , 
[8. 1], and of course the given angle BAC is 
bisected by the right line AF. 





BOOK I. OF OBOMETBT. S5 

€hr. — By the aid of this proposition, an aiigle may be divid- 
ed into ^9 4, 89 I65 &c. equal parts, by repeatedly bisecting 
the several parts. 



PROP. X. PROB. 



To bisect a given Jlnite right line f^iBJ, 

On AB make the equilateral triangle 
ABC [1. 1], bisect the angle ACB by 
the right line CD, meeting AB in D 
[9. I]. AB is bisected in D. 

For, in the triangles ACD, BCD, AC 
and BC are equal [Constr.], CD com- 
mon, and the angles ACD, BCD also ^ 

equflj [Constr.], therefore the bases AD, -^ l> 

DB are equal [4. 1], and so the right line AB is bisected 

inD. 



PROP. XI. PROB. 



To draw a right line perpendicular to a given right line C^B)^ 

from a given point (CJ therein. 

Take any point D in AC, on CB 
take CE equal to CD [3. 1], and on 
DE make the equilateral triangle 
DFE [1. 1] ; draw CF, which is 
perpendicular to AB. 

For, in the triangles DCF, ECF, A: 
the sides DC, CE, are equal 

Xonstr.], CF common, and the bases DF, EF abo equal 
Constr.] ; therefore the angles DCF, ECF opposite the equal 
bases are equal [8. 1], and so CF is perpendicular to AB 
[Def. 20]. 
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TAeorcm.— All right angles [as BAC« EDF,] are equal to 
each other. 

Let CA and FD be produced^ as to G and H [Post. 2]. 




The angle BAC being applied to the angle EDF, so that the 
point A may coincide with the point D, and the right line AC 
with DF, the right line AG would coincide with DH, for if 
AG did not coincide with DH, but had a different situation, as 
DK, two right lines HD, KD would have a common segment 
DF, which is absurd [Ax. 11] ; also AB would coincide with 
DE, for if not, let it, if possible^ fall on either side of DE, 
as towards H, in the right line DL; then because EDF is 
equal to EDH (Def. 20), and LDF greater than EDF (Ax. 9), 
LDF is greater than EDH ; whence, EDH being greater than 
LDH (Ax. 9\ LDF is greater than LDH ; but the angle BAC 
is equal to LDF (Hyp.), and BAG to LDH (Hyp.), therefore 
BAC is greater than BAG, which is absurd, BAC being, by 
supposition, a right angle, and therefore tiie angles BAC, 
BAG equal to each other (Def. 20). A like absurdity would 
follow, if AB were to fall on the other side of DE towards F. 
Therefore AB coincides with DE, and so the angles BAC, 
EDF coincide, and are of course equal [Ax. 8]. 



PROP. XIL PROB. 



From a given point f CJ, without a given right line C^^^Jf V^^^' 
dudbU atj^sasuref to draw a perpendicular to it. 

Let any point whatever, as D, be 
taken on the other side of AB with 
respect to the given point C, and from 
the centre C, * at the distance CD, let 
the circle EDF be described (Post. 3) ; 
which, because the points C, D are 
on different sides of the Fight line 
AB, meets the same right line, pro- 
duced if necessary, in two points, as E and F. Bisect EF in 
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to 

O (10. 1), and join CG, whick is the perpendicular required. 
For, CE, CF being drawn, in the triangles CGE, CGF, the 
sides GE, GF are equal, by construction, CG common, and the 
bases CE, CF equal, being radiuses of the same circle EDF 
(Def. 10) ', therefore the angles CGE, CGF are equal (8, 1), 
and of course CG is perpentucular to AB (Def. 20). 



PROP. XIII. THEOR. 



The angles {JBC, JBD), which one right line (w9B), makes ivith 
another (CD), on one side of it, are together equal to two right 
angles. 



iJ^JP 



JT^^ 




"B 



If the angles ABC^ ABD be equal, (see figure 1), they are 
both right angles (Def. 20), and therefore together equal to two 
right angles ; if unequal, (see fig. 2), draw BE perpendicular 
to CD (11. 1), and EBC, EBD are both right an^es (Constr.), 
and therefore together equal to two right angles; butt because the 
angle ABC is equal to fdl its parts, the two angles ABE, EBC 
taken together (Cor. Ax.8), if to each be added the angle ABD, 
the two angles ABC, ABD are together equal to the three 
angles CBE, EBA, ABD (Ax. 2); again, because the whole 
angle EBD is equal to all its parts EBA, ABD (Cor. Ax. 8), 
if to each CBE be added, the two angles CBE, EBiD, are to- 
gether equal to the three angles CBE, EBA, ABD, (Ax. 2) : 
whence, the two angles CBA, ABD, and the two angles CBE, 
EBD being each equal to the three angles CBE, EBA, ABD, 
are equal to each other (Ax. 1) : but CBE, EBD are riglit an- 
gles (Constr.), and therefore together equal to two right angles, 
tiierefore CBA, ABD are also togellier equal to two right 
angles. 

Cor* — ^If more right lines stand on the same right line 
(CD), on the same side of it, and at the same point (B), not 
being an extreme; they make angles equal to two right angles. 
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PROP. XIV. THEOR. 

Two right lines (CB, BD), whidi, at the same paint (B), and on 
different sides of a right line (AB), make with it^ the adjacent 
angles {CBA^ DBA), together equal to two right angles, are 
in the same right line. 

If BD be not in the same right 
line with CB, let some other right 
line, as BE, be the production of 
CB ; and, because the right line 
AB falls on the right line CBE, 
the angles C'BA, ABE are equal ©• 
to two right angles (13. 1); but 
the angles C^B A, A BD are, by supposition, equal to two right 
angles; therefore the angles CBA, ABE together, and the 
angles CBA, ABD together, being each equal to two right 
angles, and all right angles being equal to each other (Thcor. at 
11. 1), are equal (Ax. 1); taking from each the common angle 
CBA, the remaining angles ABE, ABD are equal (Ax. 3), 
part and whole, which is absurd (Ax. 9) : therefore BE is not 
the continuation of CB. In like manner it may be shewn, that 
no other right line, but BD, can be the continuation of CB ; 
therefore BD is that continuation^ and CB, BD are in the samcf 
right line. 

PROP. XV. THEOR. 

Tf two right lines {AB, CB) intersect each other, the vertical or 
opposite angles are equal; (AEC to BED, and AED to CEB,). 




The angles AEC, AED, which AE makes with CD, are 
equal to two right angles [13. 1.] also the angles AED, DEB^ 
which DE makes with AB, are equal to two right angles^ 
[13. 1]; therefore the angles AEC| AED together^ ai'eequid 
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to AED, DEB together (Theor. at 11. 1. and Ai. 1.) : takinr 
away tlie common angle AED, the remaining angles AEC ana 
B^n are equal (Ax. 3). In like manner^ the angles AED, 
CEB may be proved equal. 

Car. i^Two intersectine ri^t lines (AB, CD), make an- 
gles, equal to four right angles. 

Cor. 2 — If more right lines be drawn to the point, wherein 
two right lines intersect each other, all the angles taken to- 
gether, are equal to four right angles. 



PROP. XVI. THEOR. 

If any side CBCJ of a triangle (ABC) beproduceif the exterior 
angle C^CDJ is greater than eitker qf the interior remote an^^ 
gles (A or ABC J 

Bisect AC in E (10. l),joipBE, 
on which produced take EF equal to 
BE (3. 1), and join CF. 

In the triangles AEB, CEF, tlie 
sides CE, EF are severally equal to 
AE, EB [Constr.], and tlie angles 
CEF, AEB, being vertical angles, are equal (15. 1); there<- 
fore tiie angles ECF and A are equal (4. 1); wiience ACD, 
being greater than ECF [Ax. 9], is also greater than its equal 
A. In like manner, if AC be produced, as to G, the angle 
fiCG may be proved to be greater than ABC ; and tterefore 
ACD, which is equal to BQG (15. 1), is also greater than ABC. 




PROP. XVII. THEOR. 



Any two angles of a triangle ("ABC J, are together kssthm two 

right angles. 

Produce any side BC, as to D, 
and the exterior angle ACD of the 
triangle ABC is greater than the 
interior remote angle B (16. 1) ; 
adding to each the angle ACB, 
Ihe angles ACD, ACB together, 
are greater than tiie angles B and 

5 
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ACB together [Ax, 4] ; but the angled ACD, ACB, which 
AC makes with BD, are together equal to two right angles 
(13. 1), therefore the angles B and ACB are together less than 
two right angles. In like manner it may be shown, that any 
other two angles of the tri||figle ABC are less than two right 
angles. 

Cot. — If, in any triangle, one angle be obtuse or right, both 
the others are acute ; and if two angles be equal, they are both 
acute. 



PROP. XVIII. THEOR. 



{f two sides C^^B^ 4CJ9 of a triangle (ABC), heuneqiud; the 
angle (ABCJ^ opposite the greater side C^^^Jj ^ greater than 
that rC ). onnnaitp. the. Ipar rAB ). 



that C^Jf opposite the less C^^^J 




From ihe greater side AC, take away AD, equal and con- 
luminous to the less AB [3. 1], and. join BD. 

Because the triangle ABD is isosceles, the angles ABD, 
ADB are equal [5. 1] ; but the external angle ADB of the 
Mangle BDC is greater than the internal remote angle C, 
[16. IJ, therefore ABD is greater than C; of course ABC, 
which IS p*eater than ABD [Ax. 9], is also greater than C. 



PROP. XIX. PROB. 

ijf ttoo angles C^^ OJ9 of a triangle fABCJ^ he unequal ; the 
side fACJ opposite the greater angle f^Jf ** greater than that 
CAB J, opposite the less C^J* 
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If AC be not greater Jthan AB, it is either equal to or less than 
it ; it is not equal to AB, for then the angles ABC, ACB would 
be equal [5. 1], contrary to the supposition ; it is tiot less than 
AB, for then the angle B would be less than the angle C 
[18. 1], which is also contrary to the supposition. 




Cor. 1. — A perpendicular (CA), drawn from any point (C), 
to any right line (AB), is less than any other right line (CB), 
drawn from the same point, to the same right line. 

For the angle CAB being right, CBA is acute [Cor. 17. 1], 
therefore CB is gi*eater than CA (by tliis prop). 

Cor. 2. — If perpendiculars let fall from two points (C, F), 
on two right lines [AB, DB], be equal; and from the same 
points, right lines [CB, FE], be drawn to points [B, E], in 
those right lines, at unequal distances [AB, I^EI^ from the in- 
cidences [A, D] of the perpendiculars, that [F£], which is 
drawn to the most distant point [E], is greater than the other 
[CB]. 

On DE, take DG equal to AB [3. 1], and draw F6; in the 
triangles CAB, FDG, CA, AB and the angle CAB, are seve- 
rally equal to FD, DG and the angle FDG, therefore FG is 
equal to CB [4. 1] ; and the external angle FGE of the triangle 
FDG is greater than the interior FDG [16. 1],- whence, FDG 
being a right angle, FGE is obtuse, and therefore FEG acute 
[Cor. 17. 1], and so FE greater than FG [19. 1], or its equal 
CB. 
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PROP. XX. THEOR. 



My two sides {as BJ, M) of a triangle (JBC), are greater than 

the remaining side {BO). 

On either of the sides to be prov- 
ed greater than the remaining one, 
as BA, produced, take AD equal to 
the other AC, and join CD. 

The angles D a^d ACD at the base 
of the isosceles triangle ACD are ■» _ 
equal [5. 1], whence BCD, being ^ 

greater jQian ACD [Ax. 9], is greater than the angle D ; there- 
fore, in the triangle BCD, the side BD, opposite the greater 
angle BCD, is grealferthan the side BC, opposite the less angle 
D [19. 1] ; but, because AD is equal to AC, BD is equal to 
BA and AC together [Ax. 3], therefore BA and AC together 
are greater than BC. 

PROP. XXI. THEOR. 

r 

/ 

Two right Unes CBB^ DC J 9 drawn from any point CD J 9 within 
a triangle fJiBCJ, to the^ extremes of any side C^OJ, are t(h 
gether less than the other' sides C^^f ^^J ^f ^^ triangle, but, 
contain a greater angle fBDC J. 

Produce BD to meet AC in E, and be- 
cause the sides BA., A£ of the triangle 
BAF, ar^ greater tiban the remaining 
side BE (20. 1), adding to each EC, 
the right lines BA and AC, are greater 
than BE and EC [Ax. 4]; but the sides ^ \^ 

DE,ECofthetriangle DEC, are great- ^ ^ 

er than the remaining side DC (^0. 1), therefore, adding to 
each BD, the right lines Bl^ and EC are greater than BD and 
DC [Ajc. 4]; but it has be^n proved, that B A and AC are 
^^ter than BE arid EC, therefore BA and AC are also great- 
erthan BD and DC. ^ 

And, because the external angle BDC, of the triangle DEC, is 
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greater than tlie internal remote angle BEC (16. l)^ and thft 
external angle BEC, ofthe triangle ABE, is greater than the 
internal remote angle A, the angle BDC is greater than Am 

PROP. XXn, PROB. 

Three right lines (•9, B and C) being gvoeUf any two of which 
are greater than the remaining one, to make a triangle having 
its sUUs severally equal to these right Unes. 




At any point D, put the right line DF equal to A (2. 1), on 
which produced take F6 equal to B, and GH to C (3. 1) ; from 
the centre F, at the distance ¥D, describe the circle DK.M» and 
from the centre G, at the distance GH, describe the circle NRH 
[Post. 3] ; and, since A and C, or their equals FM, NG to- 
gether, are greater tiian B or FG [Hyp.], taking NG fr^m e^ch, 
FM is greater tlian FN [Ax. 5] ;, and B and C, or their 
equals FG, GH together, or FH, is greater than A or FM 
[Hyp.] ; whence, FM being greater than FN and less than FH, 
tiie point M is between the points N and H : in like manner, the 
point N may be shewn to be between the points D and M : 
whence, the circles DRM, NKH, being continued lines between 
the points D and M, and the points N and H, on each side of the 
right line DE [Def. 10], intersect each other on each side 
thereof, as in K and L : join FK, KG ; the Mangle FKG has 
its sides severally equal to the given right lines A, B and C. 

For, because F is the centre of the circle DKM, FK is equal 
to FD [Def. 10], or its equal [Conistr.] A ; in like manner, GK 
may be proved equal to C ; and FG is equal to B (Constr.) 

Schol. The reasoning-in this proposition to prove the intersec- 
tion of the circles, is accommodated to the figure, but the same 
reasbning is manifestly applicable to all possible caaes. {See 
^te on m$ prapoHtian.) 
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PROP. XXIII. PROB. 

To a given right line {AB\ at a given point therein (wJ), to make a 
rectilineal angle, equal to a given rectilineal angle {€). 





Take any points, D, E in the legs of the given angle C, join 
DE, and let the triangle FAG be made e>quilateral to the trian- 
gle D CE, so that its sides FA, AG meeting at the given point ^ 
may be severally equal to the legs DC, CE of the given angle C, 
and one of these sides AF may be taken on the given right line 
AB (22. 1). The angle A is equal to the given angle C 

For because the triangles FAG, DCE are mutually equilat- 
eral, the angles A9 C, opposite the equal sides FG^ OE^ are 
equal (8. 1). 

PROP. XXIV. THEOR. 

-gf two triangles {ABC, DEF\ have two sides {AB, AC) of the 
one, severaUy equal to two sides (BE, DF) of the other, but the 
angles (A aim EDF) contained by these equal sides uneqwal, (the 
angle A being greater than tlie angle EBF,) the base {BC} of 

. that triangle{ABC) which has Hie greater angle {A), is greater 
Hum the base {EF) of the other. 




C B 




At the point D, with the right line DE, make the angle EDG 
equal to theangle A [2.3. 1], take DC equal to AC, and drawEG. 
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Because tlie angle ED 6 or A id greater than EDF, flie right 
line DG falls ^^ithout the triangle EDF, and the point F fidla 
either below the right line EG, or on it, or above it. 

If the point F fall below EG, draw FG ; and .because DF, 
DG are equal, the angles DFG, DGF are also equal [5. 1] ; 
whence the angle EFG being greater than DFG, and DGF 
than EGF (Ax. 9)^ the angle EFG. is greater than EGF, there- 
fore EG is greater than EF [19. 1.] ; but, because ED, DG and 
the included angle EDG are seversdly equal to BA, AC and the 
included angle A, EG is equd to BC [4. 1] ; therefore BC 
is also greater than EF. 

If tlie point F fall on EG, the right line EG, or its equal 
BC, is, in that case, greater than EF [Ax. 9]. 

If F falls above EG, the right lines DG, GE together are 
gi-eater than DF, F£ together [21. 11; taking from each the 
equals DG, DF, the residue EG> or lis equal BC^ is greater 
than the residue EF. 

PROP. XXV. THEOR. , 

If two triangles fJiBC, DBF), Iiave two sides fJiB, JC) of the 
one, severaUff equal to two sides ( DE, BF) of the otiier^ bat 
the bases or third sides (BC, EF) wieqiud (BC being greater 
than EF) ; the aaigle (Ji) opposite the greater base (BCJ, s 
greater than that (D) opposite tlie less (EFJ. 





For if th* angle A be not greater than D^ itl s either equal 
to or less than it. . 

The angle A is not equal to D, for, if it were, the sides BA, 
AC bcii^g severally equal to ED, DF, tlic bases BC, EF 
would be equal [4. 1] ; contrary to the hypothesis. 

The angle A is not less than D, for, if it were, the sides 
BA, AC being severally equal to ED, DF, the base BC would 
be less than the base EF [24. 1] ; which is again cxintrary 
the hypothesis. 



I 
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%'beMfei>e fhe angle A^ bemg neitiier , equal to nor less thait 
B^ ill greaitor than it 

PROP- XXVI. THEOK. 



^ two. tmmgUs ' fABC, BEF), have two anglei CA and ASCJ 
^ onCf severally equal to two angles (Band E) of the other ^ and' 
me side qf one to one side of the other,, namely either the sides 
(AB, BE) between the equal angles, or those (AC, BFJ oppo^ 
site to equal angles; the remaining sides are severally eqttal to 
each other, and Sie remaining angle (ACBJ of the one, to there* 
mainiag angle (F) of the diher. 

Let first, AB be supposed 
equal to DE5 then is AC equal 
toDF. 

For if not, let one of ^em, 
as AC,be, if possible, the great- 
er, and on AC take AG equal ST 
to DF, and dra^wBG. 

In the triangles ABG, DEF,the sides AB, AG and the angle 
A, are severally equal to the sides DE, DF and the angle D 
[Constr. and Hyp.] ; therefore the angles ABG and E are 
equal (4. 1) ; but tne wgles ABC and E are equal [Hyp.] ; 
therefore the angles ABG, ABC, being each equal to E, are 
equal to each other [Ax. 1], part and whole, which is absurd 
[Ax. 9] ; therefore flie sides AC, DF are not unequal, they are 
dierefore equal ; whence AB being equal to DE, and the angle 
A to the angle D [Hyp.], BC is equal to EF, and the angle ACB 
to the angfe F (4. 1). 

Let now AC, DF, ppposite the equal angles, ABC and E, 
be supposed equal, then is AB equal to DE, 

For if not, let one of them, as AB, be the groiter^ and on 
4B take AH equal to DE, and draw CH. 

In Ihe liriangles AHC, DEF, the sides AH, AC and the 
angle A, are severally equal to the sides DE DF and the angfe 
D XConstr. and Hyp.], therefore the angles AHC and E ar6 
equal [4 1]; but the an^es ABC and E are equal tHypO' 
tfaerefbre the angles AHC, ABC, being each equal to E, are 

3ual to each other [Ax. 1], namely, the external angle AHC 
the triangle CHB to the internal remote angle ABC, 
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which is absurd [16. 11 ; therefore AB, DE are not unequal^ 
fhej are thOTefore equal ; whence, AC bdng equal to DF» and 
the ancle A to the angle D [Hyp.], BC is equal EF, and the 
angle ACB to the angte F r4. IJ. 

Car.— A right line [CDJ, drawn from the vertex [C] of an 
isosceles triangle [ACB], bisecting the base [AB], is perpen- 
dicular to it ; and, if it be perpendicular to the base, it 
bisects it. 



Part 1 ^Let CD bisect AB, it is per- 
pendicular to it In the triancles CAD, 
CBD, the sides CD, DA, and the base 
CA, are severally equal to CD, DB and 
the base CB Hyp.], therefore the angle 
CDA, CDB ar^ equal [8. 1], and so 
CD perpendicular to AB [DeL 20]. 




Part 2. — ^Let CD be perpehdicular to AB, it bisects it. In 
the triangles ACD, BCD, theanjries A and B are equal 
(5, 1), as are also tiie angles ADC, BDC [Hyp. and Def. 20], 
and CD opposite the equal angles A, B is common, therefore 
AD is equal to DB (26. 1). 

Schol. — Only two equd right lines (CA, CB) can be drawn 
finom the same point (C) to any right line (AB) ; since any two 
right lines, drawn from C to AB, on the same side of the per- 
pendicular CD, are unequal [Cor. 2. 19. 1]. And these equal 
right lines form equal angles with that to which they are drawn 
(5. 1) ; and two right lines (CA, CB), drawn to any rirht line 
(AB), from a point (C) without it, and making equalangles 
CCAB, CBA) with it, are equal (6. 1). 



PROP. XXVII. THEOR. 



If a right line C^FJ, meeHng two other right linua C^^B, CDJy 
make the aUemate angles (AEF^ EFDJ equal ; the right limiH 
(dBf CD J so metm are paraUd. 



tr 
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For, if AB and CD be not parallel, thej may be so produced, 
as to meet either towards B, D or A, C [Def. 34.] ; let them, if 
IM>ssible, being produced towards B,D, meet, as in Cf, and the ex* 
temal angle AEF, of the triangle EFG, is greater than the in- 
ternal remote one £F& (16. 1), but it is also equal to it [Hyp*], 
which is absurd ; therefore AB, CD do not meet towards B, D» 
In like manner it may be shewn, that they do not meet towards 
A, C : since therefore they do not meet towards either part^ 
tbey are parallel. 

PROP. XXVm. THEOR. 

If a right line (EF)^ cattivg two other right lines C^B, CDJf 
make an external angle fEQBJf equal to the internal remote on 
Ae same side fOHDJ^ or two internals an the same nde (BQH$ 
OHDJ equal to two right angles ; the right lines (dB, CD) so 
ad, are paraUd. 




First — Let EGB be equal to 6HD ; and because AGU is equa) 
to EGB (15. 1), AGH isec^ual to GHD [Ax. 11, and they are 
fdtemate angles, therefore AB and CD are parallel (27. 1). 

Let now the angles BGH, GUD be equal to two right angles; 
and because AGH, BGH are also equal to two right angles (1,3. i;, 
the angles BGH, GHD, together, are equal to AGH, BGH to- 
gether ; take away from each the common angle BGH, and the 
angle AGH is equal to GHD, and they are alternate angles, 
therefore AB and CD are parallel (27. 1). 
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PROP. XXIX. THEOR. 

4^ righttine fEF^ see fig. to ike precede pnpOf eMing two p^irat' 
Id right linn C^^p CBJ9 makee me alternate angke eqmalf 
CJiQH to GHD, and BOH to OHCJ ; my external angle foe 
EGBJf to the tntemal remote en Ae same side fOHDJ ; and 
any two interior angles on the same side (as BOH, OHD, 
together equal to two right angles. 

• First.^^The alternate angles, as AGH, GHD, are equal. For if 
not, let one of them, as AGH, be the greater ; and tiie ang^ 
AGH9 HGB being togetlier equal to two right angles (13. 1 ), or, ' 

which is equal (13. 1, and'Fheor. at 11. 1), to CHG, GUD ; 
taking from them tUp unequals AGH, GHD, the remainder CHG 
is greater than the remainder BGH [Ax. 5] ; whence, AGH being 
n*eater than GHD [Hyp.], AGH, GHC together are greater than 
BGH, GHD together, therefore AB, CD may be so produced 
towards the part B, D, as to meet [Ax. 12], which is absurd [Hyp. 
and Def. 34J; therefore the angles AGH, GHD are notunequalf 
they are therefore equal. In like manner the angles BUH, 
GHC may be proved equaL 

Seoondly. — An exterior angles as EGhB, is equal to the inte- 
viw remote on the same side CrUD. For the angle £GB is equal 
to AGH [15. 1], and AGH is equal to the alternate GHD 
[part 1. of this], therefore EGB is equal to GHD [Ax. 1]. ' 

TMrdlff* — Two interior angles on liie same fdde, as BGHy 
GHD, are equal to two right angles. Forthe alternate anglea 
AGH^ GHD are equal [part 1. of this], adding to each BGH, 
the angles BGH, GHD together, are equal to AGH, BGH to- 
gether lAx. 2.], but AGH, BGH together are equal to two 
right angles [13. 1], therefore BGH, GHD together are equal 
to two rij^t angles. 

Theon^em. — If a right Une ]]EF], meeting two oilier right lines 
[AB, CD], make me interior angles on one side of it [BGH, 
GHD less Ihan two right angles; these right lines may be so pro- 
duced towards the part [B, D]i on which the angles are less flkan 
two right angles, as to meet. 

For, because the right line HG falls on'AB,the angles AGH, 
HGB are together equal to two right angles [13. 1] ; forthe 
same reason, the angles CHG, GHD are together equal to two 
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right angles ; therefore the four angles AGH, HOB, CHO, 
GHD are together equid to four right angles ; but the angles 
BGHy GHD are together less than two right angles [Hyp.]» 
flierefore the angles AGH, GHC are together greater than two 
light angles, and therefore greater than the angles BGH, GHD 
toother, and of course the right lines AB, CD maybe so pro- 
duced towards liie part B, D, as to meet [Ajc. 12]. 

PROP. XXX. THEOR. 



TW9 right lines (^Bf CD J, which are parallel to the same right 

Une (EF)f are parallel to each other. 



K a^ P 



Draw the right line GHK, cutting AB EF and CD in G, H 
and K. And, tecause AB, £F are parallel, and GK cuts them, 
the angle AGH is equal to the alternate GHF [S9. 1] ; and, be- 
cause GK cuts the parallels EF, CD, the angle GHF is equal to 
the internal remote HKD [29. 1[ ; whence, the angles AGH, 
EKD, being each equal to GHF, are equal to each other [Ax. 1], 
and therefiure AB and CD are parallel [£7. l]. 



PROP, XXXI. THEOR. 



To a given right line (EC), through a given poirU (A) without 

it, to draw a paraUd right line. 

To any point D inBC, join AD, 
and at tiie point A, with the right B -^ jj. 

lin^ AD, make the angle DAE 
equal to ADC [23. l}, on contra- 
ry sides of the ri^t line AD j the -i^ ..«_« 
right line EAF is parallel to BC. 
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For the right line AD, meetinc the right linen EF. BC, mftkee 
the^ alternate angles EAD» ADC eqiial^ therefore £F is paral- 
lel to BC [sr. IJ. 



PROP^ XXXII. THEOR. 



JJ any side C^CJ ^ ^ irian^ CJBCJ be produced. Hit exterior 
angle fACDJ is equal to the two interior remote ones (S and 
BJ. Jnd the three interior angles C^9 B and JCBJ, of eroerf 
triangle C^BCJ, are equal to two right angles. 




Through C draw CE parallel to BA [31. 1]. Because AC 
meets tiie parallels BA, CE, the alternate angles ACE, BAC 
are equal [^9. 11; and because BD meets the same parallels, 
the external angle ECD is equal to the interior remote on the 
same side ABC [29. 11; therefore the angles ACE, ECD 
together, or the angle ACD^ is equal to the two angles A and 
B togetiier [Ax. 2]. 

To each of these equals add the angle ACB, and the two 
angles ACD and ACB are together equal to the three angles 
A, B and ACB [Ax. 2] ; but the angles ACD and ACB are 
together equal to two right angles [13. 1], therefore the angles 
A, B and ACB are equal to two right angles. 

Chr. 1. — ^AU the interior angles (ABC, 
BCD, CDE, DEA and EAB) of any rec- 
tilineal figure (ABCDE), are equal to twice 
as many ri^ht angles, except four, as the 
figure has sides. 

Take any point F within the figure, and 
dipaw FA, FB, FC, FD, FE ; there are 
formed as many triangles as the figure has sides, all the 
angles of which are equal to twice as many right an(;les as the 
Jfigure has sides [by tiiis prop.] ; but of these* all the angles 
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abmif the point F are equal to four rightangles [Cor. 2. 15. 1]; 
tfierefore the remaining angles, which coij$titute the interi9r 
angles of the figure, are equal to twice to many right dngleiy 
except four, as the figure has sides. 




Cor. 2. — All the exterior angles, of any rectilineal figure 
(AC), are together eqiial to four riglit angles. 

For every exterior, as ABD and its adjacent interior ABC, 
are together equal to two right angles [13. 1] ; therefore all the 
exterior and interior angles of the figure are together equal to 
twice as many right angles as the figure has sides ; but the in- 
teiior angles are equal to twice as many right angles, except 
four, as the figure has sides [by the preceding Cor.], therefore 
tlie exterior angles are equal to these four. 

Car. 3. — ^If from the vertex (C, see fig. 1, 2 and 3), of an 
isosceles triangle (ABC), a fright line (CB) be drawn without 
the triangle, equal to one of its equal sides (AC or CB), the 
angle (ADB) formed at its other extreme (D), by right lines 
(DA, OB) drawn to the extremes (A, B) of tlie base^ is equal 
to half the vertidal angte (ACB). 





First, let one of the right Knes, drawn from D tn tlie ex- 
tremes of the base, pass by the vertex C, as in fig. 1 ; and, 
since tlie triangles CBD is isosceles, the angles CBD, CDB 
are equal [5. 1], whence^ the external angle ACB of the tri- 
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angle BCD, being equal to the two internal remote angles CBD, 
CDB [b; tMb prop.], is double to ADB. 

Secondly, let the point C be within Ihe triangle ADB, as in 
ffg. 2. Draw DC, which produce beyond C, as to E ; and, by 
case 1, the^ngle ACE is enual to tiie double of ADC, and BCE 
to the double of BDC, and therefore, the whole ACB to the 
double of the whole ADB [Ax. 2J; 

Thirdly, let the point C be without the triangle ADB, as in 
fig. 3. Draw DC, which produce beyond C, as to E ; the an^e 
ECB is [by case 1,] equal to the double of EDB, and EC A to 
the double of EDA ^ therefore, taking the latter from the former, 
ACd is equal so the double of ADB [Ax. S]. 

Cor* 4. — ^If the angle (ADB, see fig. 1. 2 and 3,] formed at 
any point (D), above the base (AB), of an isosceles triangle 
(ACB), by right lines (DA, DB) drawn to the extremes of Sie 
base, be equal to half. the vertical angle (ACB); the right line 
(CD), joining that point to the vertex of the triangle, is equal 
to one of the equal sides of the triangle (AC or CB)1 

First, let CD be in the same riglit line with one of the equal 
sides AC, as in fig. 1 above; then, since ACB is equal to 
CBD and CDB [by this prop^], and CDB equal to the half of 
ACB [Hyp.], CBD is also tlie half of ACB ; therefore the 
angles CBD, CDB are equal [Ax. 7], and therefore CD is 
equal to CB [6. 1]. 

Secondly, let the angle ACB be included within tlie an^e 
ADB9 as in fig. 2 above ; CD is in tiiis case also equal to CB ; 
for, if not, it is either greater or less than it; let CD, if pos- 
sible, be greater than CB, and take thereon CF equal to CB 
[3. 1], andjoinFA, FB; tlie angle AFB is equal to half tlie 
angle ACB [by preceding Cor.],, but ADB is equal to half the 
angle ACB [Hyp.], therefore the angles AFB, ADB are equal 
[Ax. 7], which is absurd [21. l], therefore CD is not greater 
tiian CB ; in like manner it may be shewn, that CD is not less 
than CB ; it is therefore equal to it. 

Thirdly^ let C be without the triangle ADB, as in fig. 3 
above; CD is in this case also equal to CU ; for, if not, it is 
either greater or less than it; and first, let CD, if possible, be 
greater than CB, and on it take CF equal to CB ; from the cen- 
tre C, at the distance CF, describe an arch of a circle F6 
[Post 3], whicti, (because CF and CB are equal), being con- 
tinued, would pass through B, whence, the points F, B of the 
circumference, being on contrary sides of AD, that circnrafc- 
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rence must meet AD between these jpoints ; let it meet AD in G, 
and join FA, CG, GB ; and because CG iis equa^to CB [Def. 
)0], the angle AGB is half of ACB [by last Cor.]9 but ADB 
is also half of ACB [Hyp.]» therefore the angles AGB, ADB are 
'equal (Ax. T), the external angle AGB of tiie triangle GBD to 
ttie internal remote GDB, which is absurd (16. 1); therdbre 
CD is not greater than CB : Let now CD, if possible^ be less 
than CB, and, on CD produced, take CH equal to CB ; from the 
centre C, at the distance CH, describe an arch of a circle, meet- 
ing AD produced in K, and join KB ; and because a right line 
joining the points C, K is equal to €H.(Def. 10), or its equal 
(Constr.) CB, the angle AKB is half the angle AC B [by preced. 
Cor.], but the angle ADB is also half of ACB (Hyp.), therefore 
the angles ADB, AKB are equal (Ax. 7), the external angle 
ADB of the tri^i^gle D BK to the internal remote DKB, which ia 
absurd (16. 1) ; therefore CD is not less than CB ; and it is above 
shewn not to be greater than CB ; since therefore CD is ndther 
greater nor less than CB^ it is equal to it. 

• 

PROP. XXXIII. PROB. 

Mght lines CAC^ BD J, joining the adjadent extremes of equal and 
parallel right lin^s C*AB, CD J, are themselves equal and par- 
allel* 



-.'' 




Join CB, sind in the triangles ABC, BCD, the sides AB, 
CD, are equal [Hyp.], BC common, and, because AB and CD 
are parallel [Hyp.^ the alternate angles ABC, BCD areequfal 
[29. 1], therefore [by 4. 1,] AC is equal to BD, and the angle 
ACB to CBD ; but these are alternate angles, formed by tiie 
right line BC meeting the right lines AC, BD; therefgre AC and 
BD are parallel [27. 1]. 
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PROP. XXXIV. THEOR. 

The opposite sides fJlB, CD, and AC^ BB)^ and opposite angles 
(J, D, and ABB, ACDJ^ of a parallelogram CAB), art 
equalf and a diagonal, or right line, joining two of its opposite 
angles (as CBJ, bisects it. 




In the triangles ABC, BCD, the angles ABC, BCD are 
equal, as also the angles ACB, CBD, being alteiTiate angles, 
formed by BC meeting the parallels AB, CD, and AC, BD 
[29. 1] ,• but the side CB, between the equal angles, is common 
to both these triangles, therefoi*e AB is equal to CD, ..C to 
BD, and the angle A to D [26. l] ^ and, because AB, CD are 

tiarallel, the angles A and ACD are equal to two right* angles 
29. 1], or, which is equal [29. 1 and Theor. at 11, 1], to the 
angles D and ABD ; tsiking from each, the equal angles A, D, 
the remaining angles ACD, ABD are equal [Ax. 3j. 

And, since AB, BC and the included angle ABC, are seve- 
rally equal to CD, CB and the included angle BCD, the tri* 
angles ABC, BCD are equal [4. IJ ; therefore CB bisects the 
parallelogram AD. 

Cor. 1. — If one angle of a parallelogram be right, the rest 
ai'e right. 

For either adjacent angle is right, because it and a right 
angle are equal to two right angles [29. 1']; and the opposite 
angles are right, because equal to these right angles [by this 
prop.] 

Cor. 2. — ^Two parallelograms, which have one angle of one 
equal to one angle of another, are mutually equiangular. 

For the angles, which are opposite these equal angles, are 
equal to them [34. 1], and therefore to each other | and the aa- 
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glcs which arc adjacent to them, hecause mth them they arc 
equal to two right angles [29. 1], are also equal. 

Cor. 3 — ^Two parallelograms, which are mutually equiangii- 
lai' and equilateral, are equal. 

For, drawing a diagonal in each, subtending equal angles, 
cither of the two triangles into which one of the parrallel- 
ograms is divided, is equal to either of those into which the other 
is divided [4. 1], therefore the parallelograms, which are double 
to these triangles [34. 1], are equal [Ax. 6]. 

Cor. 4. — Every quadrilateral figure [ABDC],, whose oppo- 
site sides arc equal, [AB to CD, and AC to BD,] is a paralle- 

lograih. 

Join CB, and, in the triangles ABC, DCB, the sides CA, . 
AB are severally equal to BD, DC [Hyp.], and BC is com- - 
mon, therefore tlie angles A, D are equal [8. 1] 5 whence also, 
the angle ABC is equal to BCD, atid ACB to CBD [4. 1], 
therefore AB is parallel to CD, and AC to BD [27. 1], and 
ABDC is a parallelogram [Dcf. 35]. 

Cor. 5. — Every quadrilateral figure [ABDC], whose oppo* 
site angles are equal, [A to D, and ABD to ACD,] is a pai^- 
lelogram. 

Because the angle A is equal to D, and ABD to ACD [Hyp.], 
the four angles A, ABD, D and ACD are double to the two 
angles A and ABD ; but the four angles A, ABD, D and ACD, 
of the quadrilateral figure ABCD, are equal to four right 
angles [Cor. 1. 32. l] ; therefore the angles A and ABD are 
equal to two right angles, and therefore AC and BD are paral^ 
lei [28. 1]. In like manner it may be proved, that AB and CD 
are parallel; of course ABDC is a parallelogram [Def. 35]. 

Cor. 6. — Two finite right lines [AB, AC], meeting in an 
angle, being given, to make a parallelogram, whereof they are 
sides. 

Through B draw BD parallel to AC, and through C, CjP 
parallel to AB [31. 1] ; and, having joined CB, because the ' 
two angles ABC, ACB of the triangle ABC, arc less than 
two right angles [17. l], the two angles BCD, CBD, being 
alternates to them, and therefore severally equal to them [29. IJ, 
are also less than two right angles ; therefore BD, CD may be so 
produced as to meet [Theor. at 29. 1] ; let them meet, as in D ; 
the quadrilateral ABDC is a parallelogram, whereof the given 
right lints AB, AG are sides [Def. 35j, 
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Cor. 7.— To divide a given right line [AB], into any roqiiir- 
ed number of eqoid parts. 




Draw AH, making any angle whatever with AB, and take 
thereon as many equal parts AC, CD, D£, as those into whicli 
AB is required to be divided [3. 1], draw KB, and pai*allel 
thereto CF, DG [31. 1] ; AB is divided as required in F 
and G. 

For CK, DL, being drawn parallel to AB, are parallel to 
each other [30. 1] ; and, since AH meets the parallels CK, 
DL, the angle £DL is equal to the internal remote on the same 
aide DCK [29. 1] ; and, since AH meets the parallels DG, 
EB, the angle CDK is equal to the internal remote on the same 
side DEL [29. 1] ; therefore, in the triangles CDK, DEL, 
the angles DCK, CDK are severally equal to EDL, DEL, 
and the sides CD, DE between the equal angles are equal 
[Constr.], therefore CK is equal to DL [26. 1]. In like man- 
ner, AF may be proved equal to CK ; but, because of the pa*, 
rallelogram CG, the right line FG, is equal to CK [34. l] ; 
whence AF, FG, being each equal to CK, are equal to each 
other [Ax. 1]. In like manner FG, GB may be proved equal, 
aiid so the parts AF, FG, GB, into which the given right line 
is divided, are equal. 



PROP. XXXV. THEOR. 

ParaUdograms C^O and BFJ, an the same base C^CJ, and he- 
tween the same paraUds f BC, •^FJf are equal. 

Produce BC, as to G. The exter- 
nal angle DCG is equal to the inter- 
nal remote angle ABC [29. 1] ; tak- 
ing from these equals, the external 
FCG and internal EBC, which are 
also equal [29. 1], the remainders 
DCF, ABE are equal [Ax. 3]; 
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whence the triangles DCF, ABE, having also DC, CF, seve- 
rally equal to AB, BE [34. l],^ are equal [4. 1] ; but the tri- 
angle DCF being taken from the quadrangle ABCF, the remains 
the parallelogram BD ; and the triangle ABE being taken from 
the same quadrangle, there remains the parallelogram BF; 
the parallelograms BD, BF are therefore equal [Ax. 3]. 

Schdium.'^The demonstration is evidently tlie same, though 
the point E should coincide with D, or be between the points A 
and D. 



PROP. XXXVI. THEOR. 



ParaUdograms (BB^ FHJ, on equal bases (^BC, FGJ, and 
between the same parallels (BGf AHJj are equal. 




Join BE, CH, and because BC is equal to FG [Hyp."], and 
EH to FG (34. 1), BC is equal to EH ,Ax. 1) ; and BC, EH 
are parallel [Hyp.], therefore BE, CH, which join them, are 
parallel (33. 1), and BH is a parallelogram (Def. 35), and is 
equal to the parallelogram BD, being on the same base BC, 
and between the same parallels BC, AH (35. 1) ; and the paral- 
lelogram BH is also equal to FH, being on the same base EH, 
and between the same parallels BG, EH (35. 1); wlience, the 
parallelograms BD and FH, being each equal to the parallelo- 
gram BHy are equal to each other. 



PROP. XXXVII. THEOR. 



Triangles (ABC, BBC), on the same base (BC), and between 
the same paraUets fBC, ABJ, are equal. 
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AB 




Tlipough B, draw BE parallel to CD, 
and throuj^ V, CF parallel to BA [31. 1]; 
meeting AD produced in E and F ; the pa- 
Tallclograms EC, BF are equals being on 
the same base BC, and between the same 

parallels BC, EF [35. l] ; but the trian- 

gles DBC, ABC ai-e the halves of these ^ C 

parallelograms, because the diagonals BD, AC bisect them 
[34. l] ; therefore these triangles are equal [Ax. 7]. 

PROP. XXXVIII. THEOR. 

Triangles C^BC, DEFJ, on equal bases CBC^ EFJ, and bi- 
tween the same parallels (BFy •AD J, are equal* 




H 




Through B, draw BG parallel to CA, and through F, FH 
pai*a]lel to ED [31; 1], meeting AD produced in G and H ; the 
parallelograms GC, EH are equaU being on equal bases HC, 
EFy and between the same parallels BF, GH, [36. I] ; whence, 
the triangles ABC, DEF, being the halves of these parallelo- 
grams [34. I], are also equal [Ax. 7]. 



PROP. XXXIX. THEOR. 

Equal triangles fABC^ DBCJ, on tlie same base C^^)* o^nd on 
the same side of itf are between tlie sarne parallels. 

Join AD, which is parallel to BC ; for, A« 
if not, through A, draw AE parallel to 
BC [31. IT, meeting either side BD of the 
triangle '^DC, in a point E, different from 
tiie vertex, and join EC. ^ 
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The triangles ABC, EBC, being on the same base BC, and 
between the same parallels BC, AE, are equal [37. l] ; b^ 
the triangle DBC is equal to ABC [Hyp.] , therefore tiie tri- . 
angles EBC, DBC are equal [Ax. l], part and whole, which 
is absurd; therefore AE is not parallel to BC. In like man- 
ner it may be shewn, that no other right line drawn thixMigh A. 
except AD, is parallel to BC ; tlici*cforc AD is parallel to BC. 



PROP. XL. THEOR. 

Equal triangles (JIBC^ DEFJ^ on equal hoses in the same right 
line C^^f EFJf ami tora-ards the same part^ are between the 
same parallel s. 




Join AD which is parallel to BF ; for, if not, through Af 
draw AG parallel to BF [31. l], cutting cither side DE of the 
triangle DEF, in a point G different from the vertex, and 
join GF. 

The triangles ABC, GEF, being on equal bases BC, £F, 
and between the same parallels BF, AG, are equal [38. 1]; 
but the triangle DEF is equal to ABC [Hyp.] ; therefore the 
triangles DEF, GEF arc equal [Ax. 11, whole and part, 
which is absurd; tliercfore AG is not parallel to BF. In like 
manner it may bo shewn, that no other right line drawii 
through A, except AD, is parallel to BF ; therefore AD is pa- 
rallel to BF. 



PROP. XLI. TIIEOR. 

If a parallelogram (BD)^ and triangle (BEC), he on tlie same 
base CBCJ, and hetween the same parallels (BC, ^EJ, the 
parallelogram is douhle to the triangle. 
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Join CA. The triangle BEC is 
equal to BAC» being on &e same base 
BC, and between the same parallels BC, 
AE, [37. 1] ; but the piurallelogram 
BDy being bisected by the diagonal AC 
[S4. 1],' is double the triangle BAG ; 
tlierefore the parallelogram BD is also double the triangle 
BEC. 



PROP. XLII. PROB. 

To comtitute a paraUdogramf equal to a given triangle fABCJ, 
and having an angle, equal to a gircen rectilineal angle C^)* 




Through A, draw AG parallel to BC [31. 1], bisect BC in 
E (10. 1), and at the point E, with the right line EC, make 
the angle CEF equal to the given angle D (23. 1 ) ; through C, 
draw CG parallel to EF (31. 1), meeting AG in G, and join 
AE ; ECGF is a parallelogram (Dcf. 35), and double the ti'i- 
angle AEC (41. 1) ; and since the triangles ABE, AEC are 
equal, being on equal bases BE. EC, and between the same 
parallels BC, AG (38. 1), the triangle ABC is double the tri- 
jEingle AEC ; whence, the parallelogram EG and triangle ABC, 
being each of them double the triangle AEC, are equal (Ax. 6) ; 
and one angle FEC of the parallelogram is equal to the given 
angle D (Constr.). There is therefore constituted a paraulelo- 
gram EG, equal to the given triangle ABC, and having an 
angle FEC^ equal to the given angle D, as was required. 



PROP. XLIII. THEOR. 

In any parailehgram (BBJ^ the complements ^BiT, JfCDJ, of 
the paralldcgrams (EH, GFJ, 7vhich areahmttthe diagonal 
(Jitjf are equal. 
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The parallelograms EH, GF, about 
the diagonal AC, are formed, by 
drawing through any point K of that 
diagonal, the right lines EF, HG 
parallel to BC, -AB; and BK, KD 
are their complements to the whole, 
which are equal. 

For, because AC bisects the parallelogram BD (34. 1), the 
triangles ABC, ADC are equal ; and, because the same diago- 
nal bisects the parallelograms EH, GF (34. 1), the triangles 
AEK, KGC are severally equal to the triangles AHK, KFC ; 
therefore the triangles AEK, KGC together, are equal to AHK, 
KFC together (Ax. 2), which being taken from the eqtial tri- 
angles ABC, ADC, tlie remaining complements BK, KD are 
equal (Ax. 3). 



PROP. XLIV. PROB. 

To a given right line C^B)^ to apply a parallelogram^ equal to a 
given triangle C^Jf and having an angle, equal to a given 
rectilineal angle (DJ. 




Make the parallelogram EFGH equal to C, having an angle 
EFG equal to D (42. 1) ; in EF produced, take Fl equal to 
AB (3. 1), complete the parallelogram GI (Cor. 6. 34. 1), and 
join FK ; because the angle FGK is equal to the internal remote 
angle EHG (29. 1), and the angles FGK, FKG are together 
less than two right angles (17. 1), the angles EHK, FKH 
are also together less than two right angles, therefore HE, KF 
may be so pi*oduced towards E, F, as to meet (Theor. at 29. 
1); let them, being produced, meet, as in L, and through L» 
draw LN parallel to EI, meeting GF, Kl produced in M and 
N; make the angle BAO equal to IFM (23. 1), AO to FM, and 
complete the parallelogram AOFB (Cor. 6. 34. 1) 
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In the parallelogram HN, the complements HF, FN are 
equal (43. 1), but the parallelogram HF is equal to C (Constr.jf 
therefore the parallelogram FN is equal to C (Ax. 1); and the 
parallelogram AP is equal to FN (Cor. 3. 34. 1), therefore 
the parallelogram AF is also equal to C (Ax. 1), andit is ap- 
plied to the given right line AB, having an angle A. equal to 
the angle MFI (Constr.), and therefore [15. 1], to EFG, and 
therefore [Constr.], to D. 

PROP. XLV. PROB. 

To make a paraUdogram, equal to a given right^ined figure 
{ABCD)^ and having an angkf equal to a given rectilineal 
angle {E). 



\2'^ 



C Xi 




A^ 'B 



Join ACy and make the parallelogram KG, equal to the tri-* 
angle ACD, having the angle K, equal to the angle E (42. 1) ; 
and to the right line GH, apply tlie parallelogram GM, equal 
to the triangle ABC, having the angle GHM equal to E (44. 1); 
the angles GHM and K, being each equal to tlie angle E 
(Constr.), are equal to each other, adding to each the angle 
GHK, the angles GHM, GHK together, are equal to K and GHK 
together (Ax. 2) ; but the angles K and GHK together, aro 
equal to two right angles (29. i), therefoi*e the angles GHM, 
GHK together, are equal to two right angles, and therefore the 
right lines KH, HM make one right line (14. 1); and, since 
the angles J9*GF, HGL ai*e severally equal to their alternate 
angles GHM, GHK (29. 1), the angles HGF, HGL together, 
are also equal to two.right angles, aiid therefore the right lines 
FG, GL make one right line (14. 1) ; and FK and LM, being 
each of them parallel to GH, arc parallel to each other (30. 1); 
and FL is parallel to KM ; therefore FM is a parallelogram, 
equal to the given right-lin^ figure ABCD (Constr. and Ajc. 
2), and ha.ving ah angle K equal to E (Constr.) 

8 
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Cor. — ^Hence it appears, how there may be applied, to a ffiven 
right line FK, a parallelogram, equal to a given rectilineal 
figure ABCD, and having an angle, equal to a given rectilineal 
one E ; jiamelj, by appl}ing to FK, a parallelogram, equal to 
the triangle ACD, having an angle, equal to the given one 
(44. 1), and then proceeding, as in this proposition. 

PROP. XLVI. PROB. 

On a given right line {JiB)^ to constitute a square. 

From the point A, draw AC at right 
angles to AB (11. 1), on which take AD 
equal to AB (3. 1), and complete the paral- 
lelogram AE (Cor. 6. 34. 1). Because 
AB, AD are equal (Constr.), and the sides 
DE, EB opposite to them, severally equal to 
AB, AD (34. 1), the four sides AB, AD, 
DE, EB are equal to each other, and the parallelogram AE is 
equilateral : it is also right angled, for the angle A being riglit 
(Constr.), its other angles are right (Cor., 1. 34. 1)); therefore 
ABED is a square (Def. 36), and is constituted on the given 
right line AB. 
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Cor. 1. — Equal squares (ABCD, EFGH), have equal sides, 
(asAB, EF). 

For if AB and EF be not equal, let one of them, as AB, be 
the greater, and take thereon AI equal to EF, on whidi 
make the square AIRL (by this prop.) 5 and because Al, AL 
are equal (Constr. and Def. 36), as also AB and AD (Hyp, and 
Def. 36), and AI is less than AB, AL is le^s than AD, and the 
square AIKL contained within tlie square ABCD; but the 
squares AIKL, EFGH, having equal sides, are equal (Cor. 3. 
34. 1), and the squares ABCD, EFGH are also equal (Hyp.) 
whence, the squares AIKL and ABCD, being each equal te 
EFGH, are equal to each other (Ax. 1), part and whole, which 
is absurd (Ax. 9) ; therefore AB is not greater than EF. In 
like manner, it may be shewn, that AB is not less than EF. 
Therefore AB, being neither greater nor less than EF, is equal 
to it. 
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Cqr. ^.---Parallelograms (CK, HF), 
about a diagonal (DB) of a square (AE), 
are squares. 

Because all the angles of the triangle 
ABD are equal to two right angles (32. 1 ), 
and the angle A a right angle (Hyp. and 
Def. 36), the angles ABD, ADB are to- 
gether equal to a right angle, and being, 
because of the equal sides Afi, AD, equal 
to each otiier (5. 1), either of them, as ABD, is half a right 
angle; and, in the triangle CBG, the angle BCG is equal to 
the internal remote on the same side A (29. 1), and therefore a 
right angle, and CBG has been shewn to be hsilf a right angle, 
therefore CGB is also lialf a right angle ; whence, the angles 
CBG, CGB being equal, CB is equal to CG (6.1); and, in the 
parallelogram CK, the sides opposite to these are severally 
equal to them (34. 1) ; therefore the parallelogram CK is equi- 
lateral ; and because its angle at B is right (Hyp. and Def. 36), 
right angled (Cor. 1. 34. 1); it is therefore a square (Def. 36). 
In like manner it may be demonstrated, that HF is a square. 



PROP. XLVII. THEOR. 



In every right angled Iriangle CABC)^ the square of the side 
CBCJ, opposite the right angle (BACJ, is eqiial to the squares 
of the other sides C*AB and ^C). 

On the sides BC, BA, AC, describe 
the squares BE, FA, AK (46. 1), through 
A, draw AL parallel to BD or C£ (31. 1), 
and join AD, FC. 

Because the angles BAC, BAG are 
right angles (Hyp. and Def. 36), and 
flierefore together equal to two right an- 
gles, the right lines GA, AC make one 
right line (14, 1) ; and because the angles 
FBA, DBC, being each of them right an- 
^es (Def. 36), are equal (Theor. at 11. 1), 
adding to each the angle ABC, the angles FBC, ABD art 
equal (Ax. 2), and the sides FB, BC are severally equal to the 
sides AB, BD (Def. 36), therefore. the triangles FBC, ABD 
are equal (4. 1); but the parallelogram FA is double the tri- 
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angle FBC, being on the same base FB, and between the same 
parallels FB, 6C (41. 1); and the parallelograni BL is double 
the triangle ABD, being on the same base BD, and between 
the same parallels BD, AL (41. 1); whence, tlie parallelo- 
grams FA, BL, being double the equal triangles FBC, ABD, 
are equal (Ax. 6). In like manner, joining BK, AB, the pa- 
rallelograros AK, CL may be proved equal; thei-efore thl» 
square BE of BC is equal to the squares FA, AK of the other 
sides AB, AC (Ax. 2). 

Cor* 1. — Any number of squares being given, to find one 
equal to them all. 

Let the right lines A, B and C 
be sides of the given squares ; draw 
the right line DE, and, perpendi- 
cular thereto, from any point D 
therein, DF (11. 1); on DE, take 
J^ equal to A, and on DF, DH 
equal to B (3. 1) ; join HG, and on 

DE, take DI equal to HG, and on 

DF, DK equal to C (3. 1); join KI, the square of which is 
equal to the squares of A, B and C ; for it is equal to the squares 
of DI, DK (47. 1), and the square of DI, or its equal HG, is 
equal to the squares of DG, DH (47. 1); therefore the squai^ 
of KI is equal to the squares of DG, DH and DK, or of their 
equals A, B and C. 





Cor. 2. — ^Two unequal right lines (AB and C) being given, to 
find a right line, whose square is equal to the excess of the 
square of the greater (AB), above that of the less (C). 

From the centre B, at the distance BA, describe the semicir- 
cle AFD (Post. 3), meeting AB produced in D ; BD and BA 
are equal (Def. 10J(, and therefore BD greater than C ; on BD 
take BE equal to V (3. 1), and from the point E, draw EF per- 
pendicular to BD (11. 1), meeting the arch AFD in F; EF is 
the right line required. 
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Join BF, The square of BF, or of its equal BA, is equal 
,to the squares of BE and EF (47. 1), therefore the square of 
EF is equal to the excess of the square of AB above that of BE 
or C. 



PROP. XLVin. THEOR. 

Ijf the square of one side CBC J^ of a triangle (ABC ), he equal 
to the squares of the other two side^ CAB^ JiC ; the angle 
CBJiCj contained by these two sides^ is a right angle* 




From the point A» draw AD, perpendicular to one of tlie 
sides AC containing the right angle^ and equal to the other 

AB, and join DC. 

Because DA is equal to AB, the square of DA is equal to the 
square of AB (Cor. 3. 34. 1), adding to each the square of 

AC, the squares of AD and AC are equal to the squares of BA 
and AC ; but the square of DC is equal to the squares of DA 
and AC (47. 1% and the square of BC is equal to the squares of 
BA and AC (Hyp.), therefore the squares of DC and BC are 
equal, and therefore the right line DC is equal to BC (Cor. 1. 
46. 1); whence, the right lines DA, AC being severely equal 
to BA, AC, the angles DAC, BAC sire equal (8. 1); but the 
angle D AC is a right angle (Constr.), therefore the angle BAC 
lis* a right angle. 
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1. A JlectangUf is aiiglit angled parallelogram, (as ABCD^) 
and IS said to be contained under any two of the right linca 
(AB, AD), which make one of its right angles. 




The rectangle under two right lines, is that contained by 
these right lines, or by right lines equal to them, which is equal 
by Cor. 3, 34. 1. 

When a rectangle is denoted by three letters, the middle-one 
is an extreme of both the right lines containing it, the other two 
letters being at the other extremes of these right lines ; thus, 
the rectangle DAB, denotes the rectangle contained by the , 
right lines DA, AB. 

£. In any parallelogram, either of the parallelograms (H6 
or £K), which are about a diagonal, together with the two 
complements (AF and FC), is called a Chioman. 

A gnomon is generally denoted by three letters, which are at 
the opposite angles of the parallelograms which make the gno- 
mon ; thus, the gnomon, made by the parallelogram EK with 
the complements, is denoted by the leters AKG or HEC. 
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PROPOSITION I. THEOREM. 

IJ tiiere be two right Iitum {Ji and BC), where^ one {BC) ts 
dimded into any number of parts (BD^ DE^ EC) ; the rectan- 
gle muter these right liiuSf is equal to the rectangles under the 
,undivided line {ji), and ail the parts of the diroided one {BD, 
DE and EC). 




From B, draw BF perpendicular to BC (11. 1), on which 
take BG equal to A (3. I), through G, draw GH parallel to 
BC, and through D, E, C, draw DK, EL, CH parallel to BG 
(31. 1), meeting GH in K, L, H. 

The rectangle BH is equal to all its parts the rectangles BK, 
DL, EH (Cor. Ax. 8), but, because BG is ecpial to A (Constr.), 
the rectangle LH is equal to the rectangle under BC and A 
(Cor. 3. 34. 1), and because BG is equal to A (Constr.), and 
DK, EL each equal to BG (34. 1), and therefore to A (Constr. 
and Ax. 1), the parallelograms BK, DL, EH are equal to those 
under BD and A, DE and A, and EC and A. 



B 
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PROP. IL THEOR. 

if a right line {AB)^ be divided into any two parts {JCf CB) ; 
the square of the whole {JiB)^ is equal to the rectangles {BAC, 
ABC)f under the whole {•AB), and each of the parts {AC, CB) 

On AB describe the square AE (46. 1), 
and through C, draw CF parallel to 
'AD [31. i]. ' 

The square AE of AB, is equal to the 
rectangles AF, CE [Cor. Ax. 8] ; but 
the rectangle AF is equal to the rectan- 
gle under AB, AC, because AD is equal 

to AB ; and the rectangle CE is equal to ^ 

the rectangle under AB, CB, because BE is equal to AD. 



I 
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Otherwise. 

Take the right line Z equal to AB [3. 1]. The rectani^e 
under Z and AB, or, which is equal [Cor. 3. 34. l], the 
square of AB, is equal to the rectangles under Z and AC, and 
under Z and CB [l. 2]; or, which is equal [Cor. 3. 34. 1}, 
to the rectangles under AB, AC, and under AU, CB. 



PROP. III. THEOR. 



If a right line C^^)^ ^^ divided into any two parts C^^f ^^) y 
the rectangle (CABJ^ under the whole (JiCJ^ and one of the 
parts C^^Jf is equal to the rectangle (ABC) under the parts^ 
with the square of thejirst mentioned part (^BJ. 




On AB describe the square AE [46. 1], and through C draw 
CF parallel to BE, meeting DE produced in F. 

The rectangle AF, is equal to the square AE, with the rect- 
angle BF; but AF is the rectangle under AC, AH, because 
AD is equal to AB [Constr. and Def. 36. 1], AE is the squart; 
of AB (Constr.), and BF is the rectangle under AB, BC, be- 
cause BE is equal to AB. 

Oilierwise. 

Take Z equal to AB [3. 1]. The rectangle under Z anfl 
AC, is equal to the rectangles under Z and AB, and under Z 
and BC [l. 2]^ but, because Z is equal to AB [Constr.], the 
rectangle under Z and AC, is the rectangle CAB, the rect- 
angle under Z and AB, the square of AB^ and the rectangle^ 
under Z and BC, the rectangle ABC. 
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Scholium* — This ^^position and the preceding, may be vir- 
tually comprised in one, namely. 

The square of the greater, of two unequal right lines, is greater 
than the rectangle under the greater and their difference, and the 
sqmre of either of two right lines, is less than the rectangle under 
it and their sum, ^ the rectangle under tlie same right lines; as is 
manifest, by supposing, in both these propositions, the right 
lines to be AB, BC« 

PROP. IV. THEOR. 

If a right line ^•tf-ffj, he cut into any two parts C^^* C-B^, the 
sqimre of. the whole C^^Jf ^ equal to the squares of the parts 
(AC, CB)y with dmiUe the rectangle C^^CBJ under the parts. 




On AB describe the square ABED [46. 1], draw BD, through. 
C, draw CF parallel to AD, meeting BD in G, and through Gr, 
draw HK parallel to AB. 

The square A£, is equal to CK, HF, with the rectangles 
J^G, GE. 

But CK is the square of CB [Constr. and Cor. 2. 46. 1] ; 
and, because HG is equal to AC [34. 1], HF is the square of 
AC [Constr. and Cor. 2. 46. 1] f and AG is the rectangle under 
the parts AC, CB, because CG is equal to CB [Def. 36. 1] ; 
whence, the complements AG, GE being equal [43. 1], GE is 
also the rectangle under AC, CB. * 

Otherwise. 

The square of AB is equal to the rectangleis BAC and ABC 
[2. 2] ; but the rectangle BAC is equal to the rectangle ACB 
with the square of AC [3. 2], and the rectangle ABC is equal 
to the rectangle A.CB, with the square of CB [3. 2], therefore 
the square^ of AB, which is equal to the rectangles BAC and 
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ABC^ is equal to the squares of AC and CB, with double tiie 
rectangle ACB. 

Cor, — The square of a right line, is four-fold the square of tte 
half. 

VoTf a right line being bisected, the rectangle under flie parts!^ 
is equal to tiie square of the half line. 



PROP. V. THEOR. 

Jf a right lintCABJf he divided into two equal parts (AC, CBJ, 
and two unequal parts (^w31>, DBy ; tlie rectangle under the 
unequal parts f w3D, BBJ, with the square of the intermediate 
part, or part between the points of section (CD J, is equal to the 
square of the half line (CBJ. 




On CB, describe the square CBFE [46. 1], draw BE, and 
through D, D6 parallel to BF, meeting BE in H ; through H 
draw KLM parallel to AB, which let a right line, drawn 
through A, parallel to CE, meet in K. 

Because AC, CB are equal [Hyp.], the rectangles AL, CM 
are equal [36. 1] i and the rectangles CH, HF, being comple- 
ments, are equal [43. 1] ; therefore the rectangle AH is equal 
to the gnomon CMG [Ax. 2] ; adding to each the square LG, 
the rectangle AH, with the square LG, is equal to the square 
CF ; but the rectangle AH is the rectangle under AD, DB, 
because DH is equal to DB [Cor. S. 46. 1. and Def. 36. 1}, 
LG is the square of LH [Cor, 2. 46. 1], or its equal [34. IJ 
CD, and CF is the square of CB. 

Otherwise* 



The rectangle ADB is equal to the rectangles under AC, DB 
and under CD, DB [l .2] ; but the rectangle under AC, DB iSf 
because of the equals AC, CB, equal to the rectangle CBD, 
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or, which is equal [3. 2], to the rectangle CDB, with the 
square of DB ; therefore the rectangle ADB is equal to double 
the rectangle CDB, with the square of DB ; adding to each 
the square of CD, the rectangle under AD, DB with the square 
of CD is equal to double the rectangle CDB with the squares 
of CD, DB, or, which is equal [4. 2], to the square of CB. 

Cor. 1. — ^Hence, the rectangle under the parts of any right 
line divided into two parts, is greatest, when the right line is 
bisected, as in C ; and, the nearer the point of division is to the 
middle of the line, the greater the rectangle ; the difference 
between it and the square of the half line, being [by this prop*] 
the square of the intermediate part CD. 

Cor. 2«— If from the extremes [A, B], of any right line [AB],. 
equal parts [AE, DB] be taken, and any point [F] be taken 
between them ; the rectan^e [AFB], under the segments [AF, 
FB] of the whole line [AB] between its extremes and the last 
assumed point, is equal to a rectangle [ADB], under the seg- 
ments [Ad, DB] of the same whole line between its extremes 
and one of the first assumed points, with the rectangle [EFD] 
under the segments between the last assumed point [F], and 
those [£, D], which are equidistant from the extremes of the 
whole, 

A E 

Bisect AB in C. 

The rectangle AFB with the square of CF, is equal to the 
square of CB [5. 2] ; or, which is equal [by the same], to the 
rectangle ADB with the square of CD ; or, the square of CD 
being equal to the rectangle EFD with the square of CF [5. 2], 
to the rectangles ADB, EFD and the square of CF ; taking 
from each the common square of CF, there remains the rectan<^ 
gle AFB, equal to the rectangles ADB, EFD. 
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PROP. VI. THEOR. 



If a right lint (AB) he bisected^ and another right Une (BDJ 
he added in contimuitim; the rectangle (ADBJ under the whtie 
compmnd C*^^J o.nd the part added (BBJ^ with the square 
of the half line (CBJ, is equal to tlie square of tlie compamd 
of the half line andpart added (CD J. 




On CD describe the square CDFE [46. 1], draw DE^ 
through B, draw BG parallel to DF, meetin.^ ED in H ; and 
through H, draw MK parallel to AD, meeting a right line, 
drawn through A parallel to CE, in K. 

Because AC,^ CB are equal, the rectangles AL, CH arc equal 
[36. 1], but CE^, HF. being complements, are equal [43. 1], 
thei-efore the rectangles AL, HF are equal [Ax. 1. 1] ; adding 
to each the rectangle CM, the rectangle AM is equal to the gno- 
mon CMG, and adding to each of these LG, the- rectangles ' 
AM, LG are equal to the square CF of CD. 

But AM is the rectangle under AD and BD, for DM is equal 
to DB [Cor. S. 46. 1. and Def. 36. IJ ; and LG is the square 
of LH [Cor. 2, 46*^ Ij, and therefore of CB, which is equal 
toLH[34. !]• . 

Otherwise* 

On the giren right line DA produced beyond A, take AZ 
equal to BD [3. 1], adding to each AB, ZB is equal to AD ; 
and ZD is divided equally in C, and unequally in B, therefore 
the rectangle ZBD with the square of CB, is equal to the square 
of CD [5. 2], and therefore, the rectangle ZBD being equal 
to the rectangle ADB, because ZA is equal to BD and ZB to 
AD, the rectangle ADB with the square of CB, is equal to the 
square of CD. 
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SdioUum* — ^A like observation, as is made in the scholium to 
prop. 3 of this book, is applicable to this proposition and the 
preceding, which may be virtually comprised in one proposition, 
namely, /* The difference of the squares of two light line^f }s 
equal to the rectangle under their sum and differenced^ as is mani- 
fest, by supposing, in both propositions, the right lines to be 
AC, CD. 

Theorem. — If the excess of the first [ABJ of four magnitudes 
[AB, CD, EF, GHl above the second [CD], be equal to the 
excess of the third [EP*] above the fourth [GH], the first [AB] 
being greater than the fliird [EF] ; the excess of the first [AB], 
above flie third TEF], is equal to the excess of the second [CD] 
above the fourth^ (GH^ . K 

A 1 B 

Let AK be a part taken on AB equal to C D 

CD, and EL a part on EF equal to GH ; L 
and, KB, LF are the excesses of AB above E 1 F 



CD, and of EF above GH, and are equal G H 

(Hyp.) ; whence the excess of AB above EF, being equal to the 
excess of AB above EL and LF together, or above their equals 
GH and KB together; taking from each, KB, the excess of AB" 
above EF, is equal to the excess of AK, or its equal CD, 
above GH. 

Corollaries to the two preceding propositions. 

Cot. 1. — ^If a perpendicular (CD) be let fall on the base (AB) 
of a triangle, from the opposite angle (ACB) ; the rectangle 
under the sum and difierence of the sides [AC, CB), is equal 
to the r^tangle under the sum and difference of the segments 
(AD, DB) of the base, intercepted bet>veen its exti-emes (A, B), 
and the perpendicular (CD). ' 




Let AC, see botli figures to this cor., be that side, which is 
not the less of the two ; and the difference of the squares of AC 
and AD, and of BC and BD are equal, being each equal to the 
square of CD (47. 1); therefore by (Theor. at this prop.) the 
li difference of the squares of AC and CB, or, which is equal 
i(ScboU to this prop.), the rectangle under the sum and 4ifference 
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of AC and CB, is equal to the difference of the squai^es of AS 
and fiDy or, wliich is equal (Schol. to this prop.)* the rect- 
angle under the sum and difference of AD and DBt 

A C E B 

Cor, 2. — To divide a given right line I— 1-— | I 

(AB) so into two parts, that the i-ectan- D 

gle under the parts, may be equal to the  

square of a given right line (D), not gi*eater than the half (CB^ 

of the first mentioned right line. 

On CB, take CE, whose square is equal to the excess of ih* 
square of C^: above that of D (Cor. 2. 47. 1); and* since Hm 
square of C f' is equal to the two squares of CE and D (CoiistKi)^ 
taking from each the squai*c of CE, tliere remains the square 
of D equal to the excess of the square of CB above that of CE, 
or, which is equal [5. 2], the rectangle AEB. 

A C B E 

Cor* S. — To add to a given right line I 1— *— | '[ 

(AB) such a part, that the rectangle under D 

the whole and part added, may be equal to — _— 

the square of a given right line (D). 

Bisect AB in C, and on CB produced take CE, whose square 
is equal to the squares of CB and D together ( Cor. 1. 47. 1) ; and, 
since the square of CE is equal to the two squares of CB and D 
together (Constr.), taking from each the square of CB, there 
remains the square of D equal to the excess of the square of 
CE above that of CB, or which is equal (6. 2), the rectangle 
AEB. 

Cor* 4. — In equiangular triangles (ABC, DEF, having flie 
angles at A and D equal, as also those at B and E, and at C 
and F), the rectangles under the sides about any of the equal 
angles (as ABC and E) taken alternately, are equal, (namely^ 
the rectangles, formed of sides, taken fi'om different triangles and 
opposed to contrary angles^ as under AB, EF, and under BC, 
DE). 
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In AB prodOced, take BG equal to EF, and in CB produced, 
BH equal to D£, and join GH j and, because the angle HBG is 
equal to ABC (15. 1), or its equal (Hyp.) E, and the sides BG, 
BU severally equal to EF, ED (Constr.), the triangle HBG is 
equiangular to the triangle DEF (4. 1), and therefore to the 
triangle ABC (Hyp. and Ax. 1. 1), having the angles at A and H 
equal, and at C and G ; join CG, bisect AC, CG in K and L, 
by the perpendiculars KM, LM (10. and 11. 1), meeting each 
other in M. 

Join MA, MG, and draw MN perpendicular to AG (12. 1), 
and, because ML, LG and the angle MLG, are seveHtUy equal 
to ML, LC and tiie angle MLC, the right lines MG, MC are 
equal (4. 1) ; in like manner MA, MC may be proved equal ; 
and, because the triangle MCG is isosceles, and MA equal to 
MC, the angle CAG is half of the angle CMG (Cor. 3. 32. 1) ; 
and, since CHG has been proved equal to CAG, the angle CHGis 
also half of CMG, therefore MB is equal to MC (Cor. 4. Si. I); 
and, in flie isosceles triangle AMG, the perpendicular MN bi- 
sects the base AQ inN (Cor. 26.^ 1) ; and, in the triangle BMG» ^^ 
the rectangle under the sum and difference of MG and MB, or, '■^. 
BH being equal to the sum, and CB to the difference, of these 
right lines, the rectangle CBH, is equal to the rectangle under 
the sum and diflerence of GN, BN, or the rectangle ABG 
(Cor. 1. 5 and 6. 2) ; and BH is equal to DE, and BG to 
to EF, therefore the rectangle under BC and DE, is equal to 
the rectangle under AB and EF. 
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Secondly, let the point M be without the right line CH, as in 
fig. 2. and 3. 





Fi^. a. 





Construct as in the former case, join moreover MB, MC^ 
and draw MO perpendicular to CH ^ and, as before, the tri- 
angles ABC,. HBG may be proved equiangular, and the rjgbf 
lines MA, MC, MG equal; and, because the triangle CMGis 
isosceles, and MA equal to MC, the angle C AG is equal to half 
of CMG (Cor. 3. 32. 1) ; but CHG is equal to CAG, ani 
therefore also the half of CMG, therefore MH is equal to MC 
(Cor. 4. 32. 1), and the triangle MCH isosceles, therefore the 
perpendicular MO bisects the base CH (Cor. 26. 1) ; and, in the 
triangle BMH, the rectangle under the sum and difference of B0» 
OH, or the rcctanglcCBH, is equal to the rectangle under the 
sura and difference orBM, MH (Cor. 1. 5 and 6. 2), or of BM, 
MG, or, which is equal (by the same Cor.), to the rectangle undep 
the sum and difference of BN, NG, or the rectangle ABG ; 
but BH is equal to DE, and BG to EF, therefore the rectangle 
under BC and DE, is equal to the rectangle under AB and EF. 
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In like manner it may be proved, that the rectangle under 
the sides about the equal angles at C and F, or at A and D, of 
the triangles ABC, DEF, taken alternately, are equal. 



PROP, VII. THEOR. 



If a fight line (ACJf he dividedrinto any two parts CM, BCJ; 
the squares of the whole (JiC), and one of its parts (BCJ, 
ore equal to dovble the rectangle C^CBJ under the whole and 
that part, with the square of the other part (JiBJ^ 




On AC describe Uie square ACFD [46. 1], draw CD, through 
B, draw BE parallel to AD, meeting CD in 6, and through 
6, HK parallel to AC. 

The squai*e AF is equal to the rectangles AK, KE with the- 
square HE ; add to each, the square BK, the squares AF, BK 
of AC, BC, are equal to the rectangles AK, BF with the. 
square HE. 

But the rectangles AK, BF are, each of themi equal to the 
rectangle ACB, because CK is equal to BC, and CF to AC 
[Cor. 2. 46. ]. and Def. 36. 1], and HE is the square of HG, 
or its equal [34. 1] AB ; thererore the squares of AC, BC, are 
equal to double the rectangie ACB with the square of AB. 

Otherwise. 

The square of AC, is equal to the squares of AB, BC with 
double the rectangle ABC (4. 9) ; add to each the square of 
BC, and the squares of AC, BC, are equal to the square of AB 
with double the square of BC and double tlie rectangle ABC; 
but double the square of BC with double the rectangle ABC; is 
equal to double tlie rectangle ACB [S. 2] } therefore the squares 

10 
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of AC, BC are equal to double the rectangle ACB with the 
squaie of AB« 

Scholium. — ^A like observatiouy as is made in the scholium io 
tlie preceding proposition, and 3rd. of this book, is applicable 
to the 4th proposition and this^ that they may be Tirtually re- 
duced to one, namely; The mm of the squares of two right 
lines, is less than the square of their sum, and greater than the 
square of their difference, by double the rectangle under these right 
lines ,* as is manifest, by supposing, in botti propositions^ flie 
right lines to be AC, CB. 

Corollaries to the preceding propositions of this book. 

Cor. 1 If a right line (AB) be so AG H B 

divided into two points (G, HJ, that I 1 1 I 

the rectangle (AGB) undec the distances of one of these points 
from its extremes, be equal to the rectangle (AHB) under the 
distances of the other point from the same extremes, the extreme 
segments (AG, HB) are equal. 

For since the rectanj^es AGB, AHB are equal (Hyp.), taking 
from each the rectangle under AG and HB, there remain (by 1. 
of this,) the rectangles AGH, GHB equal to each other; 
whence, the side GH being common to both rectangles. Die 
other sides AG, HB are equal (40 and 41. 1). 

Cor. 2.^ If to a right line (AB), G A B H 

there be added on both extremes, such I I 1 \ 

parts (AG, BH), that the rectangles (AGB, BHA) under 
the added parts (AG, BH,) and the compounds (GB, AH) of 
the same right line and parts added, be equal ; the added parts 
(AG, BH) are equal. 

For since tlie rectangles AGB, AHB are equal (Hyp.), add- 
ing to each the rectangle under AG and BH, the totals, whidi 
are (by 1. of this,) the rectangles AGH, BHG, are equal ; 
whence, the side GH being common to both rectangles, the 
other sides AG> BH are equal (40 and 41. 1). 



PROP. VIII. THEOR. (8«no(e.) 

If a right line (AB), be divided into any two parts C-^C, CBJ ; 
four times the rectangle under the whole (JiB), and other pari 
(at CB), with the aquare of the other part (AC), u eqml to the 
aqmre of the compound of the whole (AB) and part fint taken 
{CB), at of one nght line. 



\ 


P 


\ 


G 


\ 







On AB produced, take BD equal to CB, and on AD describe 
the square ADFE [46. IJ; draw BE, through B and C, 
BL and CH parallel to DF [31. l], meeting DE in K and P, 
and through K and P, MN, XO parallel to AB. 

Because BN, OR are squares of BD, GK (Cor. 2. 46. 1), 
or of theii- equal (Constr. and 34. 1) CB, and CR the square 
of CB. because BK the side of the square BN is equal to CB, 
and KO its equal (43. 1), also equal to the square of CB ; the 
four rectangles CK, BN, CiR,'KO are each equal to tfae square 
of CB ; agaio, AG, MP are rectangles under AC CB, because 
CO, GP are each equal to CB, being sides of the squares just 
mentioned, and MG to AC (34. 1), and the rectangk PL is 
equal to MP (43. 1), and tbeiTfarc equal to the rectangnuinder 
AC, CB; also RE is equal to the rectangle under AC>CB, 
because RO is equal to BD (34. l.), or CB. and RL is (bjtfae 
s&me) equal to PH a side of the squai-e XH, on XP equal to 
Ac ; tlierefore the four rectangles AG, MP, PL, RF are each 
equal to the i-ectangle AG under AC, CB ; therefore the four 
squares CK, BN, GR, KO with the four rectangles AG, MP, 
PL, RF, or, which is equal, the gnomon AOH, Is equal to 
four times the square CK and rectangle AG, or, which is equal 
(3. 2), four times the rectangle AK; whence, four times the 
rectangle AK being equal to the gnomon AOH, adding to each 
the square XH* four times the rectangle AK with the square 
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XH, is equal to the gnomon AOH and square XH, or, whicb 
is equal, to the square AF of AD. 

But the rectangle AK is under AB, BC, because BK an4 
BC are equal, being sides of the same square, and XH is the 
square of AC, because XP is equal to AC (34. 1). 

Otherwise, {see the above fgure). 

On AB produced, take BD enual to BC, and the square of 
AD is equal to the squares of AB. BD with double the rectangle 
ABD (4. 2) ; or, CB and BD being equal, to the squares of 
AB, BC with double the rectangle ABC; but the squares of 
AB, BC, are equal to double the rectangle AHC with tlie square 
of AC (7. 2), therefore the square of AD, is equal to four 
times the rectangle ABC with the square of AC. 

PROP. IX. THEOR. 

If a right line C^B), he divided into two equal parts C^C, CBJ^ 
and two unequal parts CJiB, BBJ ; the squares of the unequal 
parts CAB, BB), are togetJier double the square of the half 
line (AC) with tlie square of the intermediate part (CB). 

From C, draw CE perpendicu- 
lar to AB, and equal to AC . or CB 
(11 and 3. IV, join AE and EB, 
through D, araw DF parallel to 
CE, meeting EB in F, and through 
F, FG parallel to AB, and Join AF. 

Because the angle ACE, of the j^- 
triangle ACE, is a right angle, the 
two ai/les CAE, CEA together are equal, are equal to a riglit 
angly (32. 1) ; and, because of the equality of AC, CE, ai*c equal to 
ead^ other (5. 1^, and therefore either of them as CEA is half a 
right angle ; in like manner, CEB may be proved to be half a 
right angle, therefore AEB is a right angle ^ and the angle EGF 
is4 because of the parallels GF, CD, equal to the intei-nal remote 
angle ECB (29. 1), and therefore right; whence GEF being half 
a right angle, the remaining angle EFG, of the triangle EGFp 
is half a right angle (32. 1), and therefore EG is equal to GF 
(6. 1) ; and the angles FDB, DFB are, because of the paral- 
lels FD, EC, severally equal to the internal remote angles 
ECB, CEB (29. 1), tliercfore FDB is a right angle, and DFB 
half a right angle^ and therefore FBD also half a right angle 
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(32, 1); whence^ the anj^Ies DFB, DBF being equal, DF is 
equal to DB (6. I) : But, because AC, CE are equal, and the 
angle ACE a right one, the square of AE, which is eqaal to the 
two squares of AC, CE (47. 1), is double of one of them, as 
of the square of AC ; also, because EG, OF are equal, and 
the angle EGF right, the square of EF, which is equal to the 
two squares of £G, GF (47. 1), is double of one of them, as of 
the square of GF, or of its equal (34. 1) CD; therefore the 
squares of AE^ EF, or, which, because of the right angle 
AEF, is equal (47. 1), the square of AF, ip double' the squares 

AC, CD ; but the square of AF is, because of the right angle 
ADF, equal to the squares of AD, DF (47. 1), or, DF, DB 
being equal, to the squares of AD, DB; therefore flie squares 
of AD, DB together, are double the squares of AC, CD to- 
gether. 

Otherwise, fsee the abcroe figure J. 

The square of AD, is equal to the two squares of AC, CD 
with twice the rectangle ACD (4. 2), or, AC, CB being equal, 
to the two squares of AC, CD with twice the rectangle BuD ; 
adding to each tlie square of DB, the squares of AD, BB, are 
equal tQ the squares of AC^ CD, DB with twice the rectangle 
BCD ; but twice the rectangle BCD with the square of DB is 
equal to tiie squares of CB and CD (7. 2), or, AC, CB being 
equal, to the squares of AC and CD ; therefore the squares of 

AD, DB, are equal to double the square of AC with double th(f 
square of CD. 

PROP. X. THEOR. 

If a right line C^B), he bisected fas in C^J and another right 
line C^^J ^^ added to it in conHnuation ; the squares of the 
whole continued line C^^DJ, and of the part added C^^Jf a**^ 
together double the squares of the half Une (^CJ and of the 
compound (CD) of the half line andpart added* 

From C, draw CE, per- 
pendicular to AB, and 
equal to AC or CB (11 
and 3. 1); join AE, EB, 
through D, draw DP pa- 
rallel to CE, meeting EB 
produced in F; and through 
F FG jparaltel to AB,meet- 
ing £€r produced in G^ and 
joinAF- 
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Becanne the an^le ACE is right, the two angles CAE, CEA 
are together equal to a right angle (32. 1)/ and, because of the 
equality of AC» CE, are equal to each other (5. 1), and there- 
fore either of them as CEA is half a right angle ; in like man- 
ner, CEB may be proved to be half a right angle; therefore 
AER is a right angle; and because CE, DF are parallel, the 
angles BDF, HFD are severally equal to tlieir alternates BCE, 
:: [29. 1), therefore BDF is a right angle, and BFD half 



a right angle, and therefore DBF half a right angle (52. 1^, 
and DB eqiial to DF (6. 1) ; and because the angle FEG is half 
a right angle, and the angle G, being e([ual to its opposite angla 
D (54. l)t a right angle, EFG is half a right angle, and there- 
fore GE, GF are equal (6. 1): But, because. AC, CE are 
equal, and the angle ACE a right one, the square of AE, which 
is equal to the two squares of AC, CE (47. 1), is double to 
either of them, as the square of AC ; and, because GE, GF 
ai-e equal, and the angle G right, the square of EF, which is 
equal to the two squares of EG, GF, is double to either of themy 
as to the square of GF, or of its equal (34. 1) CD ; therefore the 
squares of AE, EF, or, which, because of the right angle 
AEF, IS equal (47. 1), the square of AF, is double the squares 
of AC, CD ; but the square of AF is, because of the ri^t 
angle ADF, equal to the squares of AD, DF (47. 1), or BD, 
DF being equal, to the squares of AD, DB; therefore the 
squares of AD, DB together, are double the squares of AC, 
CD together* 

Otherwise. 

Z A C B D 

I 1— 1 1 1 

On BA produced beyond A, take AZ equal to BD ; the right 
line ZD is, because of the equals ZA, BD, and AC, CB, 
bisected in C, and divide^l unequally in B ; thei'efore the squares 
of ZB, BD are double the squares of ZC, CB (9. 2) ; but» 
because ZA is equal to BD, ZB, AD ai*e equal, and also ZC^ 
CD (Ax. 2. 1); therefore the squares of AD, DB, are double 
the squares of CD and CB or AC. 

/9cAoI.— A like observation, as is made in the scholiums to the 

drd, 6th, and 7th propositions of this book, is applicable to 

this 10th proposition and the preceding, which may be virtually 

included in this one, namely : The squares of the sum and dif" 

/erenoe of two right liius, are together double the squares of uie 
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right lines themsdves; as may appear, by supposing, in tht 
figures to both propositions, the right lines to be AC, CD. 



PROP. XI. PROB. 




To divide a given finite right line (JiB) so into two pmriSf that 
the rectangle under the whole and one part, may be eqmU to the 
sqtiare of the other part* 

At A draw AC perpendicular and equal 
to AB (11 and S. 1), bisect AC in E, join 
£B, and on EA produced take EF equal to 
EB; on AB take AH equal to AF; the 
square of the part AH, is equal to the rect- 
angle under AB and the other part HB. 

Complete the square AD of AB (46. 1), 
through H, draw KG, parallel to FC, and 
through F, FG parallel to AB, meeting 
KG in G. 

Because AC is bisected in E and AF add- 
ed to it, the rectangle CFA with the square of EA, is equal to 
the square of EF (6. 2], or of EB, its equal (Constr.), or, to 
the squares of EA and AB, which are equal to the square of EB 
(47. 1); taking from each the square of EA, the rectangle 
CFA remains equal to the square of AB (Ax. 3. 1) ; but CG is 
the rectangle under CF, FA, because FG, equal to AH (34. 1), 
is equal to AF (Constr.) ; from the rectangle CG, and the square 
AD of AB, thus proved equal, taking away AK, which is com^ 
mon, the residues AG and HD are equal (Ax. 3. 1) ; but, because 
AF is equal to AH, and the angle FAH right, AGr is llie square 
of AH, and HD is the rectangle under AB, HB, because BD 
is equal to AB ; therefore AB is so divided in H, that the 
square of one part AH, is equal to the rectangle under AB and 
ttke other part HB, as was required. 
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PROP. XII. THEOR. 

4 

hi obtuse angled triangles (JiBC, obtuse angled at C), the square 
of the side (JiB) apposite the obtuse angle {dCB), is greater than 
the squares oj the sides {JiC, CB) including the obtuse angle, iy 
twice the rectangle under either of these sides {as BC), and the 
external part {CD) of the same side produced^ between a per- 
pendicttlar {^D) let fall on it from tlie opposite angle, and the 
obtuse angle. 

The square of BA is equal to the squares 
of BD, DA (47. 1)9 and the square of BD is 
equal to the squares of BC, CD with twice 
the rectangle BCD (4. £) ; therefore the 
square of AB is equal to the squares of BC, 
CD and DA with twice the rectangle BCD ; 
but the square of AC is equal to the squares B 
of CD, DA {47. 1)9 therefore the square of A B is equal to the 
squares of BC, CA with twice the rectangle BCD ; and so the 
squdre of AB is greater than the squares of fiC, CA, bj twice 
the rectangle BCD^ 




PROP. XIII. THEOR. 

In any triangle {.3BC, see all tlie figures to this prop.), the square 
of a side {jiB) subtending an acute angle {C), is less than At 
squares of the sutes {jiC, CB) including that angle, by twice 
the rectangle under eit/ierof the sides including that angle {BC), 
and the right line {DC), intercepted between the perpendicular 
( JZ/) let fall on that side, produced, if necessary, from the 
opposite angle, and tlie acute angle. 




B K "C 3> S ^»15 C 

llie squares of BC and CD are equal to twice the rectangle 
BCD with the square of BD {7. 2); adding to each the square 
of AD, the squares of BC, CD, and AD, are equal to twice 
the rectangle BCD with the squares of BD and AD | but 1ii» 
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squares of CD^ AD are equal to the square <ff AC (47. 1)9 and 
the squares of BD, AD to the square of AB (by the same) ; 
therefore the squares of BC, AC are equal to twice the rect- 
angle BCD with the square of AB, and so the square of AB, is 
less than the squares of BC, AC, by twice the rectangle 
BCD. 

SchcL 1. — ^The demonstration of the case of the 3nl or right 
hand figure, when the angle ABC is right, may also be thus : 
The square of AC is equal to tlie squares of AB, BC (47. 1) ; 
adding to each tlie square of B C, the squares of AC, B C are equal 
to the square of AB with twice the square of BC ; and so the 
square of AB, is less than the squares of AC, BC, by twice 
the square of BC. 

SencL 2. — ^This pro]x>sition, the preceding, and tlie 47tii of 
the 1st book, may be all comprised in one projiosition, tlius :— 
The difference of the sfuare of any side of a triangle, from the 
squares oj the other two ndes taken together,, is equal to doiMe the 
rectangle, under either of the sides indiiding the angle opposite the 
first mentioned side, and the segment of that side, produced, if 
necessary, between the same angle, ana a perpendumlar letfaU 
thereon, from th^ opposite angle; the square of thefin^t mentioned 
side being equal to, or greater or less Hum, Hie squares of the other 
two sides, according as the angle opposite thereto, is equal to, §r 
greater, or less than^ a right angle* 

Schd. 3« — ^The diagonals (AD, 
CB) of a parallelogram bisect 
•ach other. 

Let G be tlie poiiit in which 
Ihey meet; because the triangles 
AGB, DGC have the angles at G 

equal (15. 1), the angle BAG ^^ S ,^ 

equal to its alternate CDG (29. 1^, 
and the sides AB, CD equal (34. 1) ; AG is equal to GD 
(26. 1). In like manner, CG, GB may be proved equal. 

Cor. 1. — ^The squares of the diagonals (AD, CB) of a paral- 
lelogram (AD) taken together, are equal to the squares of all 
its sides (AB, BD, CD and CA). 

On CD, produced as necessary, let fall the perpendiculars 
AE, BF (12. 1) ; and in the triangles ACE, BDF, the angles 
CEA, DFB are equal, being right angles^ and, because of the 
parallels AC, BD,. the external angle BDF is equal to the in- 
ternal remote ACE (29. 1), and the sides AC, BD opposite 
tihe right angles at £ and F, are equal (S4. l) ; therefore 6£ 

n 
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is equal to DF (d6. 1) : But fbe square of AD, opposite Oo 
acute angle ACD of the triangle CAD, and twice the i^BCtang^ 
DCE are equal to the squares of AC CD (13. 2}^ and Hie 
square of CB, opposite the obtuse angle CDB of liie trlaof^ 
CBD, is equal to the squares of CD, DB, and twice the rect- 
angle CDF [12. 2] ; or, CE, DF being equal, as also AC, 
BD [S4* 11, to the squares of AC, CD and twice tiie rect- 
angle DCE ; whence, adding equals to equals, the squares of 
AD, CB with twice the rectan^e DCE, are equal to double 
the squares of AC, CD with twice the rectangle DCE ; taking 
from each, twice the rectangle DCE, there remain the smiares 
of AD and CB, equal to double the squares of AC and CD, or, 
AB, BD being severally equal to CD, CA, to the squareslof 
AB, BD, CD and CA. 

Cor. 2. — ^The squares of the sides [AC, AB] of a triangle 
[ACB^, are double the squares of half the base [CB], and of a 
right line [AG], drawn to the middle [G] of the base, firom the 
T^-tical angle [CAB]. 

Complete the parallelogram ACDB [Cor. 6. 34. 1]; the 
squares of its sides, being equal to the squares of its diagonals 
AD, CB [by the preced. cor.], the squares of AC and AB are 
equal to half the squares of AD, CB ; but the squares of AD, 
CB are fourfold the squares of their halves [Cor. 4. 2], and 
AG, CG are tho halves of AD, CB [Schol. 3. above] ; there- 
fore the squares of AC and AB, are double the squares of CG 
and AG. 

PROP. XIV. PROB. 

lb (xmsiUute a square, equal to a given rectilineal fgure C^)* 





Make the right angled parallelomtm BCDE equal to A 
[45. 1] ; and if its adjacent sides BE, ED are equal, it is a 
square, and what was proposed is done. 
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If noty on either of these sides as BE, produeed, take EF 
equal to the other ED ; bisect BF in O^ and from the centra 
6, at the distance GB or GF, describe the semicircle BHF; 
let DE be produced to meet l£e semicircle in H ; the square 
described on EH, is equd to the jriven rectilineal figure A. 

For, drawing GH, because BF is bisected in G^ and divided 
unequally in E, the rectangle BEF with the square of GE, is 
equal to the square of GF (5* 2) ; or, GH, GF being equal 
(Def. 10. 1), to the square of GH; and therefore (47. I), to 
the squares of GE and EH } taking from each the common 
square of GE, the rectangle BEF is equal to flie square of EH 
(Ax. S.. 1) ; but the rectangle BEF is equal to the rectangle 
BD, becaiise ED is equal to EF, and so the square described 
on EH is equal to the rectangle BD, and therefore to tiie rtct^ 
~ figure A. • 
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1. A RIGHT Hne^ is said to 
touch a circle, or to be a tan- 
gent to it, which meeting it, and 
being Produced, does not cat it. 

2. Circles, are said to touch 
one another, which meet, but 
do not cut each other. 

S« A right line, is said to be 
inscribed in a circle, when its 
extremes are in the ciixumfe- 
rence of the circle. 

4. Right lines, are said to be equally distant 
from the centre of a circle, when the perpen- 
diculars drawn to them from the centre are 
equal. 8ee dej. 21. Book 1. 

5. And the right line, on which the greater 
perpendicular falls, is said to be more remote 
from tiie centre. 

6. A segment of a circle, is a figure contain- 
ed by a right line, and the part of the circum- 
ference it cuts off. 

7. The angle of a segment, is that which is included by the 
right line and the circumference. 

8. An angle in a segment, is an an- 
gle, contained by two right linos, drawn 
from any point, in the part of the cir- 
cumference, by which the segment is 
bounded, to its extremes. 

9. An angle, is said 4b insist, or stand 
on, the part of the circumference (or 
arch), included between the legs of tiie 
angle. 
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10. A sector of a circle is, a flgure, contained by two radiiiees, 
and the part of the circumference between thero» 

lU Similar segments of circles, are soch as receive equal 

angles. 

* 

PROPOSITION L PROBLEM. 

Tojind the centre of a given cirde (ABC J. 

Draw within tlie given circle any right 
line AB, which bis^ in D (10. 1) ; from 
D, draw DC at right angles to AB( 11. 1), 
which produce to meet the circumference in 
E; bisect EC in F. Hie point F Is the 
centre of the circle. 

No other Mint in EC, but P, can be 
the centre, tor, if it were^ Uie radiuses 
drawn from thence to C and E would be 
unequal, which is absurd (Def. 10. 1): ' 

if therefore F be not the centre, let some point, as G, without 
EC, be, if possible, the centre, and draw GA, GD, GB. 

Because, in the triangles GDA, GDB, the side DA is equal 
to DB (Constr>), DG common, and GA equal to GB (Hyp. and 
Def. 10. 1), • the angles GDA, GDB are equal (8. ij, and 
therefore right angles (Det 20. l^; but tiie angle CDS is a 
right angle (Constr.), therefore the angles GDB, CDB ace 
equal CDieor. at 11. 1^, part and whole, which is absurd 
(Ax. 9. 1) ; therefore G is not the centre of the circle. In like 
manner it may be shewn, that no other point without EC is the 
centre of the circle; and it is above shewn, tliat no other point 
in EC, butF, is tiie centoe ; therefore F is ttie centre. 

PROP. II. THEOR. 

Jk right line, v)hkh jmm OM/y two paints (At B) in the ctrmm- 
Jertkce oj a drde C^CBjffaUs whMy within the drck. 

If not, let AEB be a right line, of whidi 
a point E falls without the circle ; find the 
centre of tiie circle D (1. 3), draw DE 
meeting the circumference in F, and join 
DA, DB. 

Because, in the trianrie DAB, the sides 
DA, DB are equal (Def. 10. 1), the angle 
DAB is equal to the angle DBA (5. 1) ,* and 
the external anj^e DEB, of the triangle 
AED^ to greatnr than the internal remote 
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allele DAE (16. 1), and therefore than its equal DBE, 
and so the side DB is greater than DE (19. 1) ; but DF is 
equal to DB [Def. 10. 1], therefore DF is greater than DE, 
the part than the whole, which is absurd : therefore the right 
line drawn from A to B does not in any part fall without the 
circle. In like manner it may be proved, that no part of it 
falls on the circumference, it falls therefore wholly within the 
circle. 




PROP. III. THEOIU 

If a right C^J^Jf passing through the centre of a drde C^BCJ^ 
bisect a right line insetted in it C^^J* not passing through its 
centre f it cuts it at right angles ; and if it cut it at right angles^ 
it bisects it* 



Find the centre of the circle E {^1. S], 
and join E A, EB, which, being radiuses 
of the circle, are equal [Def. 10. 1], and 
the triangle EAB is isosceles [Def. 29. 
1] ; therefore if EF or CD bisect the 
base AB, it cuts it at right angles, and, 
if it cut it at right angles^ it bisects it 
[Cor. 26. 1]. 



PROP. !¥• THEOR. 

Two right tines inscribed in a drde, cutting each other, and nM 
passing both through the centre, do not bisect each other. 

• 

If one bf the right lines pass through 
the centre, it is manifest, it is not bisect- 
ed by the other, not passing tilirough the 
centre. 

But if neither of them^ as AC, BD, 
pass through the centre, tiiey cannot bi- 
sect each others for let them, if possible, 
do it, and find the centre of the circle F 
(1. 3), and join EF; and since AC is 
bisected in E [Hyp.], FE is perpendicular to AC [S. SL wd 
ilie ilngle FEC right; and since BD is bisected itt Ef FE 
is perpendicular to BD [St 3], Md ttie Mgle F£I> risbt^ 
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and therefore equal to FEC, the part to the whole, which is 
absurd; Therefore AC and BD do not bisect each other. 



PROP. V. THEOR. 



If two drdes (ACF, BCOJ cut each other, thej/ have not the 

same centre. 

For, if possible, let E be the cen- 
tre of both circles, and draw EC to 
the intersection, and EF6 meeting 
the circles in F, G. 

Becaose E is the centre of the cir- 
cle ACF [Hyp.], EF is equal to EG 
[Def. 10. Ij; and. because E is the 
centre of the circle DCG, EG is 
equal to EC [Def. 10. 1] ; whence 
EF, EG, being each equal to EC, 
are equal to each other [Ax. 1. 1], part and whole, which is 
absurd ; therefore £ is not the centre of both the circles ACF, 
DCG. In like manner it may be shewn, that no otfier point can 
be their centre. 




PROP. VI. THEOR. 



If two drdes f^flCJ?, DCEJ touch eadi other internally ^ thuj 

haroe not the same centre. 

For^. if possible, let F be the centre 
of both circles, and draw FC the contact,- 
an4 FEB meeting them in £ and B. 

Because F is the centre of the cir- 
cle DCE [Hyp.], FE is equal to FC 
[Def. 10. 1]; and because F is the 
centre of the circle ACB, FB is 
equal to FC [Def. 10. 1]; whence, 
FE, FB, being each equal to FC, 
are equal to each other [Ax. 1. 1], part and whole, which is 
absurd : therefore F is not the centre of botti the circles ACB, 
DCE. In like manner it may be shewn, that no other point 
can be their centre. 




84 



T&VCUWM SSBMBKTi 



t 



BOOK III* 



PROP. VH- THKOR* 

If any point C^J* ^^ taken within a circle (GEA), different fr&ni 
tlie centri (CJ ; the greatest right line which can he dravfnfrom , 
it to the circumference^ is thai C^^Jf which passes through the 
centre (CJ. 

The remaining part (BJl) of the diartieter (GAJ^ passing through 

the point so taken, is the least 
Of otlier^ (BBf DE) drawn from that point to the drcuMfe- 

^enccj the right line C^^J* which is nearer to that passing 

through tha centre, is greater than one C^^J ,^hich is more 

remote. 
And from that point, there can he drawn to the circumference, but 

two right lines (as BF, BftJ equal to each otiier. 

Part 1. — -DG passing through the cen- 
tre^ is greater than any other, as DB. 

Draw CB, and CG is equal to CB 
[Def. 10. 1], add to each CD, and DG 
is equal to JDC, CB together ; but DC, 
CB together are greater thitn DB f^O. 1], 
therefore D6 is also greater t}ian DB. 

Part 2. — ^iTbe remaining part DA of the 
diameter GA is leg's than any other, as 
DF. 

Draw CF, and CD, DF together are greater than CF [20, 1], 
and therefore than its equal CA ; taking from each CD which is 
common, DF is greater than DA [Ax. 5]. 

Part 3. — DB which is nearer to that DG which passes 
through the centre^ is greater than any DE, wliich is more 
remote. 

Draw CE, and ii) the triangles BCD, ECD, the sides BC, 
CD are severally equal to the sides EC, CD^ but the angle 
BCI^is gi*eatcr than the angle ECD, the whole than itftpart> 
therefore the base BD is greater than the base ED [s4. 1]. 
In like manner ED may be proved greatei* than FD. 

Part 4. — More thanr two equal right lines cannot be drawn 
froni that point to the circumference. 

For however three right lines be drawn from D to the cir- 
cumference, either one of them is part of the diameter, and 
therefore greater or less than either of the others, by part 1st 
and 2nd ; ok two of them are on the same part of the diameter, 
and therefore unequal, by part 3rdv 




PROP. VIU. THKOB. 



IJ from any •point (D) wiAout a drde, right lines te irawn to 
the dreamjerente iff a drde (OMAJ; oj thoie draxon to the 
amcave drcumference, the greatest u that (DA J v>laehpat$ei 
through the centre C^J' 

Of the rest, that which u nearer to that through the centrt, i$ 
greater than the more remote^ 

Bat of those which fall on (he convex dramference, (he leatt 
u that, whidi, bang produced, would pau through the centre. 

Cf the rat, that which is nearer to the least, is less than the more  
remote. 

Onhf two equal right lines can be drawn from that pmni to the 
drcumference. 

Part Ir— Of those which fall on the 
concave circuioference, that DA which 
passes through the centre, ia greater than 
any other, as OE. 

Draw CE, and CE U equal to CA 
(Def. to. 1), add to each CD, and DA 
is equal to DC, CE together; but DC, 
CE together are greater than DE (£0. I), 
therefore DA is greater than DE. 

Fart 2.— ThatDE, which is neaTer.to ^^ 
that DA through the centre, is greater 
than the more remote DF. 

Draw CF, and in the triangles DCE, 
DCF, the Bides DC, CE are severally equal to DC, CF, and 
the angle DCE is greater than DCF, therefore the base DE is 
greater than the base DF (S4. 1). In like manner DF may be 
proved greater than DM; 

Part. 3. — Of those which fall on the convex circumference, 
that DG, which being produced would pass through the centre, 
is less than any other, as DR. 

Draw CG, CK; and DK, KC are greater than DC (SO. l\ 
, taking from them, the equals OR, CG, the right line DK u 
greater than DG (Ax. 5). 

Part 4.— That DK, which is nearer to the least DG, is Um 
than the more remote DL. 

IS 
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Draw CL; and DL, LC together, are greater tban DK, 
KC together (21. 1); taking from them the equals CL, CK, 
the right line DL is greater than DK (Ax. 5. !)• In like man- 
ner it may be proved, that DL is less than DH. 

Part 5* — Only two equal right lines can be drawn from D to 
the circumference. 

For however three right lines be drawn from D to the circum- 
ference, either one of them, produced if necessary, passes 
through the centre, and is therefore either greater or less than, 
either of the others, by parts 1 and 3 ; or two of them are on 
the same part of the diameter, and therefore unequal, by parts 
2 and 4. 

PROP. IX. THEOR. 

If Jrom any point within a cirde, more than two equal right 
lines can be drawn to the circumference, that point m the centre 
of the circle. 

For if it were not the centre, only two equal right lines 
could be drawn from it to the circumference (7. 3), which is 
contrary to the hypothesis. 

PROP. X. THEOR. 

One drde (BAFJ cannot cut another (BDFJ in more than two 

points. 




If possible, let them cut each other in more than two points, 
as B, G, F,- find the centre K of the circle BAF (1. 3), 
and draw KB, KG, KF, which are equal (Def. 10. 1)5 there- 
fore, in the case of figure 1, when K is within the circle BDF, 
K is the centre of the same circle BDF (9. 3), therefore the 
circles BAF, BDF, Cutting each other, have a common cen- 
tre, which is absurd (5. 3); therefore the cii*cles cannot cut 
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each other in more than two points in this case. In the case of 
Agure 2, when the centre of each is without the other, more than 
two equal right lines, as KB, KG, KF are drawn to the cir- 
cumference of the circle BDF from a point K without it, which 
is absurd (8. 3) ; therefore neither in this case can the circles 
cut each other in more than two points. 

PROP. XI. THEOR- 



Jff two drcUs (ABCf JiOEJ, touch each other internally^ the 
the right line which joins tlieir centres, being produced, passes 
through their contacL 

For if not, let tlie right line BDC join- 
ing the centres, cut tlie circles in D, B, 
the centre of the circle ABC being F, and 
that of ADE, G ; and draw AF, AG. 

The sides AG, GF of the triangle AGF 
are greater than AF (£0. 1), or, than its 
equal [Def. 10. l] FB, taking from each 
GF, which is common, AG is greater than 

GB ; but because G is the centre of the cir- 

cle ADE, GD is equal to GA ; therefore GD is greater than 
GB, the part than the whole, which is absurd ; therefore the 
right line joining the centres of the circles ABC, ADE cannot 
fail otherwise than on the contact A, and must therefore pass 
through it. 




PROP. XII. THEOR. 



Jff two drdes (ABd AED) touch each otiier externally, the 
right line joining their centres, passes through thdr contact. 

For if not, let F and G be 
their centres, and let the right 
line FG joining them, not 
pass tlirough their contact 
A, but meet the circles in C 
and D, and join FA, AG. 

Because FA and AG are 
neater than FG (20. 1), and 
FC equal to FA, and DG to 
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7 AG[Def, le, 1], therefore FC and DG together are greater 
than FG, the part than the whole, which is absurd. Therefore 
the right line, which joins the centres of the circles ABC, AED, 
cannot pass otherwise than through the contact A, and, of course, 
passes through it. 

PROP. XIII. THEOR. 

One drde cannot touch another^ either within or xvitliout^ in imre 

points than one* 

Let the circles AC, AD, if possible, 
touch each other inwardly in two points A 
and B ; find the centres E, F of these circles 
(l. 3), which are different [6. 3]; draw 
EF, which produce to pass througli one of 
the contacts as A (11. 3), and draw EB 
and FB. 

Because FA is equal to FB (Def. 10. 1), 
adding to each FE, AE is equal to BF, 
FE ; but BF, FE are together greater C 

than BE [20. 1], therefore AE is greater than BE 5 but, because 
E is the centre of the circle AC, AE is equal to BE (Def. 10. 1) ; 
therefore AE is both equal to, and greater than, BE, which 
is absurd. 

But if the two points of contact A, B 
be at opposite parts of the right line join- 
ing the centres E, F, the right line AB is 
a diameter of both the circles AC and AD, 
and AF is equal to FB (Def. 10. 1), and 
therefore greater than EB, of course AE 
is greater tlian EB ; but AE is also equal 
toEB (Def. 10. 1), which is absurd. 

Lastly, let the circles AC, AD, if 
possible, touch each other externally 
in two points A, B ; draw EF joining 
the centres E, F, and passing through 
one of them A [11. 3], and join EB, 
BF, 

Then is EA equal to EB, and AF 
to BF (Def. 10, 1) ; therefore EF 
one side of the triangle EBF is equal to the other two sides EB 
BF| which is absurd (20. 1). 
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In no case therefore, do two circles touch each other in more 
points than one. 

PROP. XIV- THEOR- 

EqMl right lines (JIB, CDJ, inscribed in a drde fJiBDCJ^ are 
equaUy distant from the centre; and those, which are etpuUlif 
distant froni the centre, are equal* 

Take E the centre of tiie circle ABDC 
(1. S), join EA, EC, and draw EF, EG 
perpendiculars to AB, CD. 

Because AB, CD are equal (Hyp*), 
and bisected by the perpendiculars £F, 
EG (3. 3), the right lines AF, CG are 
equal (Ax. 7) ; therefore their squares 
areequal(Cor. 3. 34. 1); also EA, EC 
are equal (Def. 10. 1), and therefore their 
squares [Cor. 3. 34. l] ; but, because the angle AFE is right, th^ 
square of AE is equal to the squares of AF, FE [47. 1], and, 
for the like reason, the square of EC is equal to the squares of 
CG, GE ; therefore the squares of AF, FE are equal to the 
squares of CG, GE ;• taking from each the equal squares of 
AF, CG, the squares of EF and EG are equal [Ax. 3], and 
therefore the right lines EF, EG themselves [Cor. 1. 46. 1], 
and, of course, AB, CD are equally distant from the centre 
[Def. 4. 3]. 

Let now AB, CD be equally distant from tha centre, and, of 
course, EF, EG equal [Def. 4. 3], their squares are also equal 
(Cor. 3. 34. 1) ; and because EA, EC are equal, their square^s 
are equal (Cor. 3. 34. 1) ; but the square of EA is equal to the 
squares of EF, FA, and the, square of EC to the squares of 
EG, GC [47. 1] 5 therefore the squares of EF, FA are equal 
to the squares of EG, GC ; taking away the equal squares of 
EF, EG, the squares of AF, CG are equal [Ax. 3], and 
therefore these right lines themselves [Cor. 1. 46. 1] ; but, be- 
cause EF, EG bisect AB, CD [3. 3], the right lines AB, 
CD are double of the equals AF, CG, and theinkore equal to 
each other [Ax. 61. 
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The diameter C^D) is the greatest right line in a circle (AB^ CD J; 
and, of all others, that C^C) which is nearer to the cmtre C^Jf 
is greater than one more remote fFG); and the greater 
CBCJ is nearer to the centre than the less (FO). 

From the centre E draw EH, EK per- 
pendiculars to BC, FG, and join EB, EC, 
EFj the right line EA is equal to EB, 
and ED to EC (Def. 10, 1), therefore 
AD is equal to EB and EG ; hut EB and 
EC are greater than BC (20. 1), therefore 
AD is greater than BC. 

Let now BC be nearer the centre than 
FG, and, of course, EH less than EK 
(Def. 5. 3), the riglit line BC is gi^ater than FG. For tlie 
squares of BH, HE are together equal to the square of EB 
(47. 1), or of EF, its equal (Def. 10. 1) ; also the squares of 
FK, KE are equal to the square of EF [47. 1] 5 therefore the 
squares of BH, HE are equal to the squares of FK, KE 5 
whence, the square of EH being less tlftin the square of FK, 
because EH is less than EK, the square of BH is greater than 
the square of FK, and, of course, BH greater than FK; 
whence, BC, FG being doubles of BH, FK [3. 3], the right 
line BC is greater than FG. 

Lastly, let BC be greater than FG, then is BC nearer to the 
centre than FG. For, because BC is greater than FG [Hyp.], 
and BH,.FK are th^ halves of BC, FG(3. 3), the right line 
BH is greater than FK ; whence, the squares of BH, HE, and 
of FK, KE, being each equal to the square of the radius 
EB or EF [47. 1], and therefore to each other, the square 
of EH is less than the square of EK, and, of course, EH 
less than EK, and BC nearer to the centre than FG [Def. 5. 3]. 



MQK m* ov eaoMSTiiT. 91 




PROP. XVL THEOR. 

4 righi Unef drawn from the extremity (Ji)^ of a tfiuiefar 
C4B)9 of a drde (JiBC), perpendicular to it, faU$ enUrdj/ 
wMmt the drdUf and no rtght line can be drawn^ bdween thai 
fight Une and tiie drcamference, eoasnottoaU the ehrtU. 

Part 1.— For if tke right line, drawn 
from A at right angles to AB, does n6t 
fall entirely without Ihe^drcle, let it, if 
possible, meet tibe circumference in some 
other point, as C, and from the centre 
D draw DC. 

Because, in the triangle DAC, the 
sides DA, DC are equal (Def. 10. 1), the 
angles DAC, DC A are also equal (5. 1), but DAC is a right an- 

81e (Hyp»), therefore DC A is a right angle, and the an|^es DAC, 
^CA together equal to two riffht aneles, which is absurd 
(17. i). Therefore a right line drawn from A, at right angles 
to AD, does not meet the circle in any other point, and there- 
fore fiUb entirely without it 

Part 5. — Let now tiie right line AE 
be that which is drawn from A, at right 
angles to AB, which, by part 1. of tUs, 
falls entirely without tiie chrcle; there 
cannot be drawn between AE and the 
circumference, a right line, so as not to 
qst the drcle. 

For, if possible, let AF be such, and 
the angle DAE being right, DAF is 
acute; from D draw DO perpendicular to AF, meeting the 
circumference in H ; and since, in the triangle DAG, Ihe right 
angle DGA is greater than the acute angle DAG, the side DA 
is greater than DG (19. 1); but DH is equal to DA (Def. 
10. 1); therefore DH is g^&ter than DG, the part than the 
whole, which is absurd. Therefore no right line can be drawn 
between AE and the circle, so as not to cut it. 

C6r.~Hence it appears, that a right line, drawn from the 
extremity of ^ the diameter of a circle, at right angles to it, 
touches tiie circle (Def. 1.3), and that it touches it only in one 
point. 
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PROP. XVII. PROB. 




From a given paint which is not ^within a given circle fBCDJ, 

to draw a right line to touch it. 

Tirst, let the given point be with- 
out the ciixle, as A ; find its centre E 
(l. 3), join EA, and from the cen- 
tre E5 at the distance EA, describe 
the circle AFG; through D, draw 
DF perpendicular to AE (11. 1), 
meeting the circle AFG in F, and 
draw EBF and AB ; the right line 
AB touches the circle BCD. 

For in the triangles EBA, EDF, 
the sides EB, EA are severally equal to ED, EF (Def. 10. 1), 
and the angle E commoYi, therefore the angle EBA is equal to 
the angle EDF (4. 1) ; but EDF is a right angle (Constr.), 
therefore EBA is a right angle, and, of course, AB touches 
the circle BCD (Cor. 16. 3), being drawn from the given 
point A. 

Let now the given point be in the circumference of the given 
circle BDC, as the point B ; draw BE to the centre E, and 
BA at right angles to BE ; the right line BA touches the circle 
(Cor. 16. 3). 

PROP. XVIII. THEOR. 

Jf a right line {BE) tmuch a circle {ARC) ; a right line {FC), 
drawn from the centre (F), to the contact {C), is perpendicuilarto 
the tangent. 

If FC be not perpendicular to DE^ 
from F, draw FBG perpendicular thereto 
(12. 1), then, because FGC is aright 
angle, FCG is acute (171.1), therefore the 
side FC is greater than FG (19. 1) 5 
but FB is equal to FC (Def. 10. 1), 
therefore FB is greater than FG, the 

part than the whole, which is absurd ; ^ 

therefore FG is not perpendicular to B ecu 

DE. In like manner it may be shewn, that no other right 
line but FC, is perpendicular to it, therefore FC is perpendi- 
eular to DE. 
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PROP. XIX. THEOR. 

If a right lint {DF) tmich a circle [ABC); a rigid line (CJ) 
drawn through from the contact (C), perpendicular to the tan- 
gent, passes through tlie centre. 

If not, let the centre be, if possi- 
ble, without CA, as at F, and join 
CF. 

Because FC is drawn from the cen- 
tre to the contact, it is perpendicular 
to DE (18. 3), therefore the angle 
FCEJs a right angle ; but the angle 
ACE is a right angle (Hyp.) ; there- 
fore the angle FCE is equal to ACE, 
the part to the whole, which is absurd ; 
therefore F is not the centre of tlie circle. In like manner it may 
be shewn, that no other point without CA is the centre of the 
cii'cle, therefore that centre is in CA. 

PROP. XX. THEOR. 

The angle (BEC), at the centre {E), of a drde {ABC), is double 
of the angle (BJC) at tlie drcumference, on the same base, or 
same part of the circumference {BC). 

Firstly. — ^Let one of the legs BA of the 
angle at the circumference, pass through the 
centre E ; and because, in the triangle 
EC A, tlie sides EC, EA are equal, the an- 
gli^EAC, ECA are equal (5. 1); but the 
external angle BEC is equal to EAC, ECA 
together (32. 1), and therefore double of 
BAC. 

Secondly. — Let the centre E be within 
the angle BAC, and join AE, which pro- 
duce to meet the circumference in F ; and 
because the angle BEF is double the 
angle EAB (by part 1), and the angle 
FEC double the an^e EAC (by the same), 
the whole angle BEC is equal to double 
the angle BAF with double the angle FAC, 
and therefore to double the whole angle 
BAC (Ax. 2. 1). . 
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Thirdly • — Let tlie centre E be without the 
angle BAC/ Join AE, which produce to 
meet the circumference in F ; the angle FEC 
is equal to double the angle ?AC (by part 1), 
or to double the angle FAB with double the 
angle BAC ; but the angle FEB is equal to 
double the angle FAB (by the same), which 
equals being taken aWay from each of the 
preceding equals, there remains the apgle 
BEC equal to double the angle BAC (Ax. 3. 1). 

Otlierwise. C^ce all the figures to this prop. J 

Join BC ^ and, because of the equals EB, EC^ the trian^te 
EBC is isosceles, and E A is equal to either of the equal sides ; 
therefore the angle BEC is double the angle BAC (Cor. 
3. 32. 1). 




/ 



PROP. XXI. THEOR. 



The dngles (BJiDf BMDJ, in the same segment (^BJiEDJ of a 

cirde, are equal. 



Find F tlie centre of the circle BAED 
(1. 3) J and first let the segment BAED be 
greater than a semicircle, and join BF, FD. 
Because the angle BFD at th^ centre, is 
double of either of the angles BAD, BED 
at the circumference (20. 3), the angles 
BAD, BED are equal (Ax. 7). 



Secondly, let the segment BAED be, 
not greater than a semicircle, draw AF to 
the centre, and produce it to meet the cir- 
cumference in C, and join CE : and be- ^/ 
cause the segment BADC is greater than 
a semicircle, the angles in it BAC, BEC 
are equal (Part I. of this ; and because 
the segment CB AD is greater than a se- 
micircle, the anglers in it CAD, CED are 
equal (by the same) ; therefore the angles BAC, CAD together^ 
or the whole angle BAD, and the angles BEC, CED t^therf 
or the whole angle B£D, are equal (Ax. 2. 1). 





Cor. The rectangles, under the diagonats 
(AC, BD], of a quadrangle (ABCD) in- 
scribed in a circle, is equal to t)ie rectan- 
gles, under the oiqibsite sides, (under AB and 
CD, and under AB and BC). 

Make tlie angle ADE oqual to CDB ; to each of which, ad- 
ding the common angle EDB, the angle ADB is equal to EDC ; 
whence the triangles ADU, EDC, having also the angles ABD* 
ECD, in the same segment ABCD, equal (by this prop.), are 
equiangular (32.1): thereFore the rectangle under the sides 
about the equal angles ABD, ECD, taken alternately, are equal 
(Cor. 4. 5 & 6. 2), namely, the rectangle under AB and DC, to 
the rectangle under DB and EC; and tlie triangles AED, BCD, 
having the angles ADE, BDC equal [Constr.], and tlie angleH 
DAE, DBC, in the same segment DABC, equal (by this prop.), 
are equiangular; therefore the i-ectangle under the sides about 
the equal angles DAE, DBC, taken alternately, are equal [Cor. 
4. 5 & 6. 2], namely, the rectangle under AD and BC to the 
rectangle under DB and AE ; but the rectangles under DB aa' 
EC and under OB and AE, are equal to the rectangle under 
DB and AC (1. 3 . ; therefore tiie rectangles under AB and DC, 
aiid under AD and BC, aretugetiier equ^ to the rectangle under 
DB and AC. 

PROP. XXII. THEOR. 

3Vl< oppowte angUtt of a quadrangle C ABCD J, inaaihedin a cir- 
de C^BCBJ, are eqixal to two ri^M angkt. 

Draw AC, DB. and the angles ABD „ 

ACD, being in the same segment ABCD, 
are equ^ [sl. 3] ; also, the angles ACB, 
ADB, being in the same segment ADCB, 
are equal [Sl. 3] ; therefore the two angles J 
ACB, ACD, orthe whole BCD, are equal I 
to the two angles, ABD, ADB; adding . 
to each tJie angle BAD, the angles BCD, ' 
i3AD are equal to the angles ABD, ADB 
and BAD; but the angles ABD, ADB, BAD, being the tbrae 
angles of tiie triangle ABD, are equal to two right angles 
[32. 1]; tiierefore the angles BCD, BAD, aj'e also equ^ to two 
right angles. In like manner, the angles ABC, ADC may h* 
proved, to be equal to two right anj^es. 
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PROP. XXIIL THEOR. 

On the same right line, and an the same side of it, there cannot be 
two similar segments of circles, not coinciding with each other. 

For, if possible^ let two similar seg- 
ments of circles, as ACB, ADB be on the 
same right line AB, and on the same side 
of it, ' not coinciding with each other : 
Then, since the circles ACB, ADB cut a' 
each other in the points A, B, they cannot cut each other iu 
any other point [10. 3] ; one of the segments therefore must fall 
within the other; let ACB fall within ABB, and from any 
point D, of the circumference ADB, draw DB, meeting the 
circumference ACB in C, and join AD, AC; and because thq 
segments ACB, ADB are similar, (Hyp.), the angle ACB is 
equal to the angle ADB (Def. 11. 3), an exterior angle of the 
triangle ACD, to an interior remote, whiqhis absurd [16. l]. 
Therefore there cannot be, on the same side of the same right 
line, two similar segments of circles, which do not coincide. 

PROP. XXIV. THEOR. 

Similar segments of circles C^^EB, CFDJ, on equal right lines 
• (AB, CD, J are equal. 

For if the segment AEB be 
so applied to the segment CFD, 

that the point A may be on 

the point C, and the right line A » C ''" ^ 

AB on CD, the point B would fall on D, because AB is equal to 
CD, and the right line AB would coincide with CD; therefoi-e 
the segment AEB, being similar to the segment CFD (,Hyp.), 
would coincide with it [23. 3] ; therefore the segments AEB, 
CFD are equal (Ax. 8. 1). 

Cor. 1. From the proof of this proposition, it follows; Ihat 
the circumferences AEB, CFD, of similar segments of circles, 
on equal right lines, are also bqual, since they also would 
coincide. 

Cor. 2. And, by a similar argumenty as is used in this propo- 
sition, it may be proved ; that circles, having equal diameters or 
semi-diameters, are' equal ; for if they be so applied to each 
other, that their centres coincide, since their semi-diameters are 
equal, their circumferences coincide ; whence the circles them- 
selves and their, circumfbrences f^e equal. 
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Cor^ 3» Circles, having unequal diameters or seroidiameterSf 
are unequal , those having the greater diameters or semi-diame- 
ters, being the greater. « 

Cor. 4. And, of unequal circles, the greater has the greater 
diameter or semi-diameter ; for if the diameters were eqiial» the 
circles would be e<|ual [Cor. 2. 24. 3J, contrary to tkeliypofhe- 
sis ^ and if the diameter of the former were the less, tiie circle 
would be less [Cor. 3. ^. 3] ; which is also contrary to tiie 
hypothesis. 

Car. 5. Equal circles haVe equal diameters and semidittne^ 
ters I for if the diameters or semidiameters were unequal, the 
circles would be unequal (Cor. 3. 24. 3;, contrary to the hy* 
pothesis. 

PROP. XXV- PROB. 



.a segment of a drde C^BC) being gixen^ to describe the drde of 

which it is a segment. 

Let two right lines AB,CD, mit parallel 
to each other, and terminated by the cir- 
cles, be drawn ; bisect these right lines in 
E and F, and, through the points of bisec- 
tion, draw EG, F6, at right angles to AB, 
CD, meeting each other in G ; their inter- 
section G, is the centre of the circle^ where- '^ 
of ABC is a segment. 

Because tlie right line AB^ terminated in a circle, is bisected 
by a perpendicular EG, the right line EG passes through the 
centi^ (Proof of 1. 3) ; for the same reason^ FG passes through 
the centre ; therefore their intersection G, is the centre of mt 
f ircle, of which ABC is a segment ; whence the circle itself may 
be described. 
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PROP. XXVI. PROB. 

In equal drdes C^^^9 DEFJ^ equal angles, stand on equal ctr- 
cumferences or arclies ; whether they be at the centres (as O, HJ, 
or at the dreumferences fas Ay DJ* 





If the angles G, H be at the centre, let there be constituted 
the angles A, D at the circumferences on the same arches, and 
join BC, EF. 

Because the circles ABC, DEF are equal, their semi-diame- 
ters are equal (Cor. 5. 24. 3); therefore, in the triangles BGC, 
EHF, the sides BG, GC ai*e severally equal to EH, HF, and 
the angles G, H are equal Hyp.), therefore the bases BC, EF 
are equal' (4. 1); bat the angles BAC, EDF are equal (20. 3 and 
Ax. 7. 1), therefore the segments BAC, EDF are similar (Def. 
11.3); and they are constituted on equal right lines BC, EF> 
therefore the circumferences BAC, EDF are equal (Cor. 1. 24. 3) ; 
but the whole circumference BACK is equal to the whole circum- 
ference EDFL (Hyp. & Cor. 5 &2.S24. 3), therefore the remain- 
ing circumferenee BKC.is equal to the remaining circumference 
ELF. 

If the equal angles, as A, D, be at the circumference, and 
acute; drawing bG, GC, EH and HF, the arches BKC and 
ELF may, in tike manner, be proved equal. 

But if the equal angles at the circumference be either right or 
obtuse, let them be bisected, their halves are equal (Ax. 7. 1), 
and it may be shewn as above, that the arches, on which they 
stand, are equal, and therefoi'e the whole arches are equal. 
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PROP. XXVII. THEOR. 

In equal drdes CBAC^ EDFJ, the angles which stand on equal 
arches fBKC^ ELF J are eqiud^ whether they he at the centres 
(as BGC, EHFJ, or at the circumferences fas BJC, BDFJ. 

First. The angle r.GC 
is equal to the angle 
EHF ; for if not, let one 
of tiiem, as BGC, he the 
greater, and make the 
angle BGK (M|ual to 
EHF (23. 1).^^ X^^^^xf -^ X^-.-^ 

Because then, in the equal circles BAG, EDF, the angles 
BGK, EHF are equal [Constr.], the arches BK, EF are equal 
[26. 3]; hut the arches BC, EF are equal [Hyp.]; therefore 
the arches BK, BC, being each equal to EF, are equal, part 
and whole, which is ahsurd ; therefore the angles BGC, EHF 
are not unequal, they are tlierefore equal ; whence the angles 
BAG, EDF, being halves of the equal angles BGC, EHF 
[20. 3], are equal. 

PROP. XXVIII. THEOR. 

In equal drdes C^^BC, DEFJ, equal right lines CBC, EF)^ cat 
off equal arches, the greater fB^CJ, equal to the greater 
(EDF J, and the less fBGCJ, to the less (EHF J. 

If the equal right 
lines be diameters, the 
proposition is manifest. 

Bat if not, find K 
and L the centres of the 
circles [1. 3], and join 
BK, KG, EL, LF, 

Because the circles 
are equal, the right ^g ^ ^ 

lines BK, KG are severally equal to EL, LF (Cor. 5. 24. 3), 
and BC is equal to EF (Hyp.), therefore the angles K, L are 
equal [8. 1], and therefore the circumference BGC is equal to 
the circumference EHF [26. 3] ; and the whole circumference 
BACG is equal to the whole circumference EDFH, therefore 
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the remaining circumference BAG is equal to the remaining cir- 
cumference EDF. 



PROP. XXIX. THEOR. 

In equal circles rABC^ DEFfSeeJig* in the preceding Prop.), e^^ual 
circumferences BOC, EHFJ, are subtended by equal right 
lines (BC.EFj: 

If the equal circumferences be semicircles, the proposition is 
manifest. _^_ 

If not, find the centres of the circles K, fl^pk 3]; and, be- 
cause the circumferences BGC, EHF are equal, the angles 
K, L are equal [27. 3]; and, because the circles ABC, DEF 
ai-e equal, the right lines "BK, KC are severally equal to EL, 
LF (Cor. 5. 24. 3); whence, the triangles BKC, ELF, having 
BK, KC and the included angle K, severally equal to EL, LF 
and the included angle L, the bases BC, EF are equal. 

Scholium. What are demonstrated in the four preceding pro- 
positions about equal circles, are also manifestly true about the 
same. 

Cor. 1. — In equal circles [ABC, DEF, see fig. to prop, xxvi 
of this], sectors [BGC, EHF], which stand on equal arches 
[BKC, ELF], are equal. 

Because the arches BKC, ELF are equal [Hyp.], the right 
lines BC, EF are equal [by this prop.] ; and the angle BAC is 
equal to EDF [27. 3], and therefore the segments BAC, EDF 
are sio^ilar [Def. 11. 3], and, being on equal right lines BC,EF, 
are equal [24. 3] ; taking each fi*om the whole circles, which 
are equal [Hyp.], the remaining segments BKC, ELF are 
equal ; and the triangles BGC, EHF, being mutually equilate- 
ral, are equal fCor. 8. 1] ; therefore, adding these triangles 
to the equal segments BKC, ELF the sectors BGC, EHF are 
equal. 

Cor. 2. — In equal circles, equal angles, whether at the centre 
or circumference, are subtended by equal right lines. 

For these equal angles stand on equal arches (26. 3), and 
the equal archer are subtended by equal right lines (by thi» 
prop.). 
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PROP. XXX* PROB- 

To bisect a given drcumference or arch of a cirde CAP^J^ 

Join AB, which bisect in C (10. 1), "^ 

from C9 draw CD at right angles to ABj 
which bisects the circumference in D. 

Join AD, DB ; and in the triangles 
ACD, BCD, the sides AC, CB are 
equal (Constr.), CD common to the two triangles, and the an- 
gle ACD equal to BCD (Def. iO. 1) ; therefore the base AD is 
equal to the base BD (4. I), and therefore the circumferences 

AD, DB, which they i^ubtend, are equal [28. 3], and so the 
given circumference ADB is bisected iii D. 

PROP. XXXI. THEOR. 

The angle {BJiC) in a semicircle^ is a right angle; but an angle 
{as ABC)f in a segment greater than a semicircle^ is less tlmn 
a right angle; and an angle {as ADC)^ in a segment less thoih 
a semidrdej is greater than a right angle* 

Let E be the centre of tlie circle, join 

AE, and produce BA, as to F ; and be- 
cause, in the triangle EAB, the sides EA, 
£B are equal, the angles EAB, EBA are 
equal (5. 1); and because, in the triangle ;^| 
EAC, EA is equal to EC, the angles 
EAC, EC A are equal (5. 1); therefore 
the whole angle BAC is equal to the two 
angles ABC, ACB [A^. 2. 1]; but the 
exterior angle FAC, of the triangle BAC, is equal to the two 
angles ABC, ACB [32. 1] ; therefore the angle BAC is equal 
to the angle FAC, and therefore a right angle [Def. 20. \y 

And^ because the two angles BAC, ABC, of the triangle 
ABC, are less than two right angles [17. 1], and BAC is a 
right angle, the angle ABC, in a segment ABC greater than a 
^micircle, is less than a right angle. 

And, because the two opposite angles ABC, ADC, of the 
quadrangle ABCD in the circle, are equal to two right angles 
[22. 3], and ABC is less than aright angle; the angle ADC, 
in a segment ADC less than a semicii*cle^ is greater than a right 
angle. 

14 
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Cor. — A circle, deacribcd atioutthe hypothenUBe [BC], of a 
right angled triangle [ABC], passes through the right angle 
[BAC] ; for, if it cut the right line [BF] in any other point 
but [A], the angle [BAC] would he greater or leas, than the 
angle fonned at the intersection, by riglit lines drawn from it to 
the extremeB of the hypothenuso BC [16. 1], which angle so 
fonned being, by this prop, a right one; the angle [BAC] 
would be greater w less than a right angle, contrary to tbe 
hypotiiesis. 

PROP. XXXII. THEOR. 

^ a right line (BF) touch a circle (ABCBJ, and from the con- 
tact CB), a right line (BliJ be drawn c«iti^ the cirde; 
the angles made by the tangent and cutting line, are tqtuU to the 
angles in the altenuite segments. 

If the cutting line pass through the a 

centre, the angles are equal, being right 
angles [l8 and SI. 3]. 

u not, from the contact B, draw BA 
at right angles to EF [11. 1], and, hav- 
ing taken any point C, in the, circumfe- 
1-ence BCD, join AD. DC, CB ; and be- 
cause BA is perpendicular tn the tangent - 
EF, the centre of the circle is in BA ' 
[19. 3], and tlie angle BDA in a semicircle is a right angle 
[31. 3], and, therefore, in the triangle ADB, the other two 
angles iiAD, ABD, are equal to a right angle [32. 1], and 
therefore to tlie right angle ABF ; taking from each tlie com- 
mon angle ABD, the angle DBF is equal to the angle BAD ia 
the alternate segment- And, because, in the quadrilateral 
figure ABCD inscribed in a circle, the opposite angles BAD, 
BCD are equal to two right angles [23. g], and therefore to the 
angles DBF, DBE, which are also equal to two rigftt angles 
[13. 1]; taking away the equal angles BAD, DBF, the re- 
maining angle DBE is equal to tbe remaining angle DOB in 
the alternate segmont. 
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PROP. XXXIII. PROB. 

On a green right line fABJ, to describe a segment of a ctrcUf 
tvfnek may receive an angle, equal to a given rectilineal an- 

gU ccj. 

First — Let fli© given an- 
gle C be a ri|3;ht one, [see 
fig. 1]. Bisect the given 
right line AB in F [10. 1], 
from the centre F, at tlie 
distance FA, describe the 
^semicircle AHB ; the angle 
ABB in a semicircle is 
equal to the right angle C 
[31* 3]. 

f^ecdndly. — Let the angle 
C not be a right one (see 
fig. 2 and 3), and at the 
point A, with the right 
line AB; make the angle 
BAD equal to C [23. 1], 
and from the point A, draw 
AE at right angles to AD 
(11. 1)5 bisect AB in F, 
from F draw FG perpen- 
dicular to AB (11. 1)9 and 
join 6B ; and because, in 
the triangles AF6, BF6, 
AF is equal to FB, FG 

common, and the angles 

AFG, BFG equal [Iheor. at 11. 1], the bases AG, BG are 
equal [4. 1], and the circle described from the centre G, at the 
distance GA, passes through B ; let tiiis cfa^le be AHB ; and, 
because AD is drawn from the extremity of tfie diameter AE, 
perpendicular to it, AD touches the circle [Cor. 1. 16. 3}, and 
tiierefore the angle BAD, or which is equd [Constr/j, the angle 
C, is equal to the angle in tlie alternate segihent AHB [32. 3] ; 
and so a segment AHB is described on the given right line AB, 
whicih may receive an an|[|e^ equal to the giv^ angle C, as was 
required to be done. 
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PROP. XXXIV. PROB. 

From a givm drde rJBCJ, to cut off a segment, which may 
receive an angle, eqrnl to a given rectilineal angle (D)^ 

Draw EF touching the circle 
in any point B (17. 3), and atthe 
point B with the right Unc B\^, 



is a tangent to the circle, the 
angle FBC, or, which is equal 
(Constr.), the angle D, is equal 

to the angle in the alternate seg- _ ^ 

ment BAC (32, 3); and there- tB B i* 

jfore, there is cut off from the given circle, a segment BAC, rci- 
ceiving an angle equal to the given apgle P, ^ was required to 
be don^. 




PROP. XXXV. THEOR. 

If two right lines (AC, BDJ, mscrihed in a circle CABCD), cat 
each other, the rectangle (AECJ, under the segments of one, is 
equal to the rectangle (BEJbJ, under the segments of the other. 



Case 1. — If both pass through the cen- 
tre ; AE, EC, BE, ED being all equal 
(Def. 10. 1), the rectangfc AEC is equal 
to the rectangle BED (Cor. 3. 34. 1), 



Case 2.^— If one of them BD, passing 
through the centre F, cut the otiier AC, 
iiot passing through the centre, perpen- 
dicularly, join AF ; and because BD is 
cut. equally in F, and unequally in E, 
the rec^ngle DEB with the square of 
^F,is equal to the square of FB (5. 2), 
or of FA, and therefore, to the squares 
of AE and £F (47. 1); takiii|; aw^y 
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the common square of EF, Ac rectangle DEB is equal to the 
square of AE, or AE, EC being equal (3. 3;, to the rectangle 
AEC. 

Case 3. — If one of them DB, passing 
through the centre F, cut the other AC, 
not passing through the centre, ob- 
liquely, join AF, and draw FG perpen- 
dicular to AC ; and since DB is divided 
equally in F« and unequally in E, the 
rectangle DEB and the square of FE, 
or, (the squares of FG, GE, being 
equal to the square of FE 47. 1,), the 
rectangle DEB, and the squares of FG, GE, are equal to the 
square of FB (5, 2), or FA, or, which is equal (47. 1), to the 
squares AG, GF ; taking away the common square of FG, the 
rectangle DEB with the square of GE, is equal to the square of 
AG; but, because FG is perpendicular to AC, AC is bisected 
in G (3. 3), therefore the rectangle AEC with the square of 
GE, is equal to the square of AG [5. 2] ; wherefore the rect- 
angle DEB with the square of GE, is equal to the rectangle 
AEC with the square of GE ; taking away the common 
square of GE, the rectangle DEB is equal to the rectangle 
AEC. 



Case 4. — ^But if neither of the right 
lines AC, BD pass through the centre, 
find the centre F, and through E, draw 
the diameter HG ; then the rectangles 
AEC, DEB, being each of them equal 
to the rectangle HE G (case 3 of this), 
^LTB equal to each other. 



Otherwise, {see all the figures to this Prop.) 

Join AB, CD; and, since the triangles AEB, DEC, having 
their angles at E equal (15. 1), and the angles ABE, DCE, in 
the same segment ABCD, also equal (21. 3), are equiangular 
(32. 1), the rectangles und^ the sides about the equal angles 
AEB, DEC, taken alternately, are equal (Cor. 4. 5 & 6. 2), 
namely^ the rectangle AEC to the rectangle DEB. 
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PROP. XXXVI. THEOR. 

^ from any point f£J witkaat a circle CCADJ, two right lines 
(ED,eSj he drawn to it, oneof which C ED J cuts it, and the 
other (EAJ touches it ; the rectangle under the whole catting 
line (ED > and the external segment (EC J, is eq^tal to tlie 
square of the tangent ( EJJ. 



Case 1. If ED pass throug'li the cen- 
ire F, join AF ; and, because CD i§ bi- 
Bectcd in F, and CE a part added to it, 
the rectangle DEC witb the square of 
FC, iB equal to tUe square of FE ( 6. 2), 
or wliich is equal (47. l ), to the squares 
•f FA and AE ; taking away the equal 
squares of FC and FA, the i-ectatigle 
DEC, is equal ■- to the square of AG 
(Ax. 3). 

Case S. If ED do not pass tliroaglt 
the centre F, draw FG perpendicular to 
ii, and join FA, FC and FE ; and, be- 
cause DC is bisected in G (3. 3), ami 
CE added to it, the rectangle DEC with 
the square of GC, is equal to the squtu^ 
of GE (6. 2) ; adding to each the square 
of GF, the rectangle DEC, and tho 
squares of CG, GF, or, (the squares of 
C6, GF being equal to the square of FC 
4r. 1,), the rectangle DEC, ami the 
square of FC, are equal to the squares ___ 

of EG, GF, or, which is equal (47. 1), to the square of FE, 
or, which is equal (47. 1), to the stujaresof FA, AE ; taking 
away the equal squares of FC, FA, the rectangle DEC is 
equal to the square of AE (Ax. 3). 

Otherwise. {See both fgures to tlds prop.) 

Join DA, AC ; And, since the triangles EGA, BAD, having 
the angle A£D common, and the angles EAC, EDA equal 
(S3. 3), are equiangul a r (32. 1), the rectangles under the Bides 
about tiie common angle AED, taken alternately, are equal 
(Cor. 4. 9 and 6. Z), Damely, flie rectangle CED to the square 
of EA. 




lor 



Cor. I. — Hence, if from sjtj pirint witiiout a circle, two right 
lines be drawn -cutting it, tiie rectangles under these right linei 
and their external segments are equal, being each eqnu to the 
square of a tangent, drawn from the same point to tbe circle. 

Car. 2. — Two tangents drawn to a circle, from any point 
without it, are equal. 

For their squares are equal, heing each equal to the same 
rectangle. 

Cor. S — From this, and the preceding proposition, it is ma- 
nifeflt, that, if 'a right line, passing through any point, either 
within or without a circle, cut it in two points or tourh it ; the 
square of the segment of the tangent, or rectangle under the 
segments of the Recant, between that point, and the point or 

Joints, in which it touches or cuts the circle, is equu to tite 
ifference of the squares of the radius, and the distance of tha 
same point from the centre of flie circle. 

Cor. 4.— Hence also if two right lines, meeting each other^ 
both touch, or both cut, or one of them touch, and the other cut a 
circle ; the squares of the segments of the tangents, or rect- 
angles under tlie segments of the secants or cutting lines, be- 
tween their concourse, and the points in which they meet the 
ctrcle, are equal. 

PROP. XXXVII. THEOR. 

If from any ■point CEJ imthout a drde, tmo right lines (OE, 
•MB) it drawn, one of them f BEJ cutting the drde, and the 
other CJiE) meeting it, and the rectangle {DEC) ujufar the 
Butting line, and its external seginent, be equal to the square o^ 
tbe line which meets it ; the right tine {^E) irhirJi meets the 
tirele, touches it. 
f^m E, draw EB touching the rii-cle -c 

(17. 3), 6nil the centre F (1. 3), and join 

FA, rE, FB. 

Because EB touches the circle, and 

D£ cuts it, the square of EB is equal to 

the rectangle DEC (36. 3); but the 

square of AE is equal to the rectangle 

UEC (Hyp. ), therefore the squares of AE 

and EB are equal (Ax. I. l), and, of 

course, tiie right lines AE, EB them< 

selves (Cor. 1*46. 1) ; therefore, in the 

triangles FA£, FBE. the sides FA, AE 
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are severally equal to FB, BE, and FE is common to both 
triangles, therefore the angles FAE, FEE are equal (8. 1); 
but FBE is a right angle (18. 3), therefore FAE is also a 
right angle, and, of course AE touches the circle (Cor. 16. 3). 
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DEFINITIONS. 




1. A RECTiLiNEAi. figure, is said to be in- 
scribed in another rectilineal figure, when all 
the angles of the inscribed figure, are in the pe- 
rimeter of the other. 

2. A rectilineal figure, is said to be circum- 
scribed about another rectilineal figure, when the 
perimeter of the former touches all the angles of the other, 

3. A rectilineal figure, is said to be in- " 
scribed in a circle, when all its angles, are 
in the circumference of the circle. 

4. A circle, is said to be circumscribed 
about a rectilineal figure, when every angle 
of the rectilineal figure, is in the circumfe- 
rence of the circle. 



5. A rectilineal figure, is said to be cir- 
cumscribed about a circle, when every side of 
it, touches the circle. 

6. A circle, is said to be inscribed in a 
rectilineal figure, when every side of the rec- 
tilineal figure, touches the circle. 

7. A regular figure, is that, which is equi- 
lateral and equiangular. 
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PROPOSITIOI^ I. PROBLElil. 

H a given drde {C^B)^ from a given point (C) in its drcnmh- 
rence^ to inscribe a right line^ equal to a given right line {D), 
not greater Vuin the diameter of the drde. 

Draw the diameter of the 
circle CB, and, if this be 
equal to D, what was required 
is done. 

If not, take from CB, a 
part CE equal to D (3. l), 
and from the centre C, at tlie 
distance CE, describe tlie cir- 
cle AEF, and to either of its 'n 
intersections with the given circle, as A, draw CA, this is equal 
to CE (Def. 10. 1), and therefore to the given right line D 
(Constr. and Ax. 1. 1). 

Oor^— Hence it appears, how, in a given circle, from a given 
point in its circumference, an arch may be taken, equal to a 
given arch, of an equal circle ; namely, by drawing the chord 
of the given arch, and inscribing in the given circle, from tlie 
given point, a right line equal to that chord (by tiiis prop.), 
which right line cuts off ai^ arch equal tp Ae given one (by 
M. 3). 
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PROP. II. PROB. 

In a given circle^ {BAG), to inscribe a triangle, equiangular to a 

given triangle {EDF). 

Draw the right line 
GH, touching tlie circle 
in any point A (17. 3), 
and at the point A, with 
the right line AH, make 
the angle HAC equal to 
the angle E (23. I); and -£ 
at the same point, with 
the right line AG, make 
the angle GAB equal to 
angle F, and join BC. 

The angle E is equal to the angle HAC (Constr.), or, (32. 
3), to the angle B in the alternate segment ; for a like reason, 
the angles F and C are equal ; therefore the remaining angle D 
is equal to the remaining BAG (32. 1); therefore the triangle 
BAG, which is inscribed in the given circle (Def. 3. 4) is equi- 
angular to the given triangle EDF. 

PROP. III. PROB. 

Moid a given dfdeSABC)^ to circumscribe a triangle, equiangu- 
lar to a given triangle (EDF), 





Produce aHj^ side EF, of the given triangle, both way 
to G and H 5 find the centre K of the ^yen circle (1. 3), fro 
which draw apy radius KA, with which, at K, make the angl 
BKA equal to DEG (23. V ; and, with BK atK, the angiS 
BKC equal to DFH ; and draw ML, MN and liN^ toudiing 
the circle in the points A^ B and C (17* 3). 
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Because tlie four aneles^ of the quadrangle M AKB, aro equal 
to four right angles (Cor. 1. 32. 1), and the angles KAM, 
KBM are right angles (18. 3), the remaining angles AKB, 
AMB are equal to two right angles, and therefore to DEF, 
DEG, which together are also equal to two right angles [13. 1] ; 
taking away the equal angles AKB, DEG, the remaining 
angles AMB, DEF are equal : in like manner, LNM and 
Dl^E may be proved, equal ; thei'efore the remaining angle L 
is equal to the remaining D [32. 1], and, of course, the triangle 
LMN, which is. circumscribed about the given circle [J)ef. 5. 
4], is equiangular to the given triangle DEF. 



PROP. IV. PROB. 

In a given triangle {JBC), to inscribe a cirde. 

Bisect any two angles ABC, 
BCA of the given triangle by the 
right lines BD, CD (9. 1), which, 
because the angles DBC, BCD, 
are together less than ABC, 
BCA together [Ax. 9], and there- 
fore than two right angles [17. 1], 
may be so produced, as to meet 
(Theor. at 29. 1) ; let them be so 

produced, and meet, as in D, from . 

which, let fall the perpendicular •» r C 

DE on AB [12. 1], from the centre D, at tlie distance DB, 
describe a circle (Post. 3), which is inscribed in the given 
triangle. 

For, the perpendiculars DF and DG being let fall on BC 
and CA ; because, in the triangles DEB, DFB, tlie an^es 
DEB, DBE are severally equal to DFB, DBF [Constr.], and 
the side DB common, DE and DF are equal [26. l.] ; iu 
like manner, DF, DG may be proved equal ; therefore: the 
three right Unes DE, DF, DG are equal [Ax. 1. 1], and tlie 
circle, described from the centre D, at the distance DE, passes 
through F and G; and since the angles formed by AB, SO, CA 
with tiie radiuses, at the points E, F, G are right angles, these 
right lines touch the circle (Cor. 16. 3), which is therefore in- 
scribed in the triangle ABC [Defi; 6. 4), as was requir^. 
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PROP. V. PROB. 

Maut a given triangle {BAC)^ to draimseiibe a circle, 
fig. 1. fig- 2. fig. 3. 




Bisect any two sides AB, AC of the given triangle, in D 
and £9 and from D and E, draw the perpendiculars DF9 EF, 
and join DE« Because the angles ADF^ AEF are right angles* 
[ConstrJ, the angles EDF, DEF are less than two right an- 
gles [Ax« 9], therefore the perpendiculars drawn from D and 
£ may be so produced as to meet [Theor. at 29* 1]» let them 
meet as in F9 fi*om whence draw^ to any angle A of the triangle 
ABC9 the right line FA; from the centre F, at the distance 
FA9 describe a circle, which is circumscribed about the given 
triangle. 

For, yB, FC being drawn, because, in the triangles FDA, 
FDB, the sides DA, DB are equal (Constr.), FD common, 
and the angles at D right [Constr.], FA and FB are equal 
[4. 11 ; in like manner, FB and FC niay be proved equal, 
therefoi'e the three right lines FA, FB, FC are equal [Ax. 1. 
1], and, of course, a circle, described fi*om the centre F, at 
the distance FA, passes through B and C, and is therefore cir- 
cumscribed about the given triangle BAC [Def. 4. 4]. 

Scholium. — ^This problem is, in effect, the same, as to des- 
cribe a circle through three givefi points, which ai*e not in the 
same right line. 

Cor. I.-— if the centre (F) of a drde^ dreumscribing a tri- 
anglCf be within the triangle {as in fig. 1), all the angles of the 
triangle are acute ; if on any Me {BC)f of the triangle {as in fig. 
i), tike angle opposite that side is right; if withovi the triangle 
fas in fig. 3J, the angle, opposite the side (BCJ, which is qdja- 
cent to the cewtrCf is obtuse. 

For, in the case of fig. 1, every angle of the triangle ABC^ 
is in a segment greater than a semicircle, and therefore acute 
[SU 3]; in the case of fig. 2^ the angle-BAC opposite BC, is ii| 
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a semicircley and therefore right [SI. 3]; and, in the case of 
iig. 3, the angle BA^ , opjxisite BC, is in a segment less than 
a semicircle* and therefore obtuse [31. 3]. 

Cof. 2. — The rectangle under any two 
sides [AC, CB] of a triangle [ABC], is 
equal to the square of a right line [CD], 
bisecting the angle [ACB] included by 
them, drawn from that angle, to the op- A| 
Iiosite side [ABJ, together with the rect- 
angle [ADB], under the segments of the 
side [AB], to which the right line is so 
drawn. 

'About the triang!* ABC circumscribe a circle [5. 41, whose 
circumference let CD produced meet in E, and join EB. 

The triangles ADC, EBC, having the angles ACD, ECB 
equal [Hyp.], as also tiie angles CAD, CEB^ being in the same 
segment CAEli [21. 3], are equiangular (32. 1) ; therefore, 
the rectangles under the sides about the equal angles ACD, 
ECB, taken alternately, are equal Cor. 4. 5 and 6. 2), name- 
ly, the rectangle under AC and CB, to the rectangle under CD 
and CE ; but the rectangle under CD and CE, is equal to the 
square of CO with the rectangle CDE (3. 2) ; and the rect- 
angle CDE is equal to the rectangle ADB (35. 3) ; thei-efore 
the rectangle under AC and CB, is equal to the square of CD^ 
with the rectangle ADB. 

Cor* 2. — ^The rectangle under any two 
sides (AC, CB , of a triangle (ABC), 
Is equal to the rectangle under the per- 

Sndicular (CD), let fall from the angle . 
.CB), included by them, on the oppo- 
site side <,AB), anj the diameter of the 
circle, circumscribed about the triangle. 

About the triangle ABC circumscribe 
a circle (5. 4), and, having drawn its 
diameter CE, join EB. 

The triangles ACD, ECB, having, the right angle ADC 
equal to the angle EBC in a semicircle 31. 3), and the angles 
CAD, CEB, in the same segment CAEB, equal (21. 3), are 
equiangular (32. 1); therefore the rectangles under the sides 
about the equal angles ACD, ECB, taken alternately, are 
equal (Cor. 4. 5 and 6. 2), namely, the rectangle under AC and 
CB^ to the rectangle under CD and CE. 
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Theorem. — If two right lines 
(AB, AC), cutting a circle, 
and meeting each other in its 
circumference, meet a right 
line (FG) parallel to a tangent 
(HK), drawn through their 
concourse (A); the rectangles 
(DAB, EAC), under their seg- 
ments, hetween their concourse 
(A), and the points, in which 
they meet the circle again, and 
the parallel, are equal. 

Join BC. The angle CBA is equal to the angle EAR (32. 
S), or its equal (29. 1) AED ; therefore, the triangles ABC, 
AED, having besides, the angle BAE common, are equiangu- 
lar; and therefore the rectangles under the sides about the com- 
mon angle BAE, taken alternately, are equal (Cor. 4. 5 and 
6. 2), namely, the rectangle DAB to the rectangle EAC. 

The demonstration is the same, if the right line parallel to 
the tangent HK, be without the circle, as fg; only substitut- 
ing the small letters d^ «, for their respective capitals, and, 
instead of the words, " the common angle BAE/' using the 
words, ** the equal vertical angles BAC, eAd.'* 

Scholium. — If a right line be drawn from A, to a point L, in 
which FG meets the circle; it may, in like manner, be shewn, 
that the square of AL is equal to either of the rectangles DAB 
or EAC ; for, drawing LB, the triangles ALD, ABL, having 
the angle LAB common, and the angle DLA equal to LAH 
(29. 1), or its equal (32. 3) LB A, are equiangular; and so the 
rectangles under the sides about the common angle LAB, taken 
alternately, are equal [Cor. 4. 5 and 6. 2], namely, the rect- 
angle DAB to the square of LA. 
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PROP- VI. PROB- 



In a given drde fABCDJ, to inscribe a square. 



V 




Draw two diameters AC, BD of the given circle, at right 
angles to each other, and join AB, BC, CD, DA^ ABCDisa 
square inscribed in the given circle. 

For, since the triangles ABE, BCE, 
CDE, EDA, have their angles at the 
centre £ equal, being right ones 
(Theor. at 11. 1), and also the sides 
containing them EA, EB, EC, ED 
(Def. 10. 1), thebasesAB, BC, CD, 
DA are equal [4. 1] ; therefore ABCD 
is equilateral, and the angles DAB, 
ABC, BCD, CDA are right, being 
angles in a semicircle (31. 3), thei*e- 
fore ABCD is a square (Det 36. 1), and inscribed in the given 
circle (Def. 3. 4). 

Scholium* — In like manner, as in this proposition, the equa- 
lity of the angles of the quadrangle ABCD, follows from the 
equality of the sides, it may be shewn, that any equilateral 
figure, inscribed in a circle, is also equiangular, and therefore 
[Def. 7. 4 J regular; for each of the angles of the figure stand 
on an arch composed of the arches, subtending all the sides of 
the figure, except two; which sides being equal [Hyp.], the 
arches subtending each of them are equal [28. 3], and therefore 
the whole arches on which the angles stand, and, of course, 
the angles themselves (£7. 3). 
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PROP. VII. PROB. 

Mout a given drde fABCDJ, to circumscribe a square* 

Draw two diameters AC, BD of the 
given circle, at right angles to each ^ 
other, and through their extremes A, 
B, C, D, let tangents to the circle 
KF, FG, GH, HK be described [17. A 
3] ; FGHK is a square, circumscribed 
about the given circle. 

For since E A is drawn from the cen- 
tre to tlie contact, the angle EAF is ■« 
right [18. 3], but the angle AEB is 
right [Constr.], therefore FK and BD are parallel [28. 1] ; in 
like manner, GH may be proved parallel to BD, and FG and 
KH to AC, of course FD, BH, AH, FC are parallelograms 
[Def. 35. 1] ; and, because the angles at A are right, the angles 
G and H opposite to them are right [34. t] ; in like manner, it 
may be proved, that the angles K and F are right, therefore 
the' quadrangle FGHK is right angled ; and since AC and BO 
are equal, and FG, KH are each equal to AC, and FK, GH 
each equal to BD [34. 1], the four sides FG, GH, HK, KF 
are equal to each other, and tlie quadrangle FGHK equilateral ; 
it is tliei'efore a square [Def. 36. 1], and circumscribed about 
the given circle [Def. 5. 4]. 




PROP. VIII. PROB. 
^ a given square (ABCDJ^ to inscribt a drde* 



Bisect two adjacent sides AB, AD 
in E and H ^ through E, draw EG 

eirallel to AD or BC ; and through 
, HF parallel to DC or AB, meet- 
ing EG in K ; a circle described from 
the centre K, at the distance KE, is 
inscribed in the given square. 

For, tince AK, KC, DK and KB 
are parallelograms [Constr.l, the 



four right lines KE^ KF, KG, KH ^ 
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are severally equal to AH, £B, HD, A£ [34. l\ and there- 
fore, the latter being halves of the equal sides AB, AD of the 
given square to each other (^Constr.) ; therefore a circle, de»- 
cribed from the centime K, at the distance KH, passes through 
the points E, F and G ; and because the angles at E, F, G and 
H are right, the sides of the given square, touch that circle in 
these points (Cor. IG. 3), ^hich is therefore inscribed in the 
same squai-e (Def. 6. 4). 



PROP. IX. PROB. 



Maut a gircen square C^BCDJ, to circumscribe a drde. * 




Draw the diagonals AC, BD cutting 
each other in E ; a circle, described from 
the centre E ; at the distance EA, is cir- 
cumscribed about the given square. 

For, because in the isosceles triangle 
ABD, the angle DAB is right (Def. 36. 1), 
the angles ABD, ADB are together equal 
to a right angle (32. 1), and being equal 
(5. 1), each of them is half a right angles in like manner, it 
may be proved, that all the angles, into which the angles of the 
given square are divided by AC and BD, are halves of a right 
angle, tliey are therefore equal to each other (Theor. at 11. 1 
and Ax..7. 1); therefore, in the triangle AEB, because the an- 
gles EA'B, EBA are equal, tlie sides EA, EB are equal [6. 1]. 
In like manner, it may be proved, that EC is equal to EB, and 
ED to EC, therefore the four EA, EB, EC and ED are equal, 
and of course, a circle described from the centre E, at the dis- 
tance £A, passes through B, C and D, and is therefore circum- 
scribed about the given square (Def. 4. 4). 
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PROP. X. PROS. 



To c(m$titute an isosceles triangle^ having each of the angles at the 

base double the verticaL angle. 

Take 'any right line AB, 
and divide it in the point C, so 
that the rectangle ABC may 
be equal to the square of AC 
[11. 2], and, from the centre 
A, at the distance AB, des- 
cribe a circle BDG, in which 
inscribe BD equal to AC [l. 
4], and join AD ; the isosceles 
triangle ABD is such as is re- 
quired, having each of tlie an- 
gles at the base ABD, ADB, 
double the vertical angle BAD. 

Draw DC, and let the circle DC A be circumscribed about the \ 
triangle ACD [5. 4]. 

Because the rectangle ABC is equal to the square of AC 




[Constr.], or its equal 
the circle ACD [37. 3 



'Constr.j BD, tlie right line BD touches 
, and therefore the angle BDC is equal 
to the angle DAC in the alternate segment [32. 3] ; adding to 
each the angle CD A, the angle BDA is equal to CDA, CAD 
together ; but, because tlie sides AB, AD are equal, the angles 
ABD, ADB are equal (5. 1 ), therefore the angle ABD is equal 
to the angles CD A, CAD together, or, which is equal (32. 1), 
the angle BCD, and therefore CD is equal BD (6. 1), or 
its equal C A, and, of course, the angles CAD, CDA are equal 
(5. 1) ; whence the angle BDA, or its equal ABD, being equal 
to CDA, CAD together, is double to CAD, and so an isosceles 
triangle BAD. is constituted, having each of the angles at the 
base BD, double the vertical angle BAD. 

Cor» 1. — ^The greater segment AC, of the radius AB, of a 
circle, so divided into two parts, that the square of the greater 
part, is equal to the rectangle under liie whole and the other 
part, is equal to the side of a regular decagoUf inscribed in a 
circle. 

For, since the angle BAD is half of either of the angles ABD, 
ADB, it is one fourth of both together, and one fifth of all the 
angles of the triangle ABO, or (32. 1), of two right angles,. 
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and therefore one tenth part of four right angles^ or [Cor. 2. 
15* 1], of all the angles which can be formed about the point A ; 
whence, since in ef£ual circles, equal angles at tlie centre, are 
subtended by equal chords (Cor. 2. 29. 3), BD, or its equal 
AC, is equal to tlie side of an equilateral, and therefore (^Schol. 
6* 4 and DeL 7. 4), of a i-egular decagon inscribed in the circle. 

€kjT. 2. — ^Tbe square of the side of a regular pentagon in- 
scribed in a circle, is equal to the squares of the radius and side 
of a regular decagon inscribed in tlie same. 

Inscribe in the circle BD6, the right lines BF, FG each 
equal to BD (l. 4), draw AF, AG, GB, GC, and let fall the 
]ierpendicular GH on AB ; and, since all the sides of the tri- 
angle AFB, are severally equal to all the sides of the triangle 
ABD, the angles FAB, BAD are equal (8. 1) ; in like manner 
the angles GAF, BAD may be proved equal ; therefore the angle 
GAB IS double the angle BAD, and one iifth pai't of four right 
angles ; whence, in like manner, as in the preceding is shewn 
of BD, the right line GB may be shewn to be the side of a re- 
gular pentagon inscribed in tilie circle ; and since, in the tri- 
angles GAC, ADB, the sides GA, AC and the angle GAC, are 
severally [equal to the sides AD, DB and the angle ADB, the 
^ase GC is equal to AB (4. 1), or its equal GA, and so the tri- 
angle GAC 18 isosceles, and the perpendicular GH bisects AC 
(Cor. 26. 1) ; therefore, in the triangle BGA, the rectangle 
under the sum and difference of GB, GA, or, which is equal 
(SchoL 6. 2), the difference of their squares, is equal to the 
rectangle under the sum and difference of BH, HA (Cor. 1. 5 
and 6. 2), or tlie rectangle ABC, or square of AC or BD ; 
and so the square of GB the side of a regular pentagon in- 
scribed in the circle, is equal to the squares of the radius AO^ 
and of BD the side of a regular decagon inscribed in flie 
same circle. 
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PROP. XL PROB. 




In a given drde f^iBCDEJ, to inscribe a regular pentagon. 

Make an isosceles tri- 
angle FGH, having each 
of the angles F, G double 
the angle U (10. 4), and 
inscribe in the given cir- 
cle, the triangle ABD 
equiangular to the trian- 
gle FGH (2. 4), bisect 
the angles at the bases 
DAB, DBA by the right 
Unes AC, BE, and join AE, ED, DC and CB. 

Because the angles DAB, DBA, are each of them double 
to ADB, and bisected by the right lines AC, BE, the five 
angles AD B, DAC, CAB, ABE, EBD are equal, and fliere- 
fore, the right lines AB, tiC, CD, DE and E A are equal 
(Cor. 2. 29. 3) ; and so the pentagon ABODE, which is in- 
scribed in tiie given circle (Def. 3. 4), is equilateral, and, of 
course, regular (SchoL 6. 4). 

• 

Otherwise* 

Draw two radiuses FA, FG, meet- 
ing each other at right angles in the 
centre h\ divide FG in H, so that the 
rectangle FGH may be equal to the 
square of FH (11. 2), join AH, 
which is the side of the pentagon re- 
quired. 

For FH is equal to the side of a 
regular decagon, inscribed in the 
given circle (Cor. 1. 10. 4), and 
the square of AH is equal to the squares of AF and FH (47. V, 
therefore AH is equal to the side of a regular pentagon inscribed 
in the same circle [Cor. 2. 10. 4] ; whence the required pen- 
tagon may be easily described, by applying in the given cir- 
cle right lines AB, BC, CD and DE each equal to AH, and 
drawing AE. 
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Scholium. — ^The division of FG in H, as required above, may 
be performed, by producing GF to meet tbc circle in K, bisect- 
ing KF in L, and taking LH equal to the distance LA, as is 
inanilcst fi*om the construction of Prop. 11. 2. 



PROP. XII. PROB. 

dbout a given drde f^^BCDEJ, to circumscribe a repdar pen- 
tagon. 

Inscribe in the given circle, tlie 
regular pentagon ABODE [11.4], 
through the vertices of the angles 
of which, draw GH, HI, IK, KL 
and LG, touching the circle in 
these vertices [17. 3]. The penta- 
gon GHIKL, which is circum- 
scribed about the given circle 
(Def. 5. 4), is a regular one. 

For, drawing FA, FB and FC 

from the centre F, because the tri- ^__....*.....,..^ 

angles FAB, FBC are mutually it ""iT* ^l 

equilateral, the angles FAB, FBA, FBC, FCB are equal 
(8. 1), which being taken from the angles FAH, FBH, FBI, 
FCl, which are equal, being right [18. 3], the remaining angles 
HAB, HBA, IBC, ICB are equal ; whence, in the triangles 
HAB, IBC, the right lines AB, EC being also equal (Constr. 
and Def. 7. 4), the sides AH, HB, BI, IC, as also the angles 
H and I are equal (S6. 1); in like manner, AG may be proved 
equal to AH, HB or BI, therefore GH, HI are equal (Ax. 2). 
In like manner, may the sides IK, RL, LG be proved equal 
to GH or J9I, and to each other; therefore the circumscribed 
pentagon is equilateral; it is also equiangular, since, in like 
manner as the angles H and I have been proved equal, the 
angles K, L, G may be proved equal to either of them, and to 
each other ; it is therefore a regular one [Def. 7. 4]. 

Sdiolhim. — ^In like manner, as is shewn in this proposition, 
may a regular polygon, be circumscribed about a given circle, 
of the same number of sides, as any given I'egular polygon, 
inscribed in the same circle. 
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PROP. XIII. PROB. 



/» a given regidar pentagon C^BCDEJ, to inscribe a cirde. 




Bisect any two adjacent an|;les 
EAR, ABC, by the right lines 
AF, BF, meeting each other in F, 
and from F, draw FG perpendicu- 
lar to AB ; a circle, described from 
the centre F, at the distance FG, is 
inscribed in the given penta&:on. 

For let FC, FD, FE be joined, 
and on tlie sides of the pentagon, 
ki fall the perpendiculars FH, FI, 
FK, FL. 

Because then, in tlie triangles AFE, AFB, the sides AE, AB 
are equal [Hyp.], AF common, and the angles FAE, FAB equal 
[0>nstr.], the angles AEF, ABF are also equal [4. 1] ; but 
the angles AED, ABC are equal [Hyp.], therefore, since ABF 
18 the half of ABC [Constr.J, AEF is half of AED ; in like 
manner, it may be demonstrated, that the angles EDC, DCB 
mte bisected by the right lines drawn to them ^ therefore, in the 
triangles FEL, FER, the angles FEL, FEK are equal» as also 
the angles at L and E, being right angles (Constr.*), and the side 
FE is common, therefore the sides FL, FR are equal [26. 1] | in 
like manner, it may be demonstrated, that all the other perpen* 
dicolars are equal to each other ; therefore a circle described 
from the centre F, at the distance FG, passes flirough H, I, 
K, L, and, because of the right angles at G, H, 1, K, L, 
toaches the sides of tlie pentagon in these points [Cor. 16. 3], 
and is therefore inscribed therein (Def. 6. 4). 

SdtoL^-In like manner, a circle may be inscribed, in any 
regular polygon. 
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PROP. XIV. PROB. 



Mout a given r^gtUar pentagon (ABCDEJ9 to drciviMcnbe a 

drde. 




Bisect any two adjacent angles 
EAB, ABC by the right lines AF, 
BF meeting in F ; a circle, described 
from the centre P, at tiie distance 
FA, is circumscribed about the given 
pentagon. 

For letFB, FC, FD, FE be join- 
ed, and in the triangles FAB, FAE, 
the sides FA, AB and the angle FAB, 
are severally equal to FA, AE and 
the angle FAE, therefore the angles 
ABF, AEF are equal (4. 1) ; but the angles ABC» AED are 
equal (4. 1); but the angles ABC, AED are equal (Hyp. and 
Def. 7. 4), and ABF is the half of ABC, thei*efore AEF is 
the half of AED, and so the angle AED is bisected by EF ; 
in like manner it may be shewn, that the otiier angles of the 
pentagon at D and C are bisected. Since tlien, in the triangle 
FAB, the angles FAB, FBA, being the halves of the equal 
angles EAB, ABC, are equal (Ax. 7), FA is equal to FB 
(6. 1); in like manner it may be shewn, that FC, FD, FJfi 
are each of them equal to FA or FB, therefore the five right 
lines FA, FB, FC,, FD and FE are equal to each other, and 
the circle, described from the centre F, at the distance FA, 
passes through B, C, D and E, and is circumscribed about the 
given pentagon (Def. 4. 4). 

SchoL — In like manner, a circle may be circumscribed^ about 
any regular polygon. 
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PROP. XV. PROB. 

In a given circle (ABCDEFJ, to JJiscrtAe a regular hexagon.. 

Having found ttic cen- 
tre G of the given ciiTlc, 
and drawn tlie diamelci- 
AGD, inscribe in (lie cir- 
cle AB, DC, AF, DK 
each cqnal to AG. join 
GB. GC, GE,GF,then 
since the tn(ingle» AGB, 
CGD, D(iE, FGA arc 
equilateral ones, and 
tliercfore c(|iiiangu)ar 
(Cor. 5. 1), tlieir angles 

at tlie |)oiht G, are each „ j. , 

of tliein erjual bt one 

thirt) of two riglit angles {S3, l), and the angles AGB, DGC 
together, equal to two tliii-d jiai-ts of two right angles, and there- 
fore the angle BGC equal to a tliird part of two right angles 
(Cor. 13. 1) ; in like manner it may be shewn, that the angle 
EGF is a third part of two right angles, and so each of the six 
angles, formed at the jioint G, is equal to a third part of two 
right angles, and thercfoi-c to each other ; whence, the chords 
subtending them, which are the sides of the hexagon ABCDEF, 
inscribed in tlie circle (Def. 3. 4), are equal (Cor. 3. 29. 3), 
which hexagon is therefore ivgular (Schol. 6. 4. and Def. 7. 4). 

Cor. I. — The side of a regular hexagon, inscribed in a circle, 
is equal to tlie radius. 

For, in the above construction, AB one of the sides of the 
inscribed hexagon, is equal to the radius AG (Constr.). 

Cor. 3. — The sqoare of the side of a regular pentagon, in- 
scribed in a circle, is equal to the squares, of the sides of a 
regular hexagon, anil regular decagon, inscribed in the sune 
circle. 

For the square of the side of the pentagon, is equal to the 
squares of the radius and the side of the decagon (Cor. Z. 10. 4), 
or, radius being e^iial to a side of the hexagon (Cor. 1. 15. 4), 
to the squares of the sides of the liexagon and decagon. 

Cor. 3. — The square of the side of an equilateral triangle, i^ 
triple the square of the radius of the circumscribing circle. 
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For FB, BD, DF being joined, are equal, because they sub- 
tend equal angles FGB, BGD, DGF at the centre (Cor. 2. 29. S), 
and so the triangle FBD is'equilateral, and the angle DBA in a 
semicircle is right (31, 3), thei-efore the squares of DB, BA 
together, are equal to the squarie of DA (47. 1), or, which is 
equal (Cor. 4. 2), to four times the square of AG, or (Constr.), 
AB ; taking from each the square of AB, there remains the 
square of DB, a side of the equilateral triangle FBD inscribed 
in the circle^ equal to three times the square of AB, or, of the 
radius AG* 

Cor. 4.-rThe altitude of an equilateral triangle, is triple the 
radius of the inscribed, and triple to half the radius of the cir- 
cumscribed cii*cle. • 

Part 1. — Let the right lines HAI C^ee Jig. on preced. page J, 
ICK and REH touching the circle ACE in A, C and E, meet 
each other in H, I and K; join DK, BI, and in the triangles 
DCR, DEK, the sides DC, DE are equal, being sides of the 
hexagon, CK is equal to EK (Cor. 2. 36. 3), and DR is com- 
mon, therefore the angles CDK, EDR are equal (8. 1); 
whence the angles GDC, GDE being angles of equilateral tn- 
angles, and therefore equal, the angles GDC, CDR together 
are half the four angles GDC, CDR, RDE, EDG, and there- 
fore equal to two right angles (Cor. 2. 15. 1), therefore AD, 
DR make one right line (14. 1); and since the angle DCR is 
equal to the angle in the alternate segment DFC (32. 3), or to 
CDB, which is equal to DFC (27. 3), they standing on the 
equal arches^ DC, CB, the right lines CR, BD are parallel 
(27. 1) ; whence, the angle DCR being equal to DFC in the 
alternate segment (52. 3), or to BDA, which is equal to DFC 
(27. 3% they standing on equal arches DC, AB, or, which is 
equal (29. 1), the internal remote angle CRD, DR is equal to 
DC (6. 1), or the radius AG; in like manner, EB, BI may 
be proved to make one ri^t line, and BI to be equal to AG ; 
%nd since, in the triangles GCI, GCR, the angles at G are equal, 
tibose at C right, and GC coupon, CI, CR are equal (26. 1), 
and CR, ER are equal (Cor. 2. 36. 3) ; in like manner may EH, 
HA and AI be each of them proved equal to CI, CR or ER, 
and to each other ; therefore HI, IR and RH are equal to each 
other (Ax. 2 or 6), and the triangle HIR equilateral (Def. 28. 
1), and circumscribed about the circle ACE (Def. 5. 4); of 
which triangle, AR, being at right angles to HI (18. 3), is the 
altitude, wMch, DR being equal to AG or GD, is triple the 
radius AG. 

17 . 
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Part 2*— In the triangles ABL, GBli, AB is eqnal to BG, 
BL common, and the angles ABL, GBL standing on the equal 
arches AF^ FE also equal {27. 3),. therefore AL and GL are 
equal, and the angles ALB, GLB are equal (4. 1), and there- 
fore right angles [Def. 20. l] ; whence, FBD heing an equila- 
teral triangle, inscribed in the circle ACE, as appears by the 
preceding coroUaiy, and, because of the right angles at L, DL 
being its altitude^ that altitude is triple the half radius AL or 
GL. 

Cor. 5. — Of two regular polygons, of an unequal number of 
sides, an angle of that which has the greater number of sides^ is 
greater, than an angle of the other. * 

First, let the difference of the number of sides be one, and 
an angle of that, which has the^eatcr number, is not equal to 
an angle of the other, for then the total of its angles, would ex- 
ceed the total of the angles of the other, only by one of the angles 
of that other, and, therefore, by less than two right anglesy wliich 
is absurd [Cor. 1. 32. 1]. A like absurdity would follow, if 
an angle of that, which has tlie greater number of sides, were 
supposed to be less ; since therefore it can neither be equal to^ 
or less than, an angles of that other, it is greater. 

Secondly, let the difference of the number pf sides be two.; 
and an angle of tliat, which has the greater number of sides, is 
greater, than an angle of tliat, which has the next greater (Part 
1. of this Cor.), and ,an angle of that^ than an angle of the 
other (Part 1. of this Cor.). 

In like manner we might pi*oceed, if the difference of the 
number of sides were three, four, or any other number. 

Cor. 6.— "Only three, regular figures, namely, equilateral tri- 
angles, squares and hexagons, can constitute one continued 
superficies. 

For, in order thereto, it is necessary, that a certain number, 
of the angles of the regular figure, which is to constitute such m 
superficies, should be equal to four right angles, all the angles 
which can be formed about any point being equal to so manjr 
right ones [Cor. 2. 15. 1]; but six angles of an equilateral triangle 
are equal to four right angles, three of them being equal to ^o 
right ones (32. 1), tlie four angles of a square are four right 
angles [Def. 36. 1 ), and, since all the six angles of a regular 
hexagon, are equal to eight right angles (Cor. 1. 32. 1), three 
of them are equal to four right ones. 

But the angles, of no other regular figure, can constitute a 
continued superficies, for no fewer angles, of a regular polygon, 
than three, can be equal to four right angles, since no such an* 
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gle can be equal to two right angles, for then the two sides would 
be in the same right line ; and because the greater the number of 
sides of a regular polygon, the -greater is each of its angles 
[Cor. 5. of this prop.], 3ie three angles of a regular pentagon 
are less than the three angles of a regular hexagon, which are 
shewn above to be equal to four right angles ; and, for the same 
reason, four angles of a regular pentagon are greater than the 
four angles of a square, or four right angles ; and much itiorey 
is a greater number of such angles, greater than four right 
ones. Also, the three angles of a regular heptagon, or seven 
sided polygon, and much more of any regular polygon of a 
greater number of sides, are greater than the three angles of a 
regular hexagon, or four r^t angles. 



PROP. XVI. PROB, 

In a given circle C^^BDJ, to inscribe a regular guindecagon* 

Let AB be the side of an equilateral 
triangle ABC, inscribed in the circle 
[l. 1 and 2. 4], and AD, the side of a 
regular pentagon, inscribed in the same 
(11. 4), bisect the arch BD in £ (30. 
3), and draw BE, DE. 

And since, of such equfil parts, as 
the whole circumference ADC A con- 
tains fifteen, the arch ADB, being the 
third part of tlie whole, contains five| 
and the arch AD, the fifth part, cow , 
tains three, their difierence BD contains two such parts, and 
BE or ED one each ; and so the right lines BE, ED are sides 
of a regular quindecagon, inscribed in the given circle ; which 
is, of course, formed, by inscribing around in the circle, right 
lines equal to either of these ri^t lines [1. 4]. 
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BOOK V. 



DEFINITIONS. 



1. Of two unequal magnitudes of the same kind, the greater 
is said to be a mvltiple of the less ; when the less measures the 
greater, or, being repeated any number of times, the aggregate 
is equal to the greater. 

Two magnitudes, are said to be equimuliipleSf or like midtipleSf 
of two others, each of each ; when the two latter being re- 
peated an equal number of times, become severally equal to the • 
two former. 

One magnitude, is said to be sesquialteral of another, when 
the former is equal to one and a half of the latter. 

2. One magnitude, is said to be a submtUHpU of another, 
the less of the greater ; when the less measures the greater. 

Two .magnitudes, are said to be eHquisubmidtiples of two 
others, each of each ; when the latter are equimultiples of the 
former. ' 

3. Ratio, is a certain relation, between two magnitudes of 
the same kind, with respect to quantity. 

Of which two magnitM4^ or terms, the first, or magnitude 
referred, is called tlie aniftcedent, and that to which it is refer- 
red, the conseqrwnt. 

4. Magnitudes, are said to have ratio to each other, when the 
less may be so multiplied, as to exceed the greater* fSee note 
to this definition J. 

5. The first, of four magnitudes, is said to have the same 
(or an equal) ratio to the second, as the third has to the fourth ; 
when any equisubmultiples whatever of the second and fourth, 
are contained equally often in the first and third respectively. 

6. Magnitudes, which are in the same ratio, are called pro- 
portionals. 

When four magnitudes are proportionals, the first is said to 
be to the second^ as the third is to the fourth* 
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7. But tiic fu-st, of four magnitudes^ is said to have a greater 
ratio to the second, than the third has to the fourtli ; when, of 
any equisubmultiples whatever of the se(;ond and fourth,, the 
submultiple of the second is contained oftener in the firsts than 
that of the fourth is in the third. 

Cor. — ^From this and the fifth definition of tliis book, it fol- 
loMTs, that the ratio of two magnitudes to each other, cannot be 
both equal and unequal to another ratio, since, if any equisub- 
multiples whatever of the consequents, be continued an unequal 
number of times in the antecedents, the ratios are not equal 
[Deft 5, 5]. 

8. — Propmiian, is a similitude of Ratios. 
Proportion cannot consist in less than three terms. 

9. Three ip9gnitudes, are said to be proportional, when the 
first has the same ratio to the second, as the second has to tb^ 
third. 

10. Of three proportional magnitudes, the middle one, is said 
to be, a nuan praportionalf between the other two ; and the last, 
a third pr^ortionalf to the fii*st and second. 

11. Of four proportional magnitudes, the last is said to be a 
fourth proportional, to the other three taken in order. 

12. Magnitudes, are said to be continually proportional, when 
the first has the same ratio to the second, as the second to the 
third, as the third to the fourth, and so-on. • 

13. The ratio of the first, of any number of magnitudes of 
the same kind, to the last, is said to be compounded, of the ra- 
tios of the first to the second, the second to the third, and so on 
to the last* 

14. In a series of magnitudes continually proportional, the 
ratio of the first to the tiiird, is said to be duplicate to that of 
the first ta the second ; the ratio of the first to the fourth, tri- 
plicate to that of the first to the second ; and so on. Also the 
I'atio of the first, to a mean proportional between the second and 
third, to be sesquiplicate to that of the first to the second. But 
the first is said to have to the second, a subduplicaie ratio of 
the first to the third, a suitriplicate of the first to the fourth, 
and so on. 

15.»In proportionals, the antecedents are said to bo homolo- 
gous (or co-rational) terms, as also the consequents. 

The ordet or magnitudo of proportionals may be so dtanged, 
tliat they may nevertlidess be stiU- proportionals, in various man' 
ner$; which, among geometers, are designated by the folUrmng 
names% 

16. Mtemating; when it is inferred, if four magnitudes of 
the same kind be proportional, that ttie first is to the third. 
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aH the Hccoticl is to tlic fouHh; as is shc\vn in the 16 prop, of 
this book. 

J r. Inverting ; when it is infeired, if four magnitudes be pro- 
portional, that tlio second is to the first, as the fourtii to fhe 
third ; as is shewn in Tlieor. S at 15th of this book* 

18. Campmmding; when it is infeired, if four magnitudes be 
in'oiK)rtionaI» tliat tJie first and second together is to the second^ 
as the third and foui'th together to the fourth. Prop. 18th of 
this hook. 

19. Dividing; when it is inferred, if four magnitudes be pro 
portional, that the difrci*ence between the first and second is to 
the He(*ond, as the difference between the third and fourth is to 
tlie fourth. Prop. 17th of this book and scholium thereto. 

20. Ihnxicrting ; when it is inferred, if four magnitudes be 
propcn'tional, that the first is to the sum or difference of it and 
tlie second, as the thii*d is to the sum or difference of it and the 
foui'th. See Schol. to prop. 18th of this book. 

21. Equality; when it is inferred, if there be more- than two 
nmgnitudes, and others equal to them in number, which, being 
taken two and two, aiH3 in the same r^io ; that the first is to 
tlie last in the former series, as the first to the last in the latter. 

Of this, there are the twofoUowing species- 

9.9, Ordinate Equality; when the first magnitude is to the 
second in the former series, as the first to the second in the 
latter, and the second to the third in the former, as the second 
to the third in the latter, and so on ; and it is inferred, as in 
the preceding definition, that the first is to the last in the former 
series, as the first to the last in the latter. Prop. 22. 5. 

23. Perturbate Equality; when the first maemitude is to the 
second in the former series, as the last but one to the last in the 
latter, and the second to tilie third in the former series, as the 
last but two to the last but one in the latter, and so on ; and it 
is inferred, as in the 21st definition, that the first is to the last 
in the former series, as the first to the last in the latter. Prop. 
23. 5. 

POSTULATES. 

1. That a magnitude may be taken equal to any given mag- 
nitude, or to the half, third or fourth, &c thereof 

2. That of any two unequal magnitudes of the same kind, 
such a multiple of the less may be taken, as to exceed Ae 
greater* 
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AXIOMS. 

1. Equimultiples of the same^ or equal things, are equal. 

2. Equisubmultiples of the same or equal things, are equal. 
Cor. 1. — ^Equimultiples of unequal magnitudes are unequal, 

that of the greater -being the greater. 

Cor. £••— Equisubmultiples of unequal magnitudes are un- 
equal, that of the greater being the gi^ter. 

Cor, 3. — ^If two equal magnitudes be less than two other 
eqiml magnitudes, the former are contained equally often in the 
latter. 

PROPOSITION I. THEOREM. 

If any number of magnitudes of the same kind (AB, CD, EFJ^ 
be eqmmvliipUs of a like number of magnitudes f G, H, JCJ, 
each of each ; wnatever multiple any one of the former magni- 
tudes ^as AB)f is of its correspondent one C^J* ^ li^^ mirfrt- 
ple are aU the former together, of all the latter together* 

For, because AB, .0 P 6 

CD, EF are equimulti- A 1 1 ^— B 



pies of 6, H, R, there Q R H 

are in AB, as many mag- C 1 1 D — 

nitudes equal to G, as ST E 

there are in CD, equal to E 1 1 — ; F 



H, and EF equal to R; let AB be divided into pai*ts AO, 
OP, PB, each equal to G [Post. 1. 5], CD into parts CQ, 
QR, RD, each equal to H (by the same), and EF into parts 
£S, ST, TF each equal R (by the same) ; and, because AO is 
equal to G, CQ to H, and ES to R; AO, CQ and ES together*, 
are equal to G, H and R together [Ax. £• 11; for the same 
reason, OP, QR and 8T together, as also PB, RD and TF 
together, are equal to G, H and R together ; therefore what- 
ever multiple AB is of G, CD of H, or EF of R, a like mul- 
tiple are AB, CD, EF together, of G, H, R togetlier. 

Cor. l.^If any number of magnitudes of the same kind, be 
contained equally often in the same number of magnitudes, each 
in each ; as often as any one of the former magnitudes, is con- 
tained in its corresponding one among tiie latter, so often is the 
compound of all the former^ in the compound of all the latter. 
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If all the former be sobmultiples of all tiie latter, it is mani' 
fiest from this proposition. 

But if two magnitudes A, A C G D 

B, be contained equally often 1 — I 

in CD and EF, neitlier of B E H F 

them being submultiples of its 1 — 

corresponding one ; let A and B be taken from those which cor- 
respond to them as often as possible, there being left of CD, a 
magnitude GD less than A, and of EF, HF less than B ; CG 
and EH are equimultiples of A and B (Hyp.- and Constr.)* 
therefore CG and EH together, is a like multiple of A and B 
together, as CG is of A (1. 5) ; therefore A and B together, isr 
contained equally often in CG and EH together as A is in CG 
or CD ; but because A is greater than GD, and B than HF, A 
and B together, is greater than GD and HF together ; there- 
fore A and B together, is not oftener contained in CD and £F 
together, than in CG and EH together ; and therefore A and B 
together, is contained equally often in CD and EF together, as 
A is in CD. 

In like manner, it may be demonstrated, if A be a submul- 
tiple of CD, and B not a submultiple of £F. 

And in like manner, it may be demonstrated, if there be ever 
so many magnitudes. 

Cor. £. — As often as any magnitude, is contained in another, 
so often is any multiple of the former, contained in a like mol- 
tiple of the latter. This being but a case of the preceding co- 
I'oUary. 

PROP. II. THEOR. 

If two magnitudes CAB^ CD J be equimultiples of two othen 
(Qf H)f each of each, and to the former, there he added, 
equals or equimmtipUs C^^9 ^^J ^f ^^ latter (O, H) ^ 
the compounds (AE, CFJ, are equimvliiples of the latter. 

For, because AB, B G 

CD are equimultiples A|< 




of G, H, there are as D H 

many magnitudes in CI — I — I — | — i- — IF - — 

AB equal to G, as in CD equal to H ; for the same reason there 
as many magnitudes in BE equal to G, as in DF equal to H; 
therefore there are as many magnitudes in AB and BE together, 
or» AE^ equal to G, as in CD and DF together^ or CF^ equal 
toH[Ax. 3. 1). 
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Cor — ^In Jikc manner it may be proved, that, if two maj^i- 
tudes (G, H), be contained equally often in two others (AB, 
CD), each in each, and to the latter (AB, CD) there be added, 
equals or ec|ULmultiples (BE, DF) of the former (G, H) ; the 
same former (G, H), are contained equally often in the com- 
pounds (AE, CF). 



PROP. m. THEOR. 

ijT two magnitudes C^SB, CDJ, be equimultiples of two others 
{Gf H)f,each of each; thefare also equimultiple of any like 
submultiples (K^ LJ thereof. 

M N 

A 1 1 B G — I — 

O P 

C- 1 1 D H— I— 



Because AB, CD are equimultiples of G, H (Hyp.), there 
are as many parts in AB equal to G, as in CD equal to H ; )et 
AB be divided into parts AM, MN, NB each equal to G, and 
CD into parts CO, OP, PD each equal to H (Post. 1. 5) ; and, 
since G, H are equimultiples of R, L, and AM equal to G^ 
and CO to H, AM and CO are equimultiples of K, L ; for a 
like reason, MN, OP are equimultiples of R L ; therefore 
AN, CP are also equimultiples of R, L {2. 5). In like man- 
ner may AB, CD be proved to be equimultiples of R, L. 

Cor. 1. — If two magnitudes (R, L, see the above fig.),. be 
contained an unequal number of times in two others (G, H ; R 
being cpntaincd oftener in G, than L in H) ; they are contained 
an unequal number of times in any equimultiples thereof (AB^ 
CD . 

Since R is contained oftener in G, than L is in H, it is also 
contained oftener in AM, MN, NB, which are, each of them, 
equal to G, than L is in CO, OP, PD, which are, each of 
them, equal to H ; and tlierefore R is contained oftener in the 
whole AB, than L is in the whole CD (Ax. 4. 1). 

Cor. 2. — If any two magnitudes (R, L), be contained equally 
often in two others (AB, CD), each in each j any equimultiples 
(G, H) of them, are contained equally often in the same. 

For, if one of them, as G, were contained oftener in AB, 
than H in CD ; R would (by the preced. Cor.) be contained 
effeener in AB, than L in CD, contrary to the supposition. 
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Cor. 3. — If two magnitudes (K, L), be contained equally 
often in two others (AB, CD) ; they are contained equally often 
in any equisubmultiples thereof (&• H). 

For, if one of tliem K, were contained oftener in G, flian 
L is in H ; K would be contained oftener in AB, than L in CD 
(Cor. 1. 3. 5), contrary to the supposition. 

Cor, 4. — A ratio (as of AB to CD) cannot be both greater^ 
and less than another (as of EF to GH). In other words, if a" 
submultiple CI of CD be contained oftener in AB, than a like 
submultiple GK of GH is in £F ; no submultiple of CD is con- 
tained less often in AB, than a like submultiple of GH is^in EF., 
See Def. 7. 5. 
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If possible, let CI be contained oftener in AB, than CK inEF^ 
and let AL be .the greatest multiple of CI, which is in AB, and 
EM a like multiple of GK, which is greater than EF ; and, if 
possible, let GN a submultiple of GH, be contained oftener in 
EF, than CO a like submultiple of CD, is in AB, and let CQ, 
GP be like submultiples of CO, GN, as CI, GK are of AL, 
EM ; and since GN is contained oftener in EF, and therefore 
in EM, than CO is in AB, and therefore than CO is in AL; 
and CQ, GP are contained equally often in CI, GK, as CO, 
GN arc in AL, EM (Cor. 2. 1. 5); therefore GP is; contained 
oftener in GK, than CQ is in CI; and therefore, GH, CD being 
equimultiples of GK, CI, GP is contained oftener iti GH, than 
CQ in CD (Cor. 1. 3. 5), which is absurd, CQ, GP being 
Equisubmultiples of CO, GN, and therefore of their equimul- 
Aples CD, GH (3. 5) ; therefore GN is not contained oftener 
in EF, than CO is in AB : in like manner it may be proved, 
that no submultiple of GH, is contained oftener in EF, than a 
like multiple of CD, is in AB.^ 
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Theor. 1. — C^ee note. J If, of two magnitudes (AB, CD), one 
of which (AB) is a multiple of the other (CDJ, cquimultipl^es 
(EF, GH) be taken ; the multiple (EF) of the former, is a like 
multiple of that (GH) of the latter, as the former (AB), is of the 
latter (CD). 




Let AB be divided into parts AI, IK, KB each equal to CD^ 
GH into parts GL, LH each equal to CD, EF into parts E&f, 
MF each equal to AB, and EM, MF into parts EN, NO, 
OM, MP, PQ, QF each equal to KB or CD ; and it is mani- 
fest, by taking on EF, like multiples EO, OP, PF pf CD, as 
GH is of CD, that there are as many parts in EF equal to GH, 
as in AB equal to CD, and therefore that EF is a like multiple 
of GH, as AB is of CD. 

Theor. 2.— If, of two E 1 1 F G— |— H 

magnitudes [EF, GH], R 

one of which (EF) is a A— 1— |— I-B C D 

multiple of the other (GH), equisubmultiples (AB, CD) be 
taken ; the submultiple [AB] of the former, is a like multiple 
of that (CD) of the latter, as the former (EF), is of the latter 
(GH). 

If AB be not a like multiple of CD, as EF is of GH, it 
is cither greater or less than such a multiple; let ^it, if pos- 
sible, be greater, and take on it AR equal to such a multiple; 
and since GH is a multiple of CD [Hyp.], and EF, AR equi- 
multiples of GH, CD, by the preced. Theor. EF is a Uk6 
multiple of AR, as GH is of CD ; but EF is a like multiple of 
AB, as GH is of CD [Hyp.] ; therefore EF is a like multiple 
of AR as of AB ; whence AR and AB being equisubinultiples of 
£F are equal [Ax. 2. 5], part and whole, which is absurd. A 
like absurdity would follow, if AB w^re supposed to be less 
than a like multiple of CD, as EF is of GH ; since therefore 
AB is neither greater or less than such a multiple^ it is such a 
multiple. 
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PROP. IV. THEOa. 

i^ there he four proporlionnl 

magnitudes (JiB, CD, A B I 1 K 

EF, GHJ, andeiiiiimnl- -j^ -j^' jj 

Hples flic, JK'OJ of the r'l n t , i i i •\ 

mtecLni C-tB. EF) l „ '"'"' 

be taken and e<fuimiUli- ^ ** 

pies I LM, Pqj of the Z 

consequents fCD, GHJ; G-1 U P-|-|— I 1 Q 

these are atsoproporHonal. 

Let LR, PS be any cquisubniulttplcs whatever of LM, PQ, 
and take LT, PU like subnmltiples of LR, PS, as AB ia of IK, 
and CX, GZ like suhimiltiplcs of CD, GH, as LT, PU are of 
LM, PQ ; and sincr LM is a multiple of CD [Hyp.], and LT, 
CX ecjuisubinultiples of LM, CD; LT is a like multiple of 
CX, as LM of CD (Theoi-. 2 at 3. 5); in like manner it may 
be shewn, that PU is a like multiple of GZ, as PQ of GH; 
therefore LT, PU ai-c enuimuUiples of CX, GZ ; and CX, UZ 
are contained equally often in AB, EF (Hyp. and Dcf. S. 3), 
therefore LT, PU are also contained equally often in AB, EF 
(Cor. 3. S. 5); and LR, PS are cnntained equally often in IK, 
NO, as LT, PU in AB, EF (Cor. 2. l. 5), therefore LR, 
PS, which are any submultiples whatever of LM, PQ, are rnn- 
tained equally often iu IK, NO ; therefore IK is to LM, as NO 
toPQ[Def. 5. 5], 

PROP. V. THEOR. 

If a magnitude C^BJ, be a tike mul- A E 

tiple of another (CDJ, as a part G 1 1 B 

CJIE ) taken from ihefrst, is of a F 

part CCFJ taken from the other ; C 1 — D 

the remainder of the first (EB ), is a like midtiple of the re- 
mainder of the other (FBJ, as the whale (JiB), is of the 
Tv/iale (CD). 

Take AG a like multiple ofFD, as AE is of CF ; then GE 
is a like multiple of CD, as AE of CF (l. 5), or (Hyp.), as AB 
of CD ; whence, GE, AB being equimultiples of CI> are equal 
(As. 1. 5), taking fmm each AE common, GA is C(|ual to EB 
(Ax. 3. 1): but GA is a like multiple of FD, as AE is of CF ; 
thei-pforc EB is a like multiple of FD, as AE i^ of CF, or 
(Hyi).)' as AB is of CD. 
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PROP. VI. PROB. 

Jf two ma^itudes (AB^ CD J 9 be equhntdfiples of two othen 
(G^ B J9 and from each of the former^ there he taken arvay 
equimultiples fEB^ FDJ of the latter 9 the remainders (dEp 
CFJ are either equals or equimultiples of the latter. 

For, first, let AE be E 

equal to G ; CF is equal A 1 1 1 B G 

to U. Let DK be t^ken F D 

to H (Post. 1. 5), and, C |-r-| 1 1 ^K H 

because £B, FD are equimultiples of G, H (Hyp T, and AE is 
equal to G, and DK to H, AB, FR are equimultiples of G, H 
(2. 5) ; but AB, CD are also equimultiples of G, H [Hyp.], 
therefore CD, FR are equimultiples of H, and therefore equid 
[Ajj:1 1. .5] ; taking away FD common, CF is equal to DR [Ax. 
3. 1], and tlierefore to its equal H. 

In like manner, if AE were a multiple of G, CF might be 
shewn to be a like multiple of H. 

Cor» — In like manner it "tnay be proved, that if two magni- 
tudes 'G, H), be contained equally often in two others (AB, 
CD), and from the^ latter, there be taken equimultiples-(EB, 
FD) of the former, the former are contained equally often in 
flie residues (AE, CF). 



prop; VII. THEOR. 

Eqvul magnitudes C*^9 ^Jf ha'^^ tf^ same ratio to the same mag- 
nitude fC J : and the same magnitude ( Cj, has the same ratio 
to equal magnitudes (^9 ^Jr 

1. Since any submultiple A C— 

whatever of C, is contained B 

equally often in the equal magnitudes A, B (Cor. 3. Ax. B. 5), 
the ratios of A to C and of B to C are equal (Def. 5. 5). 

2. Since any equisubmultiples whatever of the equal magni- 
tudes A, B are equal fAx. 2. 5), they are contained equally 
often in the same magnitude C (Cor. 3. Ax. B. 5) ; therefore 
the ratios of C to A and of C to B are equal [Def. 5. 5 J. 

SchoL — In like manner it may he shewn, that '^ equal 
magnitudes have the same ratio to equal magnitudes." 
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Car. I.— If tlie first (A) of four magnitudes A 

of the same kind, lie equal totlie ttiird[C), and B E — 

the second (B), to the fourth (D) ; the inagni- C 

tudes are i>ix>portional. D V — 

Take any equimultiples whatever E and F of B aud D ; E 
and F are equal (Hyji. and Ax. 9. 5), and are therei'oi'e con- 
tained equally often in the equals A and C (Cor. 3. Ax. B, 5), 
therefore A is to B, as C is to D (Def. 5. 5). 

Cor. 2 If llic first of four magnitudes he equal to the 

second, and the third to the fourth; the magnitudes are pro- 
portu>nal. 

For any submulLiples whatever of the consequents, are like 
submuttiples ol the antecedents, and therefore contained equal- 
ly often in them ; tlicrcfure tlie four magnitudes are proportional 
 [Def. 5. 5]. 

Tkeorem, ■which is pro]t. 1 of B. 10 of Euclid. 

If from the gi'eater [AB], of two unequal magnitudes [AB, 
CD], there be taken away more tlian the lialf, and from the 
remainder [GB], he again taken away moje than the half, and 
and so on continually; there would at length he left a magin- 
tude (HB), less than tlic Teast [CD], of the two magnitudes first 
proposed. 

Let magnitudes DE, EF G H 

be taken each c^nal to CD A [ 1 B 

[Post. 1. 5], uiiUl a mul- D E 

tipleCF of CD, he greater C 1 -^1 F 

than AB [Post. 2. 51 ; let AG he a pai-t taken on AB great«» 
than its half, and GU a part on GB greater than its half, and 
so on, till there he the same number of parts in AB, as in OF j 
the last remainder HB is le^s than CD. 

For AB being less tiian CF, and from AB, AG being taken 
greater than tlio half, and from CF, CD not greater than the 
half, being less tlian the half, unless CF be only double to CD, 
in which case it is equal to t)ic half, the remaindei- GB is less 
than the reminder DF ; in Uke manner, HB may be pi-oved to 
belesstJtanEForCD. 

Cor. — ^The same tliini^ may be proved, and in tlie same man- 
ner, if from AB should be taken but the half [Post. 1. 3], 
snd from tJie remainder its half, and so on ; in wiiicli case HB 
would be a.submultipio of AB [3 of tliis] ; and tliercfoie, "a 
submnltiple may be taken of any given magnitude, less than any 
•ther given one of the same kind.'* 
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PROP. VIII. THEOR* 

The greater fJtBJf of two unequal magnitudes CJ^B, CDJ, has 
the greater ratio to the same mugnitwie (EF) ; and the same 
magnitude (EF), has the greater ratio to the less (CD J. 

Tart 1. — Let AG be a part G „ 

taken on AB equal to CD A -B ^ p 

[Post 1. 5], and GB be the C D ^" " ^^ 

excess of AB above CD ; let £H be a submultiple of EP less 
than GB [Cor. Theor. at 7. 5\ and EH is contained as often 
in AG as CD, and being less than GB is contained at least 
once therein, it is therefore oftener contained in AB than in CD, 
and therefore the ratio of AB to EF is greater than that of CD 
to EF [Def. 7. 5]. . 

Tart 2.— Let AG be M G 

a submultiple of AB K L A-l— ^| B 

Jess than EF [Cor. E 1—1 F N H 

Theor. at 7. 5], and C-l • D 

CH a like submultiple of CD [Post. 1. 5] ; CH is less than AG 
[Hyp. and Cor. 2. Ax. B. 5], and therefore is either oftener 
contained in EF, or being contained equally often tlierein leaves a 
greater remainder [Cor. 1. Ax. B, 5 and Ax. 5. l], if it beoftener 
contained therein, the proposition is true [by Def. 7. 5] ; if not, 
being contained equally often therein, let it leave a remainder 
KF, greater than that LF, left by the multiple of AG, and let 
KL be the difference of these i-emainders ; let CN be a submul- 
tiple. of CH less than KL [Cor. Tlieor. at 7. 5], and AM a 
like submultiple of AG [Post. 1. 5], and AM, CN being Hke 
submultiples •of AG, CH, are like submultiples of their equi- 
multiples EL, EK (3. 5), whence CN, which is less than AM 
[Cor. 2. Ax. B. 5], being at least as often contained in LF, as 
AM is. in the same LF [Cor. 1. Ax. B. 5], CN is contained 
at least as often in the compound of EK and LF, as AM b in 
the compound of EL and LF, or in the whole EF ; but CN, 
being less than KL, is contained at least once therein, and is 
therefore contained oftener in EF, than in the compound of EK 
and LF ; but it has been shewn, that CN is contained as ofte^ 
in the compound of EK and LF, as AM is in EF ; therefore 
CN is contained oftener in EF, than AM in the same EF ; 
whence, CN, AM being like submultiples of CH, AG, and 
therefore of their equimultiples CD, AB (3. 5), the ratio of EF 
tb CD is greater than that of EF to AB [Def. 7. 5]. 
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PROr. IS. THEOR. 



J^agnUu^ f'J, B ), -rvhidi liave the same ratio la Ihc same mag- 
nitude ff^J* iffi equal: Jin-d those iiiagnitJides f J, B , fa 
whidi the same magnitude (CJ AaS the same ratio, are eqiuU. 

Tart 1. — If A and B be not equal, let one A 

them, if possible, as A, be the gi-eatep ; antl 

the ratio of A to C is greater than tbat of B B 

to C [8. 5], whicb is absurd [Hyp. and Cor. . 

Def. r. 3] ^ tlierefore A and B are not une- C 
qual, they are of course eijual. 

Fart 2. — If A and B be tiot eijiial, let one of them, if possi-r' 
hie, as B, he the less ; and the ratio of C to B is greater than 
that of C to A [8. 5l, which is absurd fHyp. and Cor. Uef., 
7. 5] J therefore A and B are not unequal, they are of coursA 
equal. 



PROP. X. THEOR. 



I 



That (J), oj two magnitudes (J, B). which lias tJie greatet. 
ratio to the same magnitude C\ is Hie greater ; and that {B),\ 
to.Tvhich the same jimgnitude (C) lias the greater ratio, is the T 
less. 

Tart Lr—A is not equal to B, for if it A 

were, its ratio to C would be the same, as —  

that of B to C (7. 5), contrary to the suppn- B 

•ition and Cor. Def. 7. 5; .A is not less 

than B, for then B the greater, would have C 

the greater ratio to C (8. 5), contrary to the ^ 

supposition and Cor- 4. 3. 5 ; tlierefoi-e A is greater tlian B*,. 

Fart 3. — B is not equal to A. for then C would have the samo'l 
ratio to B as to A [7. 5], contrary to the supposition 
Cop. Def. 7. 3 ; B is not greater than A. lor then C wdu14 1 
have a greater ratio to the less A, than to the greater B [8. 5], 
contrary to the supposition and Cor. 4. 3. 5 ; therefore B is leis J 
than A. 
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PROP. XI. THEOR. 

Ratios {as of .9 to B and C to 1>), which are the same to the same 
ratio {as of E to F), are the same to each other. 

For, since any equisubmultiples A E C 

whatever of B and D, are contain- 



ed in their respective antecedents B 

A and C, the same number of — 

times, as a like submultiple of F is in E [Hjrp. and Def. 5. 5] ; 

it follows [Ax. 1. IL that any equisubmultiples whatever of B 

and D are contained equally often in the same antecedents A 

and C ^ therefore A is to B, asCistoD [Def. 5. 5]. 

PROP. XII. THEOR. 

If any number of magnitvdes of the same kind {Ji, C, S), haroe 

the same ratio to the same number of magnitudes (B, D, F), 

' each to each ; one of the antecedents (^) is to its consequent {B), 

as all the antecedents {^9 C, E) together, are to all the const- 

quents {B, D, F) together. 



Let G, H, K be any A — C E- 

equisubmultiples what- B-— — — D 



ever of B, D, F [Post 6 — H— K 

1. 5]f and G, H, K together, is a like submultiple of B, Df 
F together, as one of them G, is of its correspondent magnitude 
B [1. 5] ; also, since G, H, K are contained equally often in 
A, C, E respectively [Hyp. and Def. 5. 5], the ^|gregate of 
G, H, K, is contained in the aggregate of A, C, £, the same 
number of times, as any one of them G, is in the correspondent 
and magnitude A [Cor. 1. 5] ; and, this being true, whatever 
submultiples G, H, K are of B, D, F, any one of the antece- 
dents A, is to its consequent B, as all the antecedents A, C, E 
together to all the consequents B, D, F together [Def. 5. 5jv 
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PROP. XUL THEOR. 

•iSfny ratio {as of Eto F), which is greater than one {as of A to B), 
qf two eqtuu ratios {of A to B and of C to B]j is also greater 
than the other {namdy, that of C to B). 

Since the ratio of E E A C 

to F is greater, than 



that of A to B [Hyp.], F B D 

a submultiple of F, as 



6, may he taken, G H K 
which is contained — . - — 
oftener in E, than a like submultiple H of B is in A [Def. 

7. 5) ; take £. a like submultiple of D, as H is of B [Post. 1. 
5], and H and K are contained equally often in A and C [Hyp. 
and Def. 5. 5], but G is contained oftener in E, than H is in 
A, therefore G is contained oftener in E, than K is in C, and 
therefore, G, K being equisubmultiples of F, D, the ratio of 
E to F is greater than that of C to D [Def. 7. 5]. 

SchoU^'^In like manner, if, in this proposition, the ratio of E 
to F were supposed to be less than of A to B, that of A to B 
being equal to that of C to D, the ratio of E to F may be shewn 
to be less than that of C to D. — ^And if the ratio of E to F being 
supposed greater than of A to B, that of A to B were supposed to 
be greater than of C to D : it might, in like manner, be proved 
that the ratio of E to F is greater than of C to D : for, a sub- 
multiple of F being taken, which is contained oftener in E, tlian 
a like submultiple of B is in A [Hyp. and Def. 7. 5], the sub- 
multiple of B is not contained less often in A, than a like sub- 
multiple of D in C (Cor. 4. 3. 5), therefore the submultiple of 
F is contained oftener in E, than that of D in C, and therefore 
the ratio of E to F is greater than that of C to D (Def. 7. 5)« 
Therefore <^ a ratio (as of E to F) which is greater Ihan another 
*^ (as of A to B), is greater than any ratio [as of C to D] less 
** than that other.** 

Cor— If the first (A) of four ABE 

proportionals, be greater tiian — - — 

the second (B), the third (C), CDF 

is greater than the fourth (D), • 

if equal, equal, and if less, less. 

First, let A be greater than B, and take E equal to B, and 
F to D. The ratio of C to D is equal to that of A to B (Hyp.), 
or (Hyp. and 8 and 13. 5), greater than that of E to B, or 
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(Cor. 2. 7. 5), than that of F to D ; since tiierefore ^ ratio 
of C to D is greater than that of F to D, C is greater than F 
(10. 5), or its equal D. 

In like manner it might he proved, that, if A were equal to 
B, C would De equal to D, and if less, less. 



FEOP. XIV. THEOR. 

Iff the first {A), of four proportional magnituies {Ji, B, C, D), 
be greater than the third ( C), the second {S), is greater than the 
fourth (H), if equal, equal, and if less, less. 



First, let A be greater than C ; B is A 
greater than D. B 

For, hecause A is greater than C, the ra- O 



tio of A to B is greater than that of C to B D- 
(8. 5), hut A is to B as C to D (HypO^ therefore the ratio of 6 
to D is greater than that of C to B (13. 5), therefore B is 
greater than D (10. 5). 

In like manner, if A were equal to C, B may be proved to be 
equal to D, and if less, less. 



PROP. XV. THEOR. 

Magnitudes (0, EJ have the same ratio to each other, as tiidr 

equimultiples C*^B, CD J. 

Because AB, CD are M N 6 ^ 

equimultiples of 6^ H, A< 




there are as many mag- OP H 

nitudes in AB equal to C— — 1— — '— D -— 

6, as in CD equal to H ; let AB be divided into parts AM, 
MN, NB each equal to O, and CD into parts, CO, OP, PD 
each equal to H [Post. 1.5]^ and since AM, MN, NB are 
equal, as also CO, OP, PD, AM is to CO, as MN to OP, 
and as NB to PD [Cor. 1. 7. 51, therdbre AM, MN, NB 
together, or AB, is to CO, OP, PD together, or CD, as AM 
is to CO [12. 5], or [Cor. 1. 7. 5], as G is to H. 
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TheoT. 1. — Mag- 
nitudes (AB, EF), A B 

have the same ratio 

to their equimulti- E F 

pies (CD, GH), 

If the ratios of AB to CD, and of EF to GH, he not equal, 
let one of them, as of AB to CD, he the greater, and let CI a 
submultiple of CD he contained oftener in AB, than GK a like 
suhmultiple of GU is in EF (Hyp. and Def. 7. 5) ; and, since 
CD, GH are equimultiples of AB, EF (Hyp.), CI is contained 
oftener in CD, than GK is in GH (Cor. 1. 3. 5), which is ab- 
surd, CD, GH being equimultiples of CI, GR ; therefore the 
ratio of AB to CD is not greater than that of EF to GH : in 
like manner it may be shewn, that the ratio of AB to CD is not 
less than that of EF to GH ^ it is therefore equal to it. 

TheoT. 2.— Magnitudes (AB, EF) have the same ratio, to 
equimultiples (CD, GH) of their equimultiples (AI, EM). 

I P N * 

A 1 1 B C-l— I — I 1 1 ^D 



M Q O 

E 1 1 F G-U— |. 

If the ratios of AB to CD, and of EF to GH, he not equal, 
let one of them, as of AB to CD, he the greater, and let CN a 
submultiple of CD, be contained oftener in AB, than GO a like 
submultiple of GH is in EF (Hyp. and Def. 7. 5) ; let CP, 
GQ be like submultiples of CN, GO, as AI, EM are of AB, 
EF, and CP, GQ are contained equally often in AI, EM, as 
CN, GO are in AB, EF (Cor. 2. 1. 5) ; but CN is contained 
oftener in AB, than GO is in EF, therefore CP is contained 
oftener in AI, than GQ is in EM, and therefore CP is contain- 
ed oftener in CD, than GQ in GH (Cor. 1. 3. 5), which id 
absurd, CP, GQ being equisubmultiples of CN, GO, and 
therefore of their equimultiples CD, GH (3. 5); therefore the 
ratio of AB to CD is not greater than that of EF to GH : in 
Kke manner it may be shewn, that the ratio of AB to CD is 
not less than that of EF to GH ; it is therefore equal to it. 
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Theor. 3.— If four magnitudes (AB, CD, £F, GH) be pro- 
portional, they are also proportional, taken inversely, [namely, 
CD is to AB, as GH to EF]. 

I L 

A 1 1 B C ^1 1 1 l-D 



K. H 

E 1 1 F G 1 1 1 — l-M 

If tiie ratios of CD to AB, and of GH to.EF, be not equal, 
let one of them, as of CD to AB, be the greater, and let AI a , 
submultiple of AB, be contained oftener in CD, than EK a like 
submultiple of EF, is in GH (Hyp. and Def. 7. 5) ; let CL be 
the greatest multiple of AI, which is in CD, and GM a like 
multiple of ER, which is greater than GH ; therefore the ratio 
of EF to GH is greater than that of EF to GM (8. 5), or, 
which is equal (Theor. 2. 15. 5), that of AB to CL, and there- 
fore (7 and 8. 5), than that of AB to CD, contrary to the sup- 
position and Cor. Def. 7. 5 ; therefore the ratio of CD to AB is 
not greater th^n that of GH to EF ; and it may, in like man- 
ner, be proved, not to be less than the same ; it is therefore 
equal to it. 

Theor- 4.-^If the first, of four magnitudes, have a greater 
ratio to the second, than the third has to the fiiurth ; by invert* 
ing, the second has a less ratio to the fii*st, than the fourth has 
to the third. 

For, in the preceding theorem, from the supposition, of CD 
having a greater ratio to AB, than GH has to EF ; it is prov- 
ed, that the ratio of EF to GH is greater than that of AB to 
CD, or, which is th^ same, that the ratio of AB to CD is less 
thantha^ofEFtoGH. 
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PROP XVI. THEOR. 



^ four magnitudes of the same kind {JiB, CD, EF, OH) be 
proportional ; they are also proportionalf taken altematdy. 

If the ratios of AB to EF, and ^ 

of CD to GH be not equal, let one ^ 1 1- — j l-B 

of them, as of AB to EF be the ^ 

greater, and let EI a submultiple ^ — I — ' — |— |-M 
of EF be contained oftener in AB, I 

than GK a like submultiple of GH E 1 1 1— F 

is in CD (Def. 7. 5) ; let AL be K 

the greatest multiple of EI which G — I — | — l-H 
is in AB, and CM a like multiple of GK, which multiple is 
greater than CD ; therefore the ratio of AL to CD is greater 
than that of AL to CM [8. 5], and therefore the ratio of AB to 
CD is greater than that of AL to CM [7, 8 and 13. 5 and SdioL 
13. 5], and EI is to GK, aS AL to CM [15. 5], therefore Uie 
ratio of AB to CD is greater than that of EI to GK [13. 5], or, 
which is equal [15. 5 J, than that of EF to GH, contrary to the 
supposition : therefore the ratio of AB to EF is not greater tiian 
that of CD to GH : in like manner, it may be provckl, that ffa« 
ratio of AB to EF is not less tlian that of CD to GH : since 
therefore the ratio of AB to EF is neither greater nor less than 
that of CD to OH5 it is equal to it. 

Cor. !.-<— In this proposition, from supposing AB to have a 
greater ratio to EF, than CD has to GH, AB is proved to 
have a greater ratio to CD, than EF has to GH ; and there- 
fore, *^ if, of four magnitudes of the same kind, the ratio of 
'^ the first to the second, be greater than that of the third to the 
<^ fourth ; by altomating, the ratio of the first to tiie thirds is 
^^ greater than that of the second to the fourth*'' 
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PROP, XVII. THEOR. 

If font magnitudes be proportional; the difference between the 
first and seexmdj is to the second or first, as th^ difference 
between the third and fourth^ is to the fourth or third, as tlie 
case may be. 

Part 1 .—Let AB, CD, EF, GH be M 

four proportionals, the antecedents A   ^^| B 

AB , EF being greater than the conse- C D 

quents CD, OH ; the excess of AB N 

above CD is to CD, as the excess of £ 

EF above GH is to GH. G 

On AB take AM equal to CD, and on EF, EN equal to GH 
(Post. 1. 5) ; and since any equisubmultiples whatever of CD, 
GH, or of their equals AM, EN ar^ contained equally often in 
AB, EF (Hyp. and Def. 5. 5), they are contained equally 
often in the residues MB, NF (Cor. 6. 5), therefore MB, the 
excess of AB above CD, is to CD, as NF, the excess of EF 
above GH, is to GH (Def. 5. 5). ^ 

Part 2.— Let CD, AB, GH, EF be proportionals, the 
consequents AB, EF being greater than the antecedents CD, 
GH 5 a like construction being made, MB, the excess of AB 
above CD, is to AB, as NF, the excess of EF above GH, is 
toEF. 

Because CD is to AB, as GH to EF (Hyp.), bv inverting, 
AB is to CB, as EF to GH (Theor. 3. 15.* 5), therefore by part 
1, MB is to CD, as NF to GH, and, by inverting again, CD 
to MB, as GH to NF (Theor. 3. 15. 5), therefore any equisub- 
multiples whatever of MB, NF are contained equally often in 
CD, GH (Def. 5. 5), or in their equals AM, EN, and thei-e- 
fore in AB, EF (Cor. 2. 5), therefore AB is to MB, as EF to 
NF (Def. 5. 5), and inverting, MB to AB, as NF to EF 
(Theor. 3. i5. 5). 

Part 3.— And since, by inverting, the second of four pro- 
portionals, has the same ratio to the first, as the fourth has to 
the third ; by parts 1 and 2, the difference of the first and 
second is to the first, as tiie difierence of the third and fourth 
is to the third. 
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PROP. XVIII. THEOR. 

If Jour magnitudes he proportional; the compound of the first and 
second, is to the second or firsts as the compound of the ihird 
andfourthf is to the fourth or third, as the case muy be. 

Part 1.— Let AB be to CD, as EF is B 

to GH ; the compound of AB and CD is A 1— 'M 

to CD, as the compound of EF and GH C D 

is to GH. F 

To AB let BM be joined equal to CD, E 1 N 

and to EF, FN equal to GH [Post. 1. G H 

5] ; and since any cquisubmultiples whatever of CD, GH, or 
of their equals BM, FN, are contained equally often in AB, 
EF [Hyp. and Def. 5. 5], they are contained equally often in 
AM, EN [Cor. 2. 5], therefore AM, the compound of AB 
and CD, is to CD, as EN, the compound of EF and GH, is 
to GH [Def. 5. 5]. 

Part 2. — And since, by inverting, CD is to Afi, as GH is to 
EF [Theor. 3. 15. 5], therefore, by part 1, the compound of 
AB and CD is to A B, as the compound of EF and GH is 
toEF. 

SchoL — ^From this proposition, the preceding, and theor. 3. 
15. 5, it follows, that, ^^ if four magnitudes be proportional, 
** by converting, the first, is to the sum or difference of the first 
<< and second, as the third, is to the sum or difference of the third 
" and fourth.'* 



PROP. XIX. THEOR. 

If the wlwle {JtB), be to the whole {CD), as apart {^E) taken 
away, is to apart {CF) taken away; the residue C^^Jf ** ^ 
the residue C^I^Jf ^ ^A^ whole (J^BJ, is to the whole C^^J* 

Because AB is to CD, as AE is to 
CF [Hyp.] by alternating, AB is to E 

AE, as CD to CF [16. 5], and, by A 1 B 

dividing, EB to AE, as FD to CF F 

[17. 5], and, by again alternating, C 1 D 

EB to FD, as AE to CF, or, [Hyp. 
and 11. 5], or, as AB to CD. 
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PROP. XX. THEOE. (See MUJ. 

If there be three magnitudes (A^ B, CJ, and other thru (D, Ep 
FJj whichf taken two and two in order, are in the same ratio f 
if the first (wtf), of the first magnitudes, be greater than the 
third {C), the first D), of the last magnitudes, is greqUr than 
the third {¥) ; if equal, equal ; and if lesSf less. 






First, let A be greater than C ; D A 
48 greater than F. For, since A is B 
greater than C, the ratio of A to B, C 
or which is equal [Hyp.], of D to E, D 
is greater than that of C to B [8. 5] ; E 

and, since BistoCasEtoF [Hyp.], F 

by inverting, C is to B, as F Is to E 

[Theor. 3. 15. 5] ; therefore the ratio of D to E, having been 
shewn to be greater than that of C to B, is also greater than 
tbatof F to E, (13. 5), and therefore D is greaterthan F [10. 5\ 

In like manner it may be shewn^ that^ if A be equal to C^ U 
is e^ual to F ^ and if lesSf les9» 

PROP. XXI. THEOR, 

Tf there be three m^ignitudes (J, S^ C), and other three (D, E, 
F), which, taken two dnd two in Apefimfi^ order, are in the 
same ratio; if the first {A), of the first magnitudes, be greater 
than the third (C), the first {D), of the last magnitudes, is 
greater tJian the third (F) ; if etputl, equal ; and if less, less* 

First, let A be greater than C ; P is A^ . -; ,. , ,* 

greater than F. B 

Because A is greater than C [Hyp,], C- 

the ratio of B to C is greater than of B D 

to A [8. 5]; whence, D being to E, as £ 
B to C [Hyp.], the ratio of D to E is 



_ [yp.], the ratio of D to E is F-^ ^ 

greater than of B to A ^ but, because A 
is to B, as E to F [Hyp:], by inverting, BistoA, asFistoE 
[Theor. 3. 15. 5] ; whence, the ratio of D to E, having been 
shewn to be greater than tiiiat of B to. A, is also greater than 
that of F to E (13. 5), therefore D is greater than F (10, 5). 

In like manner it may be shewn, that^ )f A be equal to C> D 
is equal to F } and if less, less. 



■:i' 



< 



-« 




•I- 



I5li Euclid's elements book ▼, 



PROP. XXII. THEOR. 



If there be any number of magnifudeSf and as many others, which, 
taken two and two in order, are in the same ratio ; by ordinate 
equality f the ratio of the first, of the first magnitudes, to the 
last, is the same, as the ratio of the first to the last, of the 
others. 

First, let there be three magni- 
tudes AB, CD, EF, and as many 
others GH, IK, LM ; and let AB 
be to CD, as GH is to IK, and CD 
to EF, as IK to LM ,• AB is to EF, ^ 
as GH to LM. E I. 

For, if the ratios of AB to EF 

and of GH to LM be not equal, G 1 1 1 H 

let one of them if possible, as of ji 
A:> to EF be the greater, and let j | R 

EN a submultiple of EF be con- q q 
taiiied oftener in AB, the LO a y , , , -j^ 
like submultiqle of LM is in GH ^-|-l— I— ^^ 
(B^p. and Def. 7. 5) ; let AP be the greatest multiple of EN, 
wMch is in AB, and since a like multiple of LO^ as AP is of 
EN, is greater than GH, a like submultiple of GH, as EN is 
of AP, is less than LO (Cor. 2. Ax. B. 5); let LQ be taken 
on LO equal to that submultiple, and let QO be the excess of 
LO above LQ ; let IR be a submultiple of IK less than QO 
[Cor. Theor. at 7. 5], and CS a like submultiple of CD ; and 
since CD is to EF, as IK is to LM [Hyp.], by inverting, EF 
is to CD, as LM is to IK [Theor. 3. at 15. 5], and therefore 
CS, IR being equisubmultiples of CD, IK, are contained 
equally often in EF, LM (Def. 5. 5), and therefore in their 
equisubmultiples EN, LO [Cor. 3. 3. 5}; whence, IR being 
Tess than QO, and therefore contained oftener in LO, than in 
liQ, the magnitude CS is contained oftener in EN, than IR in 
LQ; therefore AP, GH being equimultiples of EN, LQ, CS is 
contained oftener in AP, and therefore in AB, than IR is in 
GH Cor. 1. 3. 5) ; which is absurd [Hyp. and Def. 5. 51; 
therefore the ratios of AB to EF, and of GH to LM^ are nei- 
ther of them greater than the other ; they are thei*efore equal. 
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Let there be now four magni- 
tudes A, B, C, B, and four A B C D 

Others E, F, G, H,- and let A 

beto B, asE toF; B to C, as E F G H 

F to G ; and C to D, as G to H ,• — — — 

A is to D^ as E is to H. 

Because A, B, C are three magnitudes, and E, F, G three 
others, which, taken two and'two, arc in the same ratio ; by tlie 
preceding case, A is to C, as E is to G ; whence, C being 
to D, as G is to H [Hyp.], by the same case^ A is to D, as E 
is to H. 

In like manner, the proposition might be demonstrated^ if 
there were ever so many magnitudes. 

Cor. 1. — In this proposition and by Def. 7. 5, fi-om suppos- 
ing AB to have a greater ratio to EF, than GH has to LM, 
dud EF to be to CD, as LM to IR ; AB is proved to have 
a greater ratio to CD, than GH has to IK ; whencciit follows, that^ 
*^ if, of two ranks of magnitudes, of three each, the ratio of 
** the first to the second be greater in one, than the other, and 
^* the ratios of the second to the third, be equal in both ; the 
<^ ratio of the first to the third, is greater in the former rank^ 
*^ than in the latter.*' 

Cor. 2. — ^And the same thing being supposed, as in the pre- 
ceding corollary, except that the ratio of EF to CD, instead of 
being equal to, be greater than, that of LM to IK ; it mighty 
i|i like manner, as in the demonstration of this 22d. proposition 
be shewn, that the ratio of AB to CD is greater than that of 
GH to IK ; for CS would be at least as often contained in EF^ 
as IR in LM (Hyp. and Cor. 4. 3. 5), and tliei*efore, as often 
in EN, as IR in LO (Cor. 3. 3. 5); and therefore oftener than 
IR in LQ, and therefore oftener in AP or AH, than IR in GH 
(Cor. 1. 3. 5), and so the ratio of AB to CD is greater than 
that of GH to IK [Def. 7. 5] ; therefore, " if, of two ranks of 
** magnitudes, of three each, the ratios of the first to the second, 
^*and of the second to the third in one rank, be greater than the 
•* corresponding ratios in the other, the ratio of the first to the 
^* third in the former, is greater than that of the first to the third' 
** in the other.*' 

Cor, 3. — Ratios, duplicate, triplicate, &c. of equal ratios^ 
are equal : This being a case of this proposition. 

Cor. 4. — Ratios, duplicate, triplicate, &c. of unequal ratios, 
are unequal, those of the greater being the greater: this, in the 
case of duplicate ratios, being a case of the 2nd cor. above, 
and, in other cases, easily following from it. 
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Cor. 5. — Ratioe^ subduplicate^ subtriplicate, &c. of equal 
tatiosy are equal ; for, if they were ttnequal, the ratios, whidi 
^ are duplicate, triplicatef &c. of them, would be unequal (by the 
^receo. cor.)^ contrary to the supposition. 

Cor- 6.-7-Ratios, sesquiplicate of equal ratios, are equal- 
Let three magnitudes A, A B C G 
B, C be continually pro- 



porttbnal, andthrte others D £ 

D, E, F in the sanie ra- — 

tio ; let G be a mean pro- 
portional between B and C, and H between £ and F ; the ratios 
of A to G and of D to H» are sesquiplicate of the equal ratios of 
A to B and of D to £ (Def. 14. 5) ; the ratios of A to G and 
of D to H are equal. 

For the ratios of B to G and of £ to H, being subdu^icater 
of the equal ratios of B to C and £ to F (Def. 14. 5), are equal 
(by tlie preced. cor.) ; whence, the ratios of A to B and of V 
lo £ being equal {B.yp.), A is to G, as D is to H (S^. 5). 

I 
i 

PROP, XXra. THEOH. 

I 

' ^ there be any number of magnitudes, and as many others, to&tc/i,. 
taken two and two in perturbate order, are in the sameratio';^ 
the ratio of the first, of the first niagnitudes, to- the last, is the 
same, as the ratio of the first to the last, of the othersi^ 

\ 

, ' First, let there be three magnitudes Q 

AB, C0, £F, and as many others GH, A * * — '— l-B 

i IK, LM, atid let AB be to CD, as IK 

i . is to LM, and CD to £F, as GH to c ^D 

IK ; AB is to EF, as GH to LMr 

1 For, if the ratios of AB to £F, and 

of GH to LM be not equal, let one of 'R * 3^ 

fhem, if possible, as of AB to £(* be the p „ 

greater^ arid let £N a submuftiple of EF ^ ^ 

be contained oftener in AB, than LO a I* _ 

^Hke submultiple of LM is in GH [Def. I 1 1 

7. 5] ; l^t IF be a like submultiple of 
IK, as Lo i^ of LM, AQ the greatest L-^l— I— M 
multiple of EN which is in AB^ and RS 
a like multiple of XF. 
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The ratio of RS to IK is greater than that of GH to LM 
[Theor. 2. 15. 5 and 8. 5], therefore alternating, the ratio of 
RS to GH is greater than that of IK to LM [Cor. 16. 5], but 
IK is to LM, as AB is to CD (Hyp.), therefore the ratio of 
RS to GH is greater than tliat of AB to CD (13. 9) | whence, 
GH being to IK, as CD is to EF (Hyp.), the ratio of RS to IK 
is greater than that of AB to £F (Cor. 1. 2£. 5), which is ab- 
surd (Theor. 2. 15. 5 and 7 and 8. 5); therefore the ratios of 
AB to EF, and of GH to LM ai*e not unequal, tttey are there- 
fore equal. 

Let there be now four mag^ 
nitudes A, B, C, D, and A B C D 

four others E, F, G, H ; and 



letAbetoB,asGi8toH;B E F G H 

to C, as F to G ; and C to    — 

D, asEtoF;AistoD^ 
as E is to H. 

For, because there are three magnitudes, A, B, C, and three 
others F, G, H, which, taken two and twp in a perturbate or- 
der, are in tiie same ratio ; AistoC, asFistoH (by the pre* 
ced. part) ; and C istoD, asEistoF (Hyp.) ; therefore (by 
the same part) AistoD, asEistoH. 

In like manner the proposition might be demonstrated, if there 
irere ever so many magmtudes. 

Schol* — ^By a like reasoning, as is used in the latter part of 
this proposition, it might be demonstrated, ^ if there be ever so 
^* many magnitudes, and others equal to them in number, which 
^* taken two and two, in any order whatever, are in the same 
''ratio; that the ratio of the first, of the first magnitudes, to 
^ the last, is the same, as the ratio of the first to the last of the 
'' others f and therefore, that, ^^ ratios compounded of equal 
"ratios (seeDef. 13. 5), however disposed, are equal." 
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PROP. XXIV. THEOR. 



If to tlie antecedents C^B, EF) of four proportionals C^^^ CD, 
EFf GHJf magnitvdes C^^f FLj, which have the same ra^ 
tio to their respective consequents fCDj GHJ, be added ^ the 
compounds (JiK, EL^, and consequents (CDf GHJ are pro^ 
portional. 

Because BR is to CD, as FL is to GH 

(Hyp.), by inverting, CD is to BK, as A— 

GH to FL (Theor. 3.15.5); whence, AB q jy 

being to CD, as EF to GH (Hyp.), by 

ordinate equality, AB is to BK, as EF ^ _ 

to FL (22. 5) ; therefore, by compound- *" ' ^ 

ing, AK is to BK, as EL to FL (18. 5), G ^H 

and therefore, BK being to CD, as FL 
to GH (Hyp.), by ordinate equality, AK 
is to CD, as EL to GH (22. 5). 




PROP. XXV. THEOR. 



Iff four magnitude,9 of the same kind f^^jB, CD, EF, GH) be 
prdportianal ; the greatest (ABJ and least (GHJ together^ 
are greater than the other two (CD, EFJ together. 

Take AK on AB equal to EF, and K 

CL on CD efiual to GH (Post. 1. 5) ; A 1— B 

and, since AB is to CD, as EF is to j 

GH(Hyp.), or, (Cor. 1. 7. 5 and 11. ^ , ^ 

A), as AK is to CL, AB is to CD, as Z, " 

KB is to LD (19. 5); and AB is ^ ^F 

irreater than CD (Hyp.), therefore G H 

1KB is greater than LD fCor. 1 3. 5) ; 

and, because AK is equal to EF, and CL to GH, AK and GH 
together, are equal to CL and EF together (Ax. 2. 1); there- 
fore, adding to them the unequals KB, LD, the magnitudes AB 
and GH together, are greater than CD and EP together 
(Ax. 4. 1). 
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BOOK VI. 



PEFnaTIONS. 



!• Similar rectilineal JignreSf are such, as have all the angles 
of one, severally equal to those of the other, and the sides about 
the equal angles proportional. 

2. A right line is said to be divided in extreme and mean ratio, 
when the whole is to the greater segment, as the greater seg- 
ment to the less. 

3. The alHtude or hdght of any figure, is a perpendicular, 
let fall from the vertex or top on the base. 

4. A parallelogram is said to be applied to a ri^ht line on 
which it is described. 

5. A parallelogram, described on a part of any right Iine» 
is said to be applied to that right line, dejident by a ^rallelo- 
gr^un described on the residue of the right line^ in the aame an* 
gle, and of the same altitude. 

6. And if a right line be produced, a paraUdog^ram describ- 
ed on the compound of the right line and part produced, is said 
to be applied to the first mentioned right line, exceeding by the 
parallelogram described on the part pi^oduoed, in the same angle, 
and of the same altitude. 
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PROPOSITION I. THEOREM. 




A.0KJI.I4BBKI 




Triangles C^BC, DEFJ, and paraUehgrams (BG^ BHJ, 
Tohtch have the same altUude, are to each other, as their heacs 
CAB, DEJ. 

Part 1 ^Divide DE 

into any number of 
equal parts DK, RI, 
IE (Cor. 7. 34. 1), 
and on AB take parts 
AO9 ON9 &c. as often 
as can be done^ each 
equaltoDK(S. 1% un- 
til a part LB remain less than DK^ and join FK, FI^ CO, 
CN, CM, CL. 

Because the right lines DK, KI, IE, AO, ON, NM and 
ML are equal, the triangles FDK, FKI, FIE, CAO, CON9 
C^NM, CML constituted on them, and being of the same alti« 
tude, are equal (38. 1^, and the triangle CLB, being of tlie 
same altitud^ and having its base LB less than DK, is less 
than the triangle FDK, therefore the triangle DKF is a like 
submultiple of DEF, as DK is of DE, and the triangle DKF 
and the right line DK, are contained equally often in the tri- 
angle ABC and right line AB. 

In like manner it may be proved, that any other equisubmul- 
tiples of the triangle DEF and right line DE, are contained 
equally often in the triangle ABC and right line AB ; therefore 
the triangle ABC is to flie triangle DEF, as AB is to D? 
[Def. 5. 5]. 

Part 2. — ^The parallelograms BG, DH, being double th^ 
triangles ABC, DEF (41. 1), are to each other, as these tri- 
angles (15. 5), and therefore, these triangles being to each 
other, as the bases AB, DE (by part 1), the parallelo^ms 
BG, DH are to each other, as the same bas^s (U. 5). 



BOOK VI. OF GKOMETRT. t97 



PROP. 11. THEOR. 

y' a right line f JDJ5, set all the Jig. to this prop. J he drawn pa^ 
raUel to one of the sides C*AB]) of a triangle C^^^Of i^ <^»*^ 
the other sides f.5C, BCJ, or tliese sides produced^ propw- 
tionally. 

And the right line f 1>SJ, which aits two sides f-tfC, BCJ of 
a triangle (ABCJ^ or these sides produced, proportionaliyf w 
paralid to the remaining side (ABJ. 





Part 1.— Let DE be parallel to AB ,• AD is to DC^ as BE 
is to EC. 

Join AE, DB, and because the triangles DAE, DBE are 
•n the same base DE, and between the same parallels DE and 
AB, they are equal [37. 1]; therefore ADE is to CDE, as 
BDE is to CDE \7. 5] ; but ADE is to CDE, as AD is to 
DC [1. 6], and BDE is to CDE, as BE is to EG (by tht 
same) ; therefore AD is to DC, as BE is to EC. 

Part 2.— Let AD be to DC, as BE to EC ; DE is parallel 
to AB. 

For, the same construction remaining, because AD is to 
DC, as BE to EC [Hyp.] ; and AD is to DC, as the triangle 
ADE to the triangle CDE [1. 6] ; and BE to EC, as the tri- 
angle BDE to the triangle CDE [by the same] ; the triangle 
ADE is to CDE, as BDE to the same CDE [11. 5] i there- 
fore the triangles ADE, BDE are equal [9. 5] ; and they are 
on the same base DE, and to the same part i therefore DE is 
parallel to AB (39. 1). 

8chol. — ^In the second part it is understood, that the homolo- 

Sbus segments are similarly situated on the sides^ or sides jgto- 
uced, of the triangle. 

o\ 
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PROP. III. THEOR. 



A right line rCD), bisecting an angle (ACB) of a triangle 
CJiBC)^ cats the apposite side into segments (AB^ DB ), Aar- 
ing to each other the same ratio^ as the other sides f .iC, CBJ 
of the triangle have to each other. 

And a right line fCDJ, drawn from an angle rACB) of a tri- 
angle C ABC J 9 cutting the opposite side CAB J into segments 
CAD, DB), having to each other the same ratio, as the other 
sides (AC, CBJ of the triangle have to each other, bisects that 

. angle. 

Part 1. — ^Through B, draw 
BE parallel to CD, meeting AC 
produced in £. 

Because DC and BE arc pa- 
rallel, the angle CBE is equal to 
the alternate BCD (29. 1), or 
its equal (Hyp.) ACD, or, CE 

meeting tlie same parallels, to ^ 

its equal, the internal remote an- -^ »~ Ti 

gle CEB (29. 1] ; therefore CB and CE are equal (6. 1) ; but, 
because DC is parallel to BE, AD is to DB, as AG is to CE 
(2. 6), whence, CB and CE being equal, AD is to DB, as AC 
is to CB. 

jpart 2.— 'The same construction remaining, AD is to DB, as 
AC to CB (Hyp.), and, because DC is parallel to BE, AD 10 
to DB, as AC is to CE (2. 6), therefore AC is to CB, as AC is 
to CB (11. 5), of course CB and CE are equal (9. 5), and 
therefore the angle CBE is equal to the angle CEB (5. 1) ; 
whence, fiecause of the parallels DC and B E, the angle ACO 
being equal to tlie internal remote CEB, and DCB to the alter- 
nate CBE (29. 1), tlie angles ACD and DCB are equal (Ax. 
1* 1), and 80 the angle ACB is bisected by the right line CD. 

i9cftoL— In the second part it is understood, that either seg- 
ment of the divided side and. the adjacent undivided side, are 
homologous terms. 
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Theorem.— 1( the external angle (BCF), of a triangle (ACB), 
made by producing one of its sides (AC), be bisected by a ri^t 
line (CD) meeting the base produced ; the segments (AD, BD) 
of the base produced, between its extremes (A, B), and the 
bisecting line, are to each otiier, as the other sides (AC, CB) 
of the tnangle. 

And if a right line (CD), be drawn from an angle (ACB) of 
a triangle (ABC), to a point (D) in the opposite side produced, 
the distances (AD, BD) of which point, from the exti-emes of 
tliat side, are to each other, as the other sides (AC, BC) of the 
triangle ; the rig^it so drawn bisects the external angle (BCF) 
formed at the first mentioned angle. 




Fart 1«— Through B draw BE parallel to CD. 

Because BE and DC are parallel, tlie angle CBE is cqnal to 
Ae alternate angle BCD (29. 1); or, to its equal [Hyp.] DCP, 
or to the internal and opposite angle CEB [29. 1 and Ax. 1. Il, 
therefore CB is equal to CE [6. 1] ; and, because in tlic tri- 
angle ACD, EB is parallel to CD, AE is to EC as AB is to 
BD [2. 6], and, by compounding, AC is to CE or its equal 
CB, as AD is to BD [18. 5]. 

Fart 2.-— The same construction remaininr, AD is to BD, 
as AC to CB (Hyp.), and, because £B and CD are parallel, 
AD is to BD, as AC is to EC [2. 6], therefore AC is to CB, 
as AC to EC (11. S)f and so CB and CE are equal [9. 5], 
and the angle CBE is equal to the anrie CEB [5. Ij ; 
whence, because of the parallels EB and CD, the angle BCD 
being equal to the alternate CBE, and the angle FCD to the 
inteinal remote CEB (29. 1), the angles BCD and FCD are 
equal (Ax. 1. 1), and so tiic right line CD bisects the external 
angle BCF. 
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PROP. IV. THEOR. 

The sides about the equal angles of equiangular triangles are pro- 
portional, the sides opposite equal angles, being homologous- 




tet ABC and DEF be equiangular triangles, having the an- 
gle A equal to D, the angle ABC to E, ami therefore [32. 1] 
the angle ACB to F. AC is to AB, as DF to DE, AB to BC, 
as DE to EF, and AC to CB, as DF to FE. 

On AB produced take BG equal to DE, at the point B, with 
the right line BG, make. the angle GBH equal to D or A, take 
BH equal to DF, and join GH : and since, in the triangles 
GBH, EDF, the sides GB, BH and the angle GBH, are 
severally equal to ED, DF and the angle EDF [Constr.], tlie 
triangles BGH and DEF ai'e equal in all respects, and the 
angle G is equal to E [4. 1], or its equal [Hyp.] ABC ; whence, 
the angles A and ABC being less than two right angles [17. 1], 
the angles A and G are less than two right angles, therefore 
AC and GH may be so produced as to meet [Tbeor. at 29. 1], 
let them be produced to meet, as in K ; and, because the angle 
ABC is equal to G, BC and GK are parallel [28. l], and, be- 
cause the angle GBH is equal to A, BH and AK are pandlel 
[by the same], therefore BHKC is a parallelogram, and of 
course, CK is equal to BH or DF, and HK to BC [34. 1]. 

And because, in the triangle AGK, BC is parallel to GK, 
AC is to CK, or its equal DF, as AB to BG or DE [2. 6], 
and by alternating, AC is to AB, as DF is to DE [l6. 5] ; 
and, because BH is parallel to AK, AB is to BG, or its equal 
DE, as KH, or its equal BC, is to HG or its equal EF [2, 6], 
and, by alternating, AB is to BC, as DE to EF [16. 5]; and 
since AC is to AB, as DF to DE, and AB to BC, as DE to 
EF, by ordinate equality, AC is to CB, as DF to FE [22. 51 : 
therefore the sidep about the equal angles of the triangles ABC, 
DEF are proportional, the sides opposite equal angles being 
homologous [see def. 1 5. 5]. 

8chd. — ^Equiangular triangles are similar : see def. 1. 6. 
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PROP. V. THEOR. 

Ijf the sides of two triangles CABC, DEF), about mch of their 
ant^lesf he propartumal ^AB to BC, as BE to EF; BC to JIC, 
as EF to DF; and therefore^ by ordinate equality^ AB to AC^ 
as BE to BF)^ the triangles are equiangular 9 harcing their 
equal angles opposite to the hormlogaus sides. 

At the extremes of 
any side DE, of either y^V^ 

triangle, as DEF, 
make angles EDG 
and DEG equal to 
the angles A and B 
at the extremes of 
the side AB, which 
IS homologous to 
D£ ; ihe remaining 
angle Cr of the tri- 

an^e DEG, is equal to the remaining angle C of the triangle 
ABC (32. 1). 

And, becaifse the triangles ABC, DEG are equiangular, BA 
IS to AC, as ED to DG (4. 6), and BA is to AC, as ED to 
DF (Hyp.), therefore ED is to DG, as ED toDF (ll. 5), and 
so DG and DF ai*e equal (9. 5); in like manner it may be 
proved, that EG and EF are equal, therefore the triangle DEG 
is equilateral to the triangle DEF, and of course equiangular 
to it [8. 1], and DEG is equiangular to ABC PConstr.], there- 
fore the triangle ABC is equiangular to DEF, having tlie angle 
A equal to EDF, B to DEF, and C to F [Ax. 1. 1], namely, 
having those angles equals which are opposite to the homolo* 
gous sides. 

PROP. VI. THEOIL 

JjT two triangles (JIBC9 BSF, see Jig. to priced* prop.) Iiave an 
angle (AJ of one, ^fual to an angle (EBh . of the other ^ and 
the sides about the equal angles proportional (BA to AC^ as EB 
to BFJ ; the triangles are equiangular^ having those angles 
equalf whidi are opposite to homologous sides. 

With either leg DE, of either of the equal angles A and 
EDF, and at either extreme of it D, make the angle EDG 
equal to A, and at E, the angle DEG equal to B ; the i*etnain- 
ing angle G of the triangle DEG, is equal to the remaining 
angle C ^ tte triangle ABC (S2« 1). 



' »  
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And, because the triangles ABC, DEG arc equiangular, 
AB is to AC, as ED to DG (4, 'c), but- AB is to AC, as DE 
to DF [HyiM, therefore DE is to DG, as DE is to DF (ll. 
5), and so DG and DF are equal (9. 5) ; and the angles EDG 
and EDF, being each of them equal to A (Constr. and Hyp.], 
are equal to each other (Ax. 1. 1), and DE is common to the 
two triangles EDG, EDF, therefore the triangle EDG is equi- 
angular to the triangle EDF (4. 1) ; and the triangle ABC is 
equiangular to the triangle EDG (Constr.); therefore the tri- 
angle ABC is c<iuiangular to DEF, having the angle B equal 
toDEF, and E to F (Ax. 1. 1), and therefore having those 
angles equal, which are opposite to the homologous sides. 



PROP. VIL THEOR. 

If two triangles C^iBC, DEFJ^ have an angle (C) of one, eqtwl 
to an angle (FJ of the other, and the sides about two of the 
other angles proportional ( BA to •ffC, as ED to DFj, and the 
two remaining angles {B and E) either both less, or both not less 
than a right angle; the triangles are eqniangnlar, having tlu 
angles equal, abmit which are the proportional sides. 

Let first the angles B and E be both 
less than a right angle. The triangles 
ABC, DEF are equiangular, the an- 
gles CAB and FDE being equal. 

For, if tlie angles CAB and FDE be 
not equal, let one of them, if possible, 
as CAB, be the greater, arid at the 
point A, with the right line CA, make 
the angle CAG equal to D (23. 1). 

Because, in tlie triangles CAG, FDE, the angles C and F 
are equal [Hyp,], and the angles CAG and I) also equal 
[Constr.], the remaining angles AGC and E are equal [32. 1] ; 
therefore these triangles are equiangular, and of course C A is 
to AG, as FD to DE [4. 6] : and CA is to AB, as FD to DB 
[Hyp.], therefore CA is to AG, as CA to AB (11. 5), and so 
AG and AB ai-e equal [9. 5] ; therefore tlie angles AGB and 
ABG are equal [5. 1], and therefore both acute [Cor. 17. 1] } 
and because AGB is acute, AGC is obtuse [13. l], and there- 
fore the angle E, equal to AGC, is obtuse, which is absurd^ the 
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angle E being by supposition acute. Therefore the angles CAB 
and D are not unequal^ they afe therefore equal ; and the angles 
C and F are equal* [Hyp^Ltlierefore the remaining angles B 
and E of the triangles ABC, DEF ai'c ef|ual (32. 1), which 
triangles are therefore equiangular, having the angles CAB 
and D, about which are the proportional sides, equal. 

But if the angles B and E be not less than right angles, 
the same construction being made, it may in like manner be 
proved, that the angles B and AGB are equal; whence, tlie 
angle B being not less than a right angle (Hyp.) tlie angles B 
and AGB together are not less &an two right angles ; which is 
absurd (17. 1). Therefore, as in the former case, the angles 
CAB and D are not unequal, and are therefoi*e equal, and the 
triangles ABC, DEF equiangular, having the angles CAB and 
D, about wliich are the proportional sides, equal. 

Cor.— It follows from this proposition and 4. 1, that, ** two 
** triangles, whicli have two sides of the one, severally equal to 
^^ two sides of tlie other, and the angles, opposite two of the 
'^ equal sides, equal, and tlie angles, opposite the other equal 
^^ sides, both less, or both not less, than a right angle, ai*e 
" equal in all respects.'' 

PROP. VIII. THEOR. 

/» a right angled triangle fJiBCJ^ a perpendicular C^^J^J* ^^ 
faU from the right angle C^CBJ on tlie opposite side (J^BJ^ 
divides the triangle into parts f •flJJC, BJJCJ, similar to tta 
whole, and to each other. 

For the triangles ACD, ABC, 
having the angle A common, and 
the angles ADC, ACB equal (Hyp. 
andTheor. 11. 1), ai*e equiangular 
(3£. 1) ; in like manner, the trian- 
gle BCD may be shewn to be equi- ^ 
angular to BAC ; therefore the ''^ ^ ^ 
three triangles ACD, BCD and ACB are mutually equiangulioi* 
(Ax. 1. 1), and therefore similar to each otlier (Cor. 4.6). 

Cm-. 1. Hence it is manifest, that, in a right angled triangle, a 
pMBrpendicttlar (CD), let fall from the right angle, on the oppo- 
site side, is a mean proportional, between the segments (AD^ 
DB) of the side on which it falls ; and that the other sides (AC, 
CB) are mean {Proportionals between the adjacent segments 
(AD, DB), and the whele side (AB). 
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.Cor. 9.— If a pcppcndicular (CD), let fall fi-om an angle 
(ACB) of a triangle (ABC) on the opposite side [AB),.be a 
mean proportionalbetween the segmenta (AD, DB) of that side j 
the angle, from whicb the pcrpenilicular is let fall, ia a right 

For since AD is to DC, as DC to DB, and the angles at D 
are right (Hyp.), the triangles ADC, CDB are equiangular 
(6. 6),'having the angleACD equal to B, and DCB to A ; there- 
fore the whole angle ACB is equal to the two angles A and B 
together, and therefoi-c a right angle (S2. 1). 

PROP. IX. PBOB. 

From a given, right line {^B), to cut off a required sittmuZ- 
tiple. 

Fi-om either extreme A, of the giv- 
en right line, draw AC, making anv 
angle whatever with AB, lake any 
point therein D, and, on AD pi-oduc- 
ed, take AQ a I'ke multiple of AD, as 
ABisof thepartto be cutofr(5. 1), join 
BC, and draw DF pai-allel to BC, ; 
AF is the subnmltiple required. 

For since FD is piM-allel to BC. BF is to FA, as CD to DA 
(2. 6), and by compounding, BA to FA, as CAlo DA (18. 5), 
and, by inverting, AF to AB, as AD to AC (Theor. 3. 15. 5) j 
but AD is the retjuired siibmultiple of AC, therefore AF is the 
required submultiple of AB, for if AF were greater or less thaa 
such a submultiple, its ratio to AB would be gi-eater or less than 
that of AD to AC (Theor. 1. 15. 5 and 8. 5), contrary to 
what has been dcmonstratod. 

PROP. X. PROB. 
To divide a given right litu (tSB) so, that the parts thereof, may 

have tlie same ratio to each other, as the parU {CE, EF, FD)^ 

of a given divided right line ( CD). 

From either extreme A of the given "e . y 

light line, draw AI making any angle 
witli AB, on which take AG equal to 
CE, GH to £F and HI to FD, draw 
IB, and parallel thereto GR, HL 
[31. ij, meeting AB in K and L ; and 
through G draw G\ parallel to AB 
meeting HI., IB in M and N ; K.M, 
LN are paralletograms^ and there- 
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fore GM is equal to KL^ and MN to LB^ [34. l], and of course 
RL is to LB, as GM to MN (Cor. 1. 7. 5), but, in the 
triangle GNI, because MH is parallel to NI, GM is to MN, 
as GH to HI [2. 6], therefore KL is to LB, as GH to HI 
(!!• 5), or, (Cor. 1. 7. 5), as EF to FD ; and, in the triangle 
ALH, because KG is parallel to LH, AK is to KL, as AG to 
GH, or, (Cor. 1. 7. 5), as CE to EF, and so AB is divided 
as required. 

Cor. 1. — ^Hence it appears, how a given right line may be so 
divided, that its parts inaj have the same ratio to each o^her* as 
any given right lines have to each other, the construction being 
the same, only taking AG, GH and GI equal to these given right 
lines. 

Cor. 9,. — It follows also from the demonstration of this prop, 
that, if two or more right lines (KG, LH) be drawn parallel to 
one side (BI) of a triangle (ABI), all the segments of the other 
sides (AB, AI) are proportional; it being in this proposition 
demonstrated, from the parallelism of KG and LH to BI, thai; 
the segments of AB have the same ratio to each other, as tliose 
of AI, and the same reasoningi being applicable to the case of 
more parallels. 

PROP. XL PROB. 

To two given given right lines {JIB and C) to Jlnd a third prif- 

portional. 

From an extreme A, of AB, 
draw AD, making any angle 
wh^ver with AB, take thereon 
AE equal to C, join BE, in AB 
produced take BF equal to C, 
and through F draw FD paral- 
lel to BE; ED is the third pro- 
portional required. 



% 




.-*» 



Because, in the triangle AFD, BE is parallel to FD, AIB iir 
to BF, as AE to ED (2. 6) ; but BF and AE are, each of them, 
equal to C (Constr.), therefore AB is to C, as C is to E])^ tii^. 
40 ED is the third proportional ftquired. ^ . ^ 
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PROP XII. PROB. 

To three giroem right lints (^B, C and D) to find a ^ofurth propmr* 

tional' 

From either extreme A of the 
first right;line AB, in any an- C 
gle, draw the right line AH ; D 
on AB produced, take BE 
equal to C, and on AH, AG 
equal o D, join BG, and 
through E draw EH parallel 
to BG ; GH is the fourth pro- A 
portional requii*ed. 

For, because, in the triangle AEH, BG is parallel to £13^ 
AB is to BE, as AG is to GH (£. 6) ; but C is equal to BE, 
and D to AG (Constr.;, therefore AB is to C^ as D to GH« 

Theorem 1- — ^A ratio of less BCD 

inequality (as of AB to AC) A— | 1 1 ^E 

may be so far continued, as to 

come to a magnitude greater K I H 

than any given one. F-| — I 1 G 

Let AB, AC^ AD and AE be continually proportional ; and, 
because AB is to AC, as AC to AD, by converting, AB is to 
BC, as AC to CD (Schol. 18. 5) ; and therefore because AC is 
greater than AB, CD is greater than BC (14. 5) ; in like man- 
ner it might be shewn, that DE is greater than CD ; because 
therefore there is added to the first magnitude AB, magnitndes 
continually increasing, a magnitude would be at length come 
to, greater than any given one [Post. 2. 5]. 

Theor. 2. — ^A ratio of greater inequality (as of FG to FH, 
see fig. to preced. Theor.), may be so far continued, as to corns 
to a magnitude less than any given one (AB). 

Take AC a fourth proportional to FH, FG and AB [12. 6L 
and continue the ratio of AB to AC in the terms AD, AB 
[11. 6], till a term AEbe come to greater than FG [by the pre*^ 
ced. theor.], and let the ratio of FG to FH bQ continoei 
ihroiiyh as many terms, aad let thfilast term be FK. 
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Because then there are two ranks of proportional magnitudes 
equal in number, by ordinate equality, F6 is to FK, as A£ to 
AB [d£. 5j, but F6 is less than A£ [Constr.], therefore FK is 
less than AB( 14. 5). - 

Problem. — ^Two right lines (AB and X), in a ratio of greater 
inequality, being given, to continue the ratio to any required 
number of terms, and to find the sum of the series continued 
through infinite terms. 

At the extremes of AB,draw 
AD and BE perpendicular 39 
to AB, take AD equal to AB, 
and BE and AM each equal to 
X, join EM, and because AM 
and BE are equal and paral- A 
lei (Constr. and 28. 1), ME X- 
is parallel to AB (33. 1), and 
therefore perpendicular to AD (29. 1), and so the angle EDM 
less tiian a right angle (Cor. \7. !)• and the angles D and A 
together less man two right angles, therefore AB and DE may 
be so produced towards B and E, as to meet (Theor. 29. 1), let 
them be produced to meet, as in L ; on AB produced take BC 
equal to X, and, having drawn CF perpendicular to AL, CF 
is a third proportional to AB and X; and, CG being taken 
equal to CF, the perpendicular GH is a fourth proportionalf 
and so on ; and AL is equal to the sum of the series, continued 
thWnigh iiUfinite terms. 

Part 1. — ^The triangles DAL, EBL, having the angles at A 
and B. right, and the angle L common to both, are equiangular 
(32. 1), therefore AL is to AD, as BL to BE (4. 6) ^ but AB 
is equal to AD, and BC to BE [Constr.], therefore AL is to 
AB, as BL to BC^ and, by converting, AL is to BL, as BL 
to CL fSchol. 18. 5j| and, because AL is to AD, as BL to 
3E, hf alternating, AL is to BL, as AD to BE [16. 51, in 
like manner it might be proved, that BL is to CL, as BE to 
CF ; whence, AL having been proved to be to BL, as BL to 
CL ; AD is to BE, as BE to CF ; and, in like manner it may 
be shewn, that the other perpendiculars are proportional. 

Part 2. — Because AD is to AL, as BE to BL, and AD is 
less than AL, BE is less than BL [Cor. 13. 5], and, in like 
manner, CF, GH, &c. may be shewn to be less than CL, GR^ 
&c. therefi>re the whole series of proportionals is not greater 
than AL. And the whole series is not less than AL, for, if 
possible, let it be less than AL by any right line, as Z, and 
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PROP. XV. THEOR. 




Of equal triangles {JiBC, DBF), having an angle (JiCB) of one, 
equal to an angle (F) of the other, the sides about the equai 
angles are reciprocally proportional {EC to JFE, as FD to JiC). 
Jifid triangles (ABC, DEF), which have an angle {ACB) ^ 
one, equal to an angU (F) of the other, and the sides about ike 
equal angles redprocaUy proportional, are equal. 

Part 1— On BC and AC 
produced, take CG equal to 
FE, CH to FD, and join 
AG and GH. 

The angle HCG is equal 
to BCA [15. l],or, which is 
equal [Hyp.], the angle F ; 
whence, tiie triangles UCG, 
DFE, having also the sides 
HC, CG severally equal to 
DF, FE (Constr.), are 
equal (4. 1); and the trian- 
gle ABC is equal to DFE (Hyp.), therefore the triangles ABC 
and HCG are equal (Ax. 1.1); therefore the triangle ABC u 
to ACG, as HCG to the same ACG (7. 5) ; but the triangk 
ABC is to ACG, as BC to CG, and HCG to ACG, w HC to 
CA(1. 6), therdbre BC is to CG, as HC to CA (11. 5), and 
FE is equal to CG, and FD to CH (Constr.), therefore BC is 
to FE, as FD to CA [7. 5]. 

Part 2.—- The same construction remaining, the triangles 
HCG and DFE may, in like manner as in part 1, he proved 
equal ; and, since BC is to FE, as FD is to CA [HypJ, and 
CG is equal to FE, and CH to FD (Constr.), BC is to CG, as 
CH to CA (7. 5) ; but the triangle ABC is to ACG, as BC to 
CG, and HCG to ACG, as CH to CA (1. 6), therefore the 
triangle ABC is to ACG, as HCG to the same ACG (11. 5), 
and therefore the triangle ABC is equal to HCG (9* 5), or to 
its equal, as mentioned above, the triangle DFE* 
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PROP. XVI. THEOIL 
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IJ Jmr right lines' fJi, Bj C and DJ he pft^rfumal, the rect- 
angle under the extremes fJ and DJ9 is equal to the rectangle 
under the means (B and CJ. Jnd four right lines CAf B, C 
and DJ, the rectangle under the extreme f J and DJ of which, 
is equal to the rectangle under the means (B and C)» are pro- 
portionaL 

Part 1. — Draw the 

rif^ht lines FE and LK ^- 

equal to A and B, draw B' 

LM and FG perpendl- c - 

cular to them, and 2>- 

equal to C and D, and Cr 
complete the parallelo- 

fframs GE and MR 

(Cor. 6. 34. 1). ^ E li iK 

Because then, in the parallelograms GE and MK, the angles 
F and L are equal, being right (llieor. at 11. 1), and FE to 
LK, as A to B (Constr. and Cor- 1. 7. 5), or, which is equal 
(Hyp.), as C to D, or, which is equal (Constr. and Cor. 1. 7. 
5), as LM to FG, and therefore the sides about the equal angles 
F and L being reciprocally proportional, the parallelogram 
GE is equal to MK (14. 6). 

Part 2. — ^The same construction remaining, because the 
parallelograms GE aad MK are equal (Hyp. and Cor. 3. 34. 
1), the angles F and L being equal (Constr. and Theor. at 
11. 1), FE is to LK, as LM to FG (14. 6), and therefoi^ A Is 
to B, as C is to D (Constr. Cor. 1. 7. 5 and 11. 5]. 

PROP. XVIL THEOR. 

Jf three right lines {Ji, B and C) be proportional, the rectangle 
under the extremes (Ji and C), is equal to the square of the 
mean (H). Jind three right lines (A, B and C)^ the rectangle 
under the extremes of which is equal to the square of the mean, 
are proportionaL ' 

Part 1.— Take D equal to B (3. 1.) ; A— — — ^ — 

AistoB, asD istoC (Hyp. and 7. B 

5), therefore the rectangle under A and C 
' C is equal to the rectangle under B mA 
B (16. 6)f or, to the square of it. 
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Part Sfi^The same construction remaining, the rectangle 
under A and C, being equal to the square of B (Hyp.), or, to 
the rectangle under B and D, A is to B, as D is to C (16. 6), 
and tlierefore, being B equal to D (ConstrOf A is to B, as B is 
to C (7 and 11. 5). 



PROP. XVIIL THEOR. 

On a given fight line {*AB)f to describe a rectilineal Jiguref similar 
and $itnilarly posited to a given rectilineal Jigure {KUflJ^O). 



JKT.. 




Join KM, KN, 
and, with the right 
line AB, at the 
points A and B, 
make the angles 
BAC and ABC 
equal to the angles 
LRM and ELM; 
the angles BAC and 
ABC, being equal to LKM and ELM [Constr.], are less than 
two right angles [17. 1], therefore AC and BC meet as in C 
[Theor. at 29. 1], and the remaining angle ACB of the tri- 
angle ABC is equal to EML [32. 1] ; in like manner describe 
on AC, a triangle ADC equiangular to E^M ; and so on. 

The triangles ABC, ACD, &c. are equiangular to the tri- 
angles ELM, EMN, &c. (Constr.) and therefore similar (Cor. 
4. 6) ; therefore the angle B is equal to If, and, adding equals to. 
equals, the angle BCD to LMN(Ax. 2. 1), and, in like man- 
ner, the other angles of the figure ABCDE may be proved equal 
to the other angles of the figure ELMNO, therefore these 
figures are equiangular ; and, because of the similar triangles 
ABC, ELM, AB is to BC, as EL to LM, and BC to CA, as 
LM to ME (Def. 1. 6), and, because of the similar triangles 
ACD, EMN, AC is to CD, as EM to MN, whence, BC 
having been sliewn to be to CA, as LM to MK, by equality, 
BC is to CD, as LM to MN; and it may, in like manner, be 
proved, that the sides about the other angles of the figui*es 
ABCDE and ELMNO are proportional ; whence, these figures^ 
having been proved to be also equiangular, are^ similai' (Def. 1. 
6), and so there is described on AB, a rectilineal figure, similar 
and similarly posited to the rectilineal figure ELMNO^ as was 
required. 
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PROP. XIX. THEOIL 



Similar triangles C^BC, DBF J, are to eadi other in a duplicaU 

ratio of their homologous sides. 




On any side of either of 
the triangles, as AB, pro- 
duced if necessary, take 
AG a third proportional to 
AB, and the side DE, of 
the other triangle, which 
is homologous to it [11. 6], 
and join CG. 



Because, then AC is to AB, as DF to DE [Hyp. and DeL 
1. 61, by alternating, AC is to DF, as AB to f)E [16. 5], 
but AB is to DE, as DE to AG [Constr.], therefore AX? i» to 
DF, as DE to AG [11. 5], and the angles A and D are equal 
[Hyp. and Def. 1. 6], therefore the triangles CAG and FDB 
are equal [15. 6], and, of course, the triangle ABC has the 
same ratio to each of them [7. 5] ; but the &iangle ABC is to 
AGC, as AB to AG [l. 6], therefore the triangle ABC is to 
DEF, as AB to AG, or in a duplicate ratio of ttio homologous 
sides AB^ DE [Constr* and Def. 14. 5]. 
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PROP. XX. THEOR. 

Similar pdygaiis (ABCBE and KLMJWJ, may he divided into 
an equal number of similar trianglesj huving the same ratio to 
each other 9 as the polygons haroe ; and tlie polygons are to eath 
other in a duplicate ratio of their iiomologous sides. 

Part 1 Join AC, 

AD, KM, KN ; and, 
because the polygons 
are similar, the an- 
gles B and L are 
equal, and AB is to e 
BC, as KL to LM 

[Def. 1. 6], there- _^ 

fore the triangles A tv TC' — ^li 

A6C and KLM are similar [6. 6 and Cor. 4. 6] ; and because 
the angles BCD, LMN are equal [Hyp. and DeC 1. 6], taking 
from them the equal angles BCA, LMR, the remaining angles 
ACD, KMN are equal ; and hecause AC is to CB, as KM to 
ML, and BC to CD, as LM to MN [Hyp. and Def. 1. 6], by 
equality, AC is to CD, as KM to MN [22. 5] ; and thei-efore, 
because of the equal angles between them, the ti*iangles ACD^ 
K!MN are similar [6. 6 and Cor. 4. 6] ; and in like manner tl|0 
other triangles may be shewn to he similar. 

Part 2. — Because the ti*iangles ABC and KLM are similarj 
tliey are to each other in a duplicate ratio of AC to KM [19. 
6], for a like reason, the triangles ACD and KMN are to each 
other in a duiJirati*. ratio of AC to KM, therefore the triangle 
ABC is to KLM, as ACD to KMN [Cor. 3. 22. 5] ; in like 
manner it may he proved, that the triangle ADE is to KNO, as 
ACI) to KMN ; therefore as one of the antecedents is to its 
consequent, so are all the antecedents to all the^ consequents 
[12. 6], or the polygon ABCDE to the polygon KLMNO. 

Part 3. — Because the polygon ABCDE is to the polygon 
KLMNO, as the triangle ABC tx) the triangle KLM [by part 
2], and the triangle ABC is to KLM in a duplicate ratio of AB 
to KL [19. 6], the polygon ABCDE is to the polygon KLMNO 
in a duplicate ratio of AB to KL [11. 5]. 

Cor. 1.— The homologous sides of similar i*ectilineal figures 
tre to each other, in a subduplicate ratio of the figureie^ 
fhemselves. 
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Cor. 2. — If three right lines be proportional, a rectilineal 
il^re described on the first, is to a similar and similarly 
posited one on the second, as the first is to the ttiitd. 

Cor. 3. — 'Similar rectilineal figures, are as ihc squares of their 
jhomologous sides, both the figures and squares being in a dupli- 
cate ratio of the same right lines. 




PROP. XXL THEOR. 

Rectilineal figures (A and BJ^ wlieli arc cimlar to the same 

CCJ, are similar to each other. 

Because the rectilineal figure 
A is similar to C [Hjp.], it is 
equiangular to it, and has the 
sides about the equal angles 
proportional [Def. 1. 6] ; and 
because B is similar to C 
[Hyp.], it is equiangular to it,- and has the sides about the eqnal 
angles proportional (Def. 1*6); therefore A and B are equian- 
^lar to each other (Ax. I. 1), and ha'Te the sides about tb^ 

aual angles proportional (11, 9), and ara therefore similar 
kf. 1. 6]. 

PROP. XXII. THEOR. 

If on tlie two first ("A and BJ, of four proportbmal right lines CJi^ 
B, C and D ), rectilineal figures (E and FJ, simUar and siw^ 
larly posited, be described, and also on the two last fas G and H 
on C and D) ; these fibres are proportional. Jtud ifref^tilintal 
figures so described oH four right line$ be proporHo^ui, the right 
lines themselves areproportUnHUf 








Part 1.— The ratios of B to F and of G to H, being duplicate 
of the equal ratios of A td Vahd of C to D [SO. 6J, are equal 
[Cor. 3. 22, 5]. 
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Part 2 ^The ratios of A to B and of C to D, being subda- 

plicate of the equal ratios of E to F and of G to H [Cor. 1. 20, 
6], are equal [Cor. 5. 22. 5]. 



PROP. XXIII. THEOR. 

Eq^iiangkd parallelograms (AC and HFj^ are to eadi other, in a 
ratio^ compounded of the ratios oj tlie sides (oj dB to HG, and 
of CBtoUEj. 

On AB and CB produc- 
ed, take f^ equal to HG, 
and BL to HK, and com- 
pl te the parallelograms 
BN and BM [Cor. 6. 
54, IJ. 

iu the paralleIogi*ams 
BM and UF, the angle 
LBK is equal to ABC [15. 
l], or, which is equal 
[Hyp.] the angle H, and 
the sides about these angles 




P_ Q R 



are equal (Constr.], therefore these parallelograms arc equal 
(Cor. 2 and 3. 34. 1) ; and the ratio of AC to BM, or its equal 
HF, is comi)ounded of the ratios of AC to BN, and of BN to 
BM (Def. 13. 5J, or, AB being to BK, as AC toBN (1. 6), and 
BC to BL, as BN to BM [by the same], in a ratio compounded of 
the ratios of AB to BK or HG, and of CB to BL or HE. 

C&r. 1. — By a similar i-easoning it may be proved, tliat tri- 
angles, which have an angle of one, equal to an angle of the 
oilier^ are to each other, in ^ ratio, compounded of the ratios^ 
of the sides including the equal angles, 

Cor. 2. — A right line may be found, to which a given right 
line has the same ratio, as two equiangled parallelograms AC 
find HF have to each other- 
Take V a fourth proportional to AB, HG and O [12. 6], and 
Q a fouHb proportional to CB, BE and P [by the same]. The 
right line is to Q, in a ratio compounded of the ratios of O 
to P and of P to Q [l>cf. 13. 5], or of the ratios, equal to them 
[Constr.], of AB to HG and of CB to BK, and therefore 
[23. 6} as the parallelogram AC to HF. Therefore Q is the 
right Ime sought. 
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Cor. 3.— -A square may be found, to which a given square has 
fhe same ratio, as two cquiangled parallelograms AC and HF 
have to each other. 

Let O be the side of the given square ; find a right line Q, to 
which O has the same ratio, as AC has to HF [by preced. cor.] ; 
rind a mean proportional R, between O and Q [Id. 6]. The 
square of O is to the square of R, as O is to Q ]Cor. 2. 20. 6], 
or, which is equal (Constr.)^ as the parallelogram AC to HF. 
Therefore R is the side of tlie required square. 

Cor. 4. — And since a rectangle may be made equal to any 
given rectilineal figure (45. 1), a right line or square may be 
found, to which a given riglit line or square has the same ratio, 
as any two given rectilineal figui*es have to each other. 

Cor. 5. — The amount of the compound of two ratios is not 
altei*ed, by shifting the consequents to different antecedents. 

For the compound of the ratios of AB to HG and of CB to 
HE, is equal to the compound of the ratios of AB to Hfcl and 
of CB to HG, each being equal to Die ratio, which the paral- 
lelograms AC and HF have to each other (23. 6). 

Cor. 6 If, in two A B— C D 

t*anks, of four pi*opor- E F G — H 

tional right lines each (A 

to B, as C to D, and E to F, as G to H), any two correspond- 
ing extremes be equal ; the other extremes are to each other, in 
a ratio, compounded of the ratios of the means to each otlier. 

And if any two corresponding means be equal, the other 
means lEire to each otlier, in a ratio, compounded of the ratios 
of tte extremes to each other. 

Tart 1. — ^Let the last extremes D and H be equal ; A is to E, 
in a ratio, compounded of the ratios of B to F and of C to G. 

The rectangle under A and D, is equal to that under B and C 
(16. 6), and the rectangle under E and H, to that under F 
and G (by the same) ; therefore the rectangle under B and C is 
to that under F and G, as the rectangle under A and D to that 
under E and H (Cor. 1. 7. 5)9 or, D and H being equal (Hyp.), 
as A is to E (l. 6 and 11. 5) ; but the rectangles under B and 
C, andjander F and G, are to each other, in a ratio, compound- 
. ed of the ratios of their sides (23. 6J ; tlierefore A is to E| 
in a ratio^ compounded of the ratios or the same sides, namely, 
4)fBtoFa$Bdof CtoG. 
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Part 2. — If the first extremes be equal ; since^ b j invertihg 
all the term? of each series^ the first extremes become the last^ 
and tlie contrary, the truth of the corollary is manifest from th« 
preceding part. 

Part 3. — And if two corresponding means be equal, sin<% 
by shifting the two first terms of each series, to the place of the 
two last, and the contrary, the extremes become means, and the 
means, extremes ; the ti*uth of the corollary, in this case, is 
manifest from the fii'st and second parts. 

Cor. 7. — Parallelograms or triangles are to each other, iti a 
ratio, compounded of the ratios of their .bases and heights ; for 
they are equal to i*ectangles, or right angled triangles, of eqaal 
bases and heights. 



PROP. XXIV. THEOR. 



In every parallelogram C^^Jf parallelograms (EH^ GFJ, 
which are about the diagonal, are similar to the whde, and to 
each other. 

The parallelograms DB and 
GF, having the angle at A com- 
mon, are equiangular (Cor. 2. 34. 
1) ; and, because of the parallels 
6K and DC, tlie triangles AGK 
and ADC are equiapgular (29. 1). 
and therefore similar (Cor. 4. 6), 
therefore AG is to GK, as AD to 

DC (Def. 1. 6); whence, the parallelograms GF and DB, 
having their other sides equal to AG, Gr, AD and DC (34. 
1), have the sides about the equal angles proportional, and, hav- 
ing been proved to be equiangular, are similar (Def. 1. 6). 

In like manner it may be proved, that the parallelograms EH 
and DB are similar. 

And, because the parallelograms GF and EH are similar t» 
the same Dfi^ they are similar to each other (ih 6)* 
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PROP. XXV. THEOR. 



lb consUtute a redUineal fi^ire, eqfiial to a f;ivtn one (BJp and 

rnnStar to amother pven one (MCJ. 

To any side 
BC, of tiie rec- 
tilineal fi^re 
ABC9 apply the 
parallelogram 
ttEy in any an- 

S|le» emid to 
iBC (Cor. 45. 
1), aiul to the 
nght line CE, 

apply the parallelogram CM equal to D, having the angle 
FCE equal to CBL : BC and CF are in the same right line 
(8|9 and 14. I) ; between BC and CF, find a mean proportio- 
nal GH (la. d) ; the figuuw described on OH, similar and simi- 
larly posited to ABC (18. 6), is equal to D. 

For Sie parallelogram BE is to CM, as BC to CF (1. 6), 
or in a duplicate ratio of BC to 6H (Constr. and Def. 14. 5), 
and, therefore, as the rectilineal figure ABC described on BC, 
to, ttie similar and similarly posHm figure GHK described on 
GH (20. 6) : whence, the parallelogram BE beinff equal to 
AJBC (Constr.), CM is equal to GHK (14. 5); but CM is 
eqoal to D (Constr.), therefore GIIK is equal to D (Ax. 1- 1)» 
and so .tiiere is constituted a figure GHK e^ual to D, and simi- 
lar to ABC, as was required. 
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PROP. XXVI. THEOR. (Set MteJ. 

ijf two similar and similarly posited paraUelogramSf (DB^ OS), 
have a common angle (DABJ^ tliey are about the same dior 
gonal. 

For if not, let the parallelo- 
gram DBy if possible, have its 
diagonal in a different right line 
from the diagonal AF of CE, as 
AHC, meeting one of the sides 
GF of the parallelogram GE 
in H, and through H draw HK 
parallel to AD. 

Because the parallelograms DB and GR, being about liift 
same diagonal AHC, are similar (24. 6), GA is to AK» as DA 
is to AB (Dcf. 1. 6) ; but GA is to AB, as DA is to AB (Hyp. 
and Def. 1. 6) ; therefore GA is to AK, as GA is to AE 
(11. 5), and so AK and AE are equal [9. 5), part and whole, 
which is absurd. Therefore AHC is not the diagonal of DB. 
In like manner it may be shewn, that the diagon^ AC^ of fhe 
parallelogram DB, does not meet the sides GF or FB^ of Hie 
parallelogram GE, in any other point, except F, therefore fhe 
parallelograms DB and GE ai-e about the same.diagonal AFC.. 




PROP. XXVIL THEOR. 

Of all parailelograms applied to the same right line (dJC), dt^ 
dent by parallelograms similar and sinnilarly posited to wot 
(AE or CL), which is described on the half line ""AC or CBJ, 
that (AEJf which is described on the half line, and is simtter 
to its defect (CLJ, is tlie greatest. 

First, let the parallelogram 
AG, applied to AB, and defi- 
cient by the parallelogram DH, 
similar to AE or CL, be des- 
cribed on a part AD greater 
than the half AC. The paralle- 
logram AE is greater than AG. 

Complete the parallelogram 
QLj and join EB ^ and^ because 
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DH and CL are similar [Hyp.], EB is the diagonal of each 
(26. 6), and therefore CG is equal to GL (43. 1) ; adding to 
each DH, CH is equal to DL ; but CM and CH are equal 
(Hyp. and 36. 1), therefore CM and DL are equal; add to 
each CG9 and AG is equal to the (nomon CHK, and tiittrefors 
less than CL, or its equal AE. 



Secondly, lot the parallclo- 

Sram AG, applied to AB, and 
eficient by a parallelogram 
DM similar to AE or CL, be 
described on a part AD less 
than ttie half AC. The paral- 
lelogram AE is greater than 
AG. 

Complete the parallelogram 
EH, and join GB, which, be- 







D C 

cause DH'and CL are similar, is the diagonal of each (26. 6), 
and therefore DE is equal to EH (43. 1); but FE and EL are 
equal (Hm and 34. l), therefore the parallelograms Mfi, EH 
are equal (36. 1), and of course DE is equal to ME (Ax. 1. 
1), and therefore greater than its part MR.; adding to each 
AK, the whole AE is greater ihan the whole AG (Ax. 4. 1). 



Schol. — ^It is manifest, that the parallelogra 
eases, the excess of AE above AG, which e 
iiished by diminishing CD. 



m EG is, in botk 
of course is dimis 
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PROP. XXVIII. THEOR. 



To agiven right line CAB), to apply a parallelogram, equal to h 
given rectUineai figure (0 , arid deJUient by a panJmjgrdm 
similar to a given parallelogram (P). But the recftlinuA 
figure aught not to he greater than the parallelogram appli^ to 
half the given right line, whose defect is similar to the given 
parallelogram. 

Bisect AB in C, on 
AC, descrit^e the pa- 
rallelogram AEf simi- 
lar and similarly po- 
sited to the given one 
P (18. 6), and com- 
plete the parallelogram 
AL (Cor. 6. 34. 1). - 

.The parietllelogram 
AE^ is leither equal to, 
or 'ffff^i^T than, the 
reppuiueal figure 

[Hyp- 

-, If equal, what was 

reqiyirc^ is done. For 

to the ri^f line AB, 

the parallelogram A£ is applied, equal to 0, and ddScient By 

CL, similW ta P. 

If AE be greater than O, make the parallelogram QRST 
equal to the excess of AE above O, and similar and similarly 
posited to P (14. 2. Cor. 2. 47. 1 and 25. 6); and, since the 
jMtfaltelogram QS is less than AE, it is less than CL, which is 
equid to AE (36. 1) ; but QS is similar to CL, being each of 
them similar to P (21. 6) ; therefore the sides QT, TS are lesa 
than the sides homologfius to them CE, EL ; take from CE, 
EL, the parts EN equal to QT and EK to TS, and complete 
the parallelogram NK (Cor. 6. 34. 1), which is similar to CL^ 
the parallelograms MK, CL being each of them similar to QS^ 
and therefore to each other (21. 6), and, being similarly posit- 
ed, are about the same diagonal (26. 6) ; let this diagonal be 
EGB, and produce KG to D, and NG to M and H; and, be- 
cause the parallelogram CL is equal to and QS together 
(Constr.), and MK is equal to QS, the gnomon CHK is equal 
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to ; but OG and GL are equal [43. IL audt adding to each 
DH, the pandlelogram CH is equal to DL ; and ATS is equal to 
CH (Constr. and 36. 1), therefore AN is equal to DL, adding 
to each CG, AG is equal to the gnonum CBK^ ; but it has 
been proTed, that the gnomon CHK is ^usl to 0^ fheriD- 
fore AG is equal to 0, and DH is similar to Ch . {fti. j5), 
and therefore to P (Constr. and 21. 6)» Hierefore there m 
applied to the given right line AB, a parallelogram AG equal tQ 
0, and deficient by a parallelogram DH^ aimilar to P^ as wm 
required. 

PROP. XXIX. PROB. 

To a given right line fJiBJ, to apply a paraUdograni9 equal to m 
given rectilineal Jigure (OJ^ ani exceeding by a paraUelografn 
similar to a given parallelogram (TJ. 




Bisect AB in C, and on CB make the parallelogram CL simi- 
lar and similarly posited to P [18. 6]; make the parallelogram 
QS equal to CL and together, and similar and similarly posit- 
ed to P (14. 2. Cor. 1. 47. 1 and 25. 6); and because QS is 
neater than CL, its sides QT and TS i^ greater than the 
Eoo^fogmis sides CE and EL of the paralldojgram CL ; on 
fliese produced, takeEK cmaltoTS ^tf JEN equal to TQ; 
complete the parallelogram *NK (Cor. 6. '34. iV'which is equal 
and similar to QS, and therefore similar to HjL ; but it n aKw 
similarly posited to it, therrfore NK and CI4 ftre about the same 
diagonal (^6. 6) \ draw their diagonal EPQ, through A, draw 
AM pflmUel to CN, meeting GN proctvced in M^ and letX%, 
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CB producedf meet M6, GK in H and D ; and, because QS ig 
equal to CL and together [Constr.], and NR equal to QS, [Cor. 
3. 54. 1)9 NK is equal to CL and together ; take away the com- 
non part CL, and the gnomon NDL is equal to ; hutf because oi 
the equals AC, CB, the pai*allelogram MC is equal to NB (36. 
1 , or its equal (43. 1) HK; adding to each ND, the parallelo- 
gram MD is equal to the gnomon NDL, or its equal O ; and HD 
is similar to CD (24. 6), and therefore (Constr.) to P. There is 
therefore applied to the right line AB, a parallelogram MD9 
equal to O, and exceeding by a parallelogram HD similar to Pt 
as was required. 



PROP. XXX. PROB, 



To cut a gixen right line (AB) in extreme and inean ratio. 

On AB describe the square CB (46. 1), and ^ 
to AC ajqily the parallelogram CD equal to 
BC, exceeding by a figure AD similar to I^C 
(29. 6) ; and because AD is similar to the 
square BC, it is itself a square ; and since 
BC is equal to CD, taking from each the com- 
mon part !.'£, BF is equal to AD ; but it is 
also equiangular to it, therefore EF is to KD, 
as A£ is to £B [14. 6] ; but EF and ED are 
equal to AB and AE, therefore AB is to AE, 
aa AK is to EB, and so AB is cut in extreme and mean ratio 
<pf* 2. 6). 



Otherwise. 



Divide AB in E, so ^hat tiie rectangle under AB and EB 
may be equal to the square of AE (1 1. s), and AB is to AE^ 
as AE to EB (17. 6), and so AB is cnt in extreme and meiin 
ratio (Det S. 6). 
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PROP. XXXI. THEOR. 



Iff on iki $ide$ of a right amgUi triangle fABCJ^ nniUar a$ii 
stmsbirty poriUd rechlineal fgwrei be de9cribed ; that which u 
described on the ride (^B) oipporiie the right angle, ie equal to 
the other two taken together. 

Let fall the perpcndicalar CD from 
ttie right angle on the opposite Ride AB, 
and AB is to AC, as AC to AD (Cor. 
1. 8. 6) ; therefore the figure on AB is 
to the similar one on AC, as AB to AD 
[Cor. 2. 20. 6] ; in like manner it may 
be proved, that the figure on AB is to 
that on BC, as AB to BD ; therefore 
tlie figore on AB is to the two figures 

on AC and CB tomthcr, as AB to AD and DB together 
(Theor. 3. 15. 5 and 24. 5) ; but AB is equal to AD and DB 
together, therefore the figure described on AB is equal to the 
similar figures on AC and CB together (Cor. 13. 5). 

Cor, — ^Hence any number of similar rectilineal figures being 
given, a rectilineal figure may be found equal to them all, by 
the aid of Cor. 1. 47- 1. And two similar rectilineal figures 
being given, one may be found equal to their difference, by the 
aid of Cor. 2. 47. 1. 




PROP. XXXII. THEOR. 

If two triangles C^BC, BDE), which have two rides CM, CB) 
of one, praportUmal to two sides (BE, ED J of the other (JC 
to CB, as BE to ED J, he so joined at an angle, that the homo- 
logous rides may heparalld (JiCto BE, and CB to ED J, and 
the sides f^B, BE J, whidi are not hamdU^aus, may cmstUniie 
the angle at wkuh they ore joined, the remaining sides f^B 
andBDj are in the same right Une. 

For, because AC and BE are 
parallel, the alternate angles C 
and CBE are equal (29* 1) $ and, 
in like manner, because CB and 
ED are parallel, the angles E 
and CBE are equal; thoKJbre 
the anj^e C is equal to E ; and 
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because the sides of the triangles ACB, BED about tliCuse equal 
angles are proportional [Hyp.], these triangles are Cf^uiangular 
(6. 6)9 and therefore tlic angle A is equal to EBD; anid the 
angle C is equal to CBE^ therefore the angles A and C together, 
are equal to the angle CBD ; to each add the cooimon angle 
ABC, and the three angles A, C and ABC are equal to the two 
angles CBD and CBA ; but the three angles A, C and ABC of 
the triangle ABC are equal to two right angles (32. 1), there- 
fore the angles CBD and CBA are together equal to two rij^bt 
angles, and of course AB and BD are in tlie same right line 
(14. 1). 

PROP. XXXIIL THEOR. 

In equal circles, angles, whether at the centre fas ACB, DFRJ^ 
or at the drcunifereiice fas AGB, DUE J, are to each otlier, m 
the arches C^^f J^^Jy on whidi they stand. Jis are also the 
sectors (JCB, BFEJ. 

Part 1— Let DK, 
SJL, L£ be any nuni« 
ber of equal parts, in- 
to which the arch DE 
is * divided, on AB 
take as many parts 
AM, MN, NO, OP, 
as are in AB equal to 
DK (Cor. 1. 4), un- 
til a part PB remain 
less than DK, and 
join FK, FL, CM, 
CN, CO, CP. 

Because the arches DK, KL, LE, AM, MN, NO and OP are 
equal, the angles DFK, KFL, LFE, ACM, MCN, NCO and 
OCP are equal (£7. 3), and the arch PB being less than DK, 
the angle PCB is less than DFK, therefore the angle DFK and 
arch DK are equisubmultiples of the angle DFE and i^rch DE, 
and are contained equally often in tiie Migle ACB and arch AB* 
In like manner it may be proved, that any other eqoisubmulti- 
ples of the angle DFE and arch D£, are contained equally 
often in the angle ACB and arch AB ; therefore the angle AVA 
is to the angle DFE, as the arch ^A8 is to tiie arch DE (Dcf. 
5. 5). 
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Part 2.~And the angles AGB, DHE being halves of the 
angli)s ACBy DFE [SO. 3], are to each other, as these angles 
[15. 5], and therefore (by part 1 and 11. 5), as the arches AB, 
DE. 

Part 3. — ^The sectors ACB, DFE may be proved to be to 
each other, as the arches AB, DE, in the same manner, as in 
part 1, the angles ACB, DFE are proved to be to each othei* 
m that ratio ; only substituting for the words, angle and angleSf 
the words sector and sectors, and for S7. 3, Cor. I. 29. 3. 

CSor. 1. — ^An angle (ACB) at the centre of a circle, is to four 
right angles, as the arch (AB) on which it stands, is to the 
whole circumference. 

For the angle ACB is to a right angle, as the arch, on which 
it stands, is to a fourth part of the circumference (33. 6) ; and 
iherefere (Theor. 1. 15. 5 and £i2. 5), the angle ACB is to 
four rigiit angles, as tlie ai*cli AB is to the whole circumfe- 
rence. 

CSor. 8. — ^Arches of unequal cii*cle8, which subtend equal 
angles at the centre, or at tlie cii*cumfei*cnce, have equal ratios 
to their whole circumferences. 

Port l.-^If the equal angles be at the centre, the ratios of the 
arches to their whole circumferences, are each of them equal to 
that of either of the equal angles to four right angles [by preced. 
Cor.], and therefore to each other [11. 5]. 

Part 2. — If the equal angles be at the circumference, since 
angles at tiie centre, insisting on tlic same arches, are double to 
them (20. 3), and therefore equal (Ax. 6. 1), the ratios of the 
arches to their whole circumferences are equal by part I. 

Theor. 1. — {See note.) If there be two magnitudes (AB and 
CD), and two others (EF and GU) both severally less tlian 
them, and the latter, by repeated augmentations, always, in 
-such augmentations, retsaning the same ratio to each other, and 
being less than the former, approach continually nearer and 
nearer to equality witli the same former, so as at length to be 
deficient of them, by magnitudes less than any given ones ; the 
former ai-e to each other in the same ratio. 

Let EF, EI, EK, kc. and X Z 

6H, GL, GM, &c be tlie con- A |*B C l-D 

tinually increasing magni- 
tudes; and if the ratio of AB FI H L 

to CD be not equal to tiiat of E \A*K G l-i-M 

JEF to GH, let it, if possible, 

be^greater or less than it; and first, let it be g^reater, and let 
Im « nagnitttde, ^hich is to CD, as EF to GH, which is 
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less than AB (Hyp. and 10. 5)9 let XB be the excess of AB 
above AX, and let EF, EI, EK, GH, GL, GM, &c. be con- 
tinued, till EK may want of AB by a magnitude less than XB 
(HypOf therefore EK is greater than AX, and the ratio of EK 
to CD is greater than that of AX to CD [8. 5], or [Constr.] 
of EF to GH, or, which is equal (Hyp.), of EK to GM; since 
therefore the ratio of EK to CD is greater than that of the same 
EK to GM, CD is less than GM (10. 5), contrary to the sapr 
position. Therefore the ratio of AB to CD is not greater than 
that of EF to GH. 

Let now the ratio of AB to CD be, if possible, less than of 
EF to GH, and let CZ be a fourth proportional to EF, GH 
and AB, the magnitude CZ is less than CD [Hyp., and 10. 5], 
let ZD be the excess of CD above CZ, and let EF, EI, GH, 
GL, &c. be continued, till GM may want of CD by a magni- 
tude less than ZD (Hyp )» therefore GM is greater than CZ, 
and the ratio of EK to CZ greater than of EK to GM (a. 5), 
.or (Hyp.) of EF to GH, or (Constr.), of AB to CZ; Binoe 
therefore the ratio of EK to C^Z is greater than of AB to tiie 
same CZ, tiie magnitude EK is greater than AB [lO. 5]f con* 
trary to the supposition ; therefore the ratio of AB to CD is 
not less than of EF to GH ; and it has been shewn, not to be 
greater than it ; therefore the ratio of AB to CD, is equal to that 
of EF to GH. 

Theor. 2. — If tiiere be two magnitudes (AB and CD), and 
two others (EF and GH) both severally greater thui them, and 
the latter, by repeated diminutions, always, in such dimina- 
tions, retaining tiie same ratio to each other, and remaining 
greater than the former, approach nearer and nearer to equali- 
ty with the same former, so as at lengtii to* exc^ them, by 
magnitudes less than any given ones ; ttie former are to ead^ 
other in the same ratio. 

Lot EF, EI, EK, &c. and B 

GH, GL, GM, &c. be the A |-X 

continually decreasing mag- 
nitudes; and, if the ratio of KI .ML 

ABto Cl> be not equal to E H-F G l-i-H 

that of EF to GH, let it, if 

possible, be greater or less than it ; and firsts let it be greater, 
and let CZ be a fourth proportional to EF, GH and AB, the 
magnitude CZ is greater than CD (Hyp. and 10. 5), let DZ 
1>e the excess of CZ above CD, and let EF EI, GH, GL, &c. 
be continued, till GM exceed CD by a magnitude i«B than 
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BZ [Hyp.], therefore GM is less than CZ, and the ratio of iSK to 
CZ is less than of EK to GM [8. 5\ or [Hyp.], of EF to GH, or 
[Constr.] of AB to CZ ; since then the ratio of AB to CZ is 
greater than of ER to the same CZ, Utii magnitude AB is 
greater than EK (10. 5), contrary to the supposition, flierefore 
the ratio of AB to CD is not greater than of EF to GH;. 

Let now the ratio of AB to CD be^ if possible, less tlian of 
EF to GH, and let AX be to CD, as EF to GH, AX is greater 
than AB (Hyp. and 10. 5), let BX be the excess of Ax above 
AB, and let EF, EI, FQ, FL, &c. be dontinued, till EK a- 
ceed AB by a hiagnitude less than BX [Hyp.], therefore AX is 
greater than EK, and the ratio of GM to AX is lesd than of GM 
to £R (8. 5), or (Hyp.) of GH to EF, or (Constr. and Theor. 
S. 15. 5) of CD to Ax ; since therefore the ratio of CD to AX 
is greater than of GM to the same AX, the magnitude CD is 
greater than GM (10. 5), contrary to the mpposition ; tiierefore 
the ratio of AB to CD is not less than of EF to GH, and it 
has been shewn, not to be greater than it ; therefore the ratio of 
AB to CD, is equal to that of BF to GH. 
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FXEJilENTS OF PLAIN TRIGONOMETRY. 



Tkigonometry, is that science, whereby, from having cer- 
tain sides or angles of triangles given, tlie ojiher sides and angles 
may be found. 

As these triangles are of two kinds, namely, those which^ 

being in a plain, are bounded by right lines, and those which, 

being on the surface of the globe, are bounded by arches of 

great circles of the ^lobe ; trigonometi*y is usually divided into 

Wo kinds, Plain and Spherical. 

Plain Trigonometry f is that, which treats of plain triangles. 

JVbfe, as titere will be occasion hereafter of making other ci- 
tations, besides those from the preceding elements of EucKd, 
citations from these will be marked Eu, from Plain Trigono- 
metry, FU Tr. 



DEFINITIONS. 



1. A degree of a circle, is an arch thereof, equal to a three 
hundred and sixtietli part of its whole circumference ^ a minute^ 
an arch, equal to the sixtieth part of a degree ; a second, ah aroh, 
equal to the sixtieth part of a minute, and so forth. 

2. An arch of a circle, described from the concourse of the 
legs of a rectilineal angle, as a centre, included between these 
legs, is said to be, the measure of the angle ; which is said to 
be, of as many degrees, minutes, &c. as is the arch so in- 
cluded. 

8choL — ^Thc number of degrees, minutes, &c. included be- 
tween the legs of the angle, is not varied, by vai-ying the lengih 
of the radius ; since the intercepted arches whether small or 
great, have the same ratio to their whole circumferences, by 
Cor. 2. 33. 6. Eu. and therefore contain an equal number of 
these degrees,r minutes, &c. (By converse of Theor. 2. 15. 
5. En). 
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S. A quadrant of a circle, is a fourth part of its ciroim- 
fei-encc. 

4. The difference^ of an 
angle from a right angle, or 
of an arch from a qiiadrant« 
is called the complement, of 
that angle or arch. Thus, if 
C6 be perpendicular to AB, a 
the angle DC6 is the complc-* 
ment of the angle BCD or 
ACD ; and the arch OD, of 
the arch BD or AGD. 

5. The complement, of an angle to two right angles, or of 
an arch to a semicircle, is called the supplement, of that angle 
or arch. Thus the angle ACD is the supplement of BCD, and 
the arch AGD of BD. 

6. The 9iiu of an arch (BD or AGD), or of the angle (BCD 
or ACD) of which it is the measure, is a perpendicular (DE), 
let fall from' one extremity (D) of the arch, on the diameter 
(AB), passing through its other extremity (B or A). 

7. The versed sine of any arch (BD), or of its cor- 
responding angle (BCD), is the segment (EB) of the 
diameter (AB) drawn through one extremity (B) of the arch, 
between that extremity and the perpendicular ^DE) let fall on 
the diameter from the other extremity [D]. 

8. The tangent of an ai*ch (BD or AGD), or of its corres- 
ponding angle (BCD or ACD), is a right line(BF), drawn from 
one exl^mity (B) of the arch, and touching it in that extremity, 
to the diameter (CDF) produced^ which passes through^ its other 
extremity (D). 

9. And the segment (CF) of the diameter, so produced and 
meeting the tangent, between the centre and tangent, is called 
the secant of the same arch or angle. 

10. The cosine of any arch or angle, is the sine of its com* 
plement to a quadrant or right angle ; and the cotangent of any 
arch or angle, is the tangent, and the cosecant of any arch or 
angle, the secant of such complement. 

Thus KD or CE is the cosine, GH the cotangent, and CH 
the cosecant, of the arch BD or angle BCD ; being the sine, 
tangent and secant^^ of the arch GD or an^e GCD, 
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Cor. 1 to these d^nitims.— The sine, tangent or secant, of 
any arch or angle, is the sine, tangent or secant of its supple- 
ment, or complement to a semicircle or two right angles* 

For it is manifest from these definitions, that the same right 
lines are the sine, tangent and secant of the arches BD and 
AGD, and of the angles BCD and ACD. 

Cor. 2. — ^The sine of a quadrant or right angle, is equfd to 
ihe radius. "^ 

Cor. 3. — ^The tangent of hatf a quadrant or half a right 
angle is equal to the radius ; for if the angle BCF were hatf a 
right angle, the angle C:^F being right (18. 3 £ii.), the angle 
CFB would he half a right angle (3£. 1 JE^i.), whence, thp 
angles BCF, BFC being equal, the tangent BF would be equal 
to CB (6. 1 Eu.)^ or to radius. 

Cor* 4. — ^The radius is a mean proportional between the tan- 
gent (BF) and cotangent (GH) of any arch (BD). 

The triangles CBF, HOC, having the angles at B and O 
right, and the angles at C and H equal, being alternate an^es 
formed by CH meeting the parallels CB, GH (29. 1 Efu), are 
IBqui^ngulfa? (3^. 1 Eu.)^ therefore BF is to CB, as CG or CB 
toGH(4. 6 Eu). 

Cor. 5..— The tangents of any two arches of the same circle^ 
ftnii, of course, of any two angles, are recipi*ocally as their 
cotangents. 

For the rectangle under the tangent and cotangent of the arch 
BD, is equal to the rectangle uiidcr tfie tangent and cotangent qf 
any other arch of the circle/, each of these rectangles being equid to 
the square of radius [preced. cor. and 17. 6 JEI^.], and therefore 
the tangent of ^iD is to the tangent of that other arch, as tbjp 
cotangent of the same arch iis to £e cotangent of BD (16. 6 Eh). 

Cor. 6. — ^The radius is a mean proportional, between the co- 
sine (CE) and secant (CF), or between tlie sine (DE) anil 
cosecant (CH), of any arch (BD). 

Since ED and BF are parallel, CE is to CB, as CD or CB 
is to CF (2. 6 and Schol. 18. 5 J^). 

An4 mce KD is parallel to GH, CK pr PE is to CG, as CD 
or CG is tp CH. [2. 6. dn4 Schol. 18. 5. Hu]. 

Cor. 7.-rThe sines of any two arches qf t|ie same circle, arc 
reciprocally a3 theii* cosecants ; and the cosipes, reciprocally aa 
ti^l^ secants* 

pince the rectangle under tlie sine and cosecant of BD, is 
f qiial to the rectangle under the sine and cosecant of any other 
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Mch of aw circle, each of these rectangles b«ng equal to the 
square of radius [preced. cor. and 17. 6 JEi».j, the sine of BD 
is to the sine of that other arch, as the cosecant of the same 
arch is to the cosecant of BD [16. 6 Eu]. 

In like manner it may be ahewn, from cor. 6 abo^e, and 16 & 
17. 6 Eu. that the cosines of any two arches, are reciphKally as 
their secants. 

Cor. 6. — The ratio of ttie radius, to the sine tangent or se- 
cant of any angle (as A), is the same, whatever be the dimen- 
sion or magnitude of the radius. 

On either leg, as AB, of the ^ 

angle A, trom the point A, take r>T,^^ 

any unequal parts as AB, AF, 
and from the centre A, at the dis- 
tances AB, AF, let arches of cir- 
cles be described meeting the otheii ^^^^^_^^_^^_^__ 
)eg«f the angle A, in C and O; A J}S ^.T 

from the points C, G, let fall the 

perpendiculars CD, GH on AF; and at the poinls B, F, raise 
the perpendiculars BE, FR meeting AC produced in E and K ; 
CD and GH are the sines of the ai-ches BC, FG (Def. 6. PI. 
Tr.), BE and FR tlie tangents [Def. 8. PI. Tr.], and A£ and 
AK the secants of the same arches (Def. 9. PL Tr,); which 
arches are the measures of the angle CAB. The radius has in 
both cases the same ratio to the corresponding sine, tangent or 
secant. 

The triangles ADC, AHG are, because of the right angles 
at D and U, and the common angle at A, equiangtilar (33. 1 
Ett.), tlierefnre AC is to CD, as AG is to GH [4. 6 £u.l ; hat 
AC* AG are theradiuses, and CD, GH the sines of the arches 
CB, GF[Def 6. PI. TV,], which are measures of the angle A. 
And the triangles ABE, AFR, being right angled at B and F» 
and having a common angle at A, are equiangular; therefore 
AB is to BE, as AF to FR, and AB to AE as AF to AR ; but 
AB, AF'are radiuses, and BE, FK tangents (Def. 8. PI. TrA, 
and AE, AR secants [Def. 9- PL Tr.], of the arehcs CB, CF, 
which are measures of the angle A. 

Scholium. — The reader ^ould beware, when the sines, tan- 
gents or secants of angles are mentioned, that he do not consi- 
der them, as right lines of a given length ; but rather, as terms, 
denoting the ratios, which tiie right lines representing tiicm have 
to radius, their length varynig according to the radius to which 
they are referred, but the ratios between tiiem are definite and 
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fixedy which is sufficient for the purposes of trigonometry. They 
may he considered as the quotients, which arise from diyiding 
the right lines which represent them, by the radius, which quo- 
tient would express their ratio to the radius, and would be a fixied 
quantity ; but tiiis way of conceiving the thing would rather 
belong to arithmetick than to geometi^, would not be so easily 
understood, and would lead to nothing, which is not attainable 
in the usual way, being that which is in this tract pursued. 

PROPOSITION I. THEOREM. 

In a right angled plain triangle C^BCJf the hypotlun'me (AC J 
is to either of the legs^ or sides including the right angle fas 
BCJj as radius is to the sine of the angle fBACJ opposite that 
leg. 

From the centre A, at the dis- 
tance AC, let an arch of a circle 
CD be described, meeting AB pro- 
duced inD ; CB is the sine of the 
arch CD, or angle CAD (Def. 6. 
PL Tr.), and the ratio of radius to 
the sine of a given angle is invaria- 
ble [Cor. 8. Def. PL Tr.'] j there- 
fore AC is to CB, as radius to the 
sine of the angle CAB. 

In like manner, if a circle be described from tlie centre C, at 
the distance CA, meeting CB produced ; it may be proved, fliat 
AC is to AB, as radius to the sine of the angle ACB. 

PROP. n. THEOR. 

In a right angled triangle (ABC, see Jig. topreced. prop. J, either 
of the legs fas ABJ is to tihe otiier CBCJ, as radius is to the 
tangent of the angle C^^^O opposite that other ^ and to the 
hypothenuse C^^Jf A5 radius to the secant of the same angle. 

From the centre A, at the distance AB, describe a circle, 
meeting AC in E ^ BC is the tangent, and AC the secant, of 
the arch BE, or angle EAB [Def. 8 and 9. PL Tr.], and the 
ratio of radius to the tangent or secant of a given angle is inva- 
riable [Cor. 8. Def: PL 2V.], therefore AB is to BC, as radius 
to the tangent, and to AC, as radius to the secant, of the angle 
CAB, opposite to BC. 
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In like niannery if a circle be described from the centre C, 
at the distance CB meipting CA; it may be proved, that BC 
is to ABy as radius to tiie tangent, and to AC, as radius to 
the secant, of the angle ACB, opposite to AB. 

Scholium. — ^From this proposition and the preceding, arises 
that usual mode of speaking among mathematicians, that in a 
right angled plain triangle, if the hypotlienuse be made radius, 
the legs -become the sined of .the opposite angles, and if either 
of the legs be made radius, the other leg becomes the tangent 
of tlie angle opposite to it, and the hypothcnusc, the secant of 
the same angle. 

PROP. III. THEOR. 

The sides of plain triangles fas ABC^ see fgure 1, 2 and Sj* 

are as the sines of the opposite angles. 
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About the triangle ABC describe a circle, which is done as 
in 5. 4 Eu. by bisecting two of its sides AC and BC by per- 
pendiculars DG and EG meeting each other in the centre G f 
and if, in the cases of fig. 1 and 3, GF be drawn perpendicular 
to AB, and AG be joined, AD becomes, in all tiie figures, th€ 
sine of the angle AGD, AG being radius [Def. 6. PL Tr.] ; but 
4.D is the half of AC (3. 3 JSit.), and the angle AGD is equal 
to ABC, being each of them hali of the angle at tlie centre on the 
airch AC (20. 3 and 4. 1 Eu.) ; therefore the half of the side AC 
is equal to the sine of the angle ABC, AG being radius. In like 
manner it may be shewn, that the half of BC is the sine of 
the angle BAC, and, in fig. 1, that the half of AB is the sine 
of the angle C, to the same radius. 

In a right angled triangle, fig. 2, AG the half of AB is 
radius^ and therefore equal to the sine of the right angle ACB, 
[_Cor. 2. Def PL Tr.]. 
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In an obtuse an(;Icd triangle hg. S, join 6B, AH and HB ; 
AF the half of AB is the sine of the angle AGF [Dc/. 6. PL 
Tr.], and the angle AGF is the half of the angle AGE (4. 1 
J^i^), and therefore equal to the angle H (£0. 3. Eu.) but the 
angle H is the complement of the angle C to the two right 
angles (22. 3 Eu.)f and the sine of an angle and of its comply 
ment to two right angles is the same [^Con !• Def. PL Tr.^f 
therefore AF is the sine of the angle C. Thus, in every caae, 
the halves of the sides becomes sines of the opposite angles, to 
the radius of the circumscribing circle, and the sides are as 
their halves (15. 5. Eu.)f therefore, in every case, the sides BXt 
to each other, as the sines of the opposite angles. 

Otherwise. 

Fig. 1. Fig. 2. 

Let fall a perpen- 
dicular CD (see both 
figures), from an an- 
gle C* on the oppo- 
site side AB ; and . ^ 
in the right angled ^ » B A 

triangle ADC, AC is to CD, as radius to the sine of A {1 A 
Tr.], and CD is to CB, as the sine of the angle CBD to tiWi 
radius (By the same) ; therefore, by perturbate equality, AC is 
to CB, as the sine of CBD to the sine of A (£3. 5. Eu.) and 
therefore, in the case of fig. £, the sines of the angles CB A ana 
CBD being equal ICor. 1. Def. PL Tr.], as the sine of tb« 
angle CB A to the sine of A. In like manner it may be proredj^ 
that any other two sides are to each other, as the sines of fli^ 
opposite angles. 

Otlierwise* 

The same construction remaining, the perpendicular CD 
being radius, the sides AC and CB are to each other, as the 
consecants of the adjacent angles at the base AB [£• PL 3V. 
and £2. 5 Eu.]9 or, the consecants of any two angles being 
inversely as their sines [Cor. 7. Def. PL Tr.], as the sines aim 
iNnlote angles at the base> or, of the opposite angles. 
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PROP. IV. PROB. 

2%^ mm of the sines ^any two arches fDB^ MB) of a drdef or 
oj^ any two angles (DCS, ECBJ, is to Hie difference of *heir 
sines, as the tangent of half the sum of tlic arches or angUSf 
to the tangent of half tlieir difference. 

Let C be the centra of the cir- 
cle, draw the diameter ACB. on 
which let fall the pcrjjeudiculars 
DL9 EH9 produce DL to meet the 
circumference a^n in F, draw 
£K6 parallel to AB, and join 
CF, GD, GF and FE, 
Because CL bisects the right line 
DF in L [3. 3. JSv], and, because 
of the equality of the angles DCL 
Mid FCL, the arch DF in B • 26« 
3. .En*]) PL is equal to DL the sine 
of the arch DB^ and KH or RLis 
the sine of the arch EB ; tlierefore FK is the sum of the sin68 
ftf the arches DB and EB, and DK the difference of their sines: 
and, because the arches FB and DB are equal, FE is the sum^ 
and DE the diffisrence of the arches DB and £B, of which sum 
and difference the angles at the centre FCE and DCE are the 
measures [JE^ 2. PL Tr.\ and therefore tlie angles FGK and 
DGK at tiie circumference, being the halves of tlicse angles 
FCE and DCE at the centre [20. 3. JBiu], ai*e the measures of 
half the same sum and difference ; but in the triangle FKG, 
ririit angled at K, FK is to KG, as the tangent of tlic angle 
FGK is to radius [2. FU Tr. and Tlieor. 3. 15. 5. Eu.], and 
in the triangle GKD, GK is to KD, as radius to the tangent of 
the angle DGK [2. PI. Tr.]; therefore, by equality, FK is to 
KD, as the tangent of the angle FGK to tlie tangent of DGK 
[22 5. Eiu], or, which has been shewn to be equal, as tiie tan- 
gent of the half sum of the arches DB and EB, to the tangent 
of half the difference ; and it has been shewn, that FK and 
DK are the sum and difference of the sines of the arches DB 
and f)B, which are therefore to each other in the ratio of that 
sum and difference [Chr* 1. 7. 5. Etu]; therefoi-e the ratios 
of that sum and difference, and of the tangents of the half sum 
and half difference of the same arches, being each equal to flie 
ratio of FK to DK, are equal to each other [11. 5 Bu]. 

S6 
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PROP. V. THEOB. 

The mm ef tlie cosines of any two arches ^DB and EB, see preCm 
fisOi ^ ^f ony two angles (BCB, ECBJ, is to the AifftT- 
ence of their cosines f as the cotangent of half the sum of the 

' arches or angles, to the tangent of half tlie difference. 

The same construction, as in the preceding propositiDiif fe^ 
mainingy CL is the cosine of BD, and CH, equal to the half at 
G£, the cosine of EB ; therefore GK is equal to the Bum of 
these cosine^9 and KE to tlieir difference ; and it has been riiewn 
in the preceding proposition, that the angle FGK, is the mea- 
sure of the half sum of the arches DB andEB, and that DGK^ 
and therefore EFK,. which is equal to it [21. 3 Eiu], is the mea- 
!<tire of half their difference ; and, in thejright aagled triangle 
FKG, GK is to KF as the cotangent of the angle FGK is to 
i-adhis [2. PL Tr^ Theor. 3. 15. 5 and JUef 10. PL IV.], and, in 
the triangle FKE, FK is to KE, as radius to the ta^»ent of 
the angle EFK [2. PL Tr.] ; therefore, by equality, GK is to 
KE, as the cotangent of the angle FGK to the tangent of EFK 
[22. 5 Eu.]9 or, as the cotangent of the half sum of the archoi 
DB and EB, or angles DCB and ECB, to the tangent of half 
their difference ; and it has been shewn, that GK md K£. aiv 
the sum and difference of the cosines of these arches or angUa 
to the radius CB, therefore GK and KE are to each otiier, in 
the ratio of that sum and difference [Cor. 1. 7. 5 Etu] ; and 
therefore the ratios of tliat sum and difference, and of the 
cotangent of the half sum of the same arches or angles to the. 
tangent of half their difference, being each equal to the ratio of 
GK to KE, are equal to each other [l 1. 5 JSii]. 
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PROP. yi. THEOR. 

A aplain triangle fJiPCJ the sum of the legi f^C, CBJ i$ to 

the difference of the legs^ as the tangent of half the sHin of the 
angles (CJtB, CBJ J at the base (dBJ is to the tangent of half 
their difference. 

Let CB be the greater of the>. 
legs, and since CB is to CA as the 
sine of the angle CAB to the sine 
of CBA (3. PL Tr.), the sum of 
CB and CA is to their diflerenoe, 
as thei sum pf the sines of the angles 
CAB and CBA is to the difference 
of their sines (18» 8ch. 18, and £2. 
5 J^.) ; but the sum of tiie sines of 
the angles CAB, CBA is to th^ i> 
difference of their sines, as the tan- 
gent of half their sum to the tangent of half their difference 
(4. PI. Tr ) ; therefore the ratios of the sum of CB and CA to 
their difference, and of the tangent of half the sum of the angles 
CAB and CBA to the tangent of half their diffci-ence, being 
each equal to the ratio of the sum of the sines of these angles tu 
the difference of their sines, are equal to each other (11. 5 Eu). 

Otherwise. 

On the less of the legs AC, produced both ways, take CD and 
CE each equal to CB ; join EB and DB, and through D, draw 
DF parallel to AB, meeting EB produced in F. 

The two interior angles CDB and CBD of the triangle 
UBC, are equal to the exterior ECB (32. 1 Eu.)^ or, which is 
equal (by the same), to the two interior angles CAB and CBA of 
the triangle ABC ; therefore CDB and CBD together are equal 
to the sum of the angles CAB and CBA at the base AB of the 
triangle ABC, and being, because of the equality of the sides 
CD and CB, equal to each other (5. 1 Eu.), one of them CDB 
is equal to half the sum of these angles. 

And, because the exterior angle CAB of the triangle DBA is 
equal to the interior angles ADB and ABD, or, ADB being 
equal to CBD (5. 1 Eu.), to the angles CBD and ABD, or, to 
CBA and twice ABD, the angle ABD, or its equal (29. 1 En.), 
the alternate angle BDF, iis half the difference of the angles CAB 
and pBAy at tiie base AB^ of the triangle ABC. 
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Case. I Given. 



1. 



S. 



4. 



Both legs. 
AB and BC. 



The hypo 
thenuse and a 
leg. 

AC & AB. 



A leg and 
the acute an- 
gles. 

AB and the 
angles A &C. 



The hypo- 
thennse and 
the acute an- 
gles. 

AC and the 
angles A & C. 



Sought 



The acute 
angles. 
A and C. 



The acute 
angles. 



The other 
leg and 
hypothenuse. 
BC and AC. 



Either leg. 
ABorBC. 



■«■*" 



Soluljons. 



AB : BC : :R: T. of the 

angle A (2. PL Tr.)^ and the 
angle C is the complement of 
A to a right anjB^lc or 90°> 



AC : : AB : : R : S. C. 

(1. PL Tr.), and A is ihe 
complement of C to a right 
angle. 



R : T. A : : AB : BC (2. 
thelPJ. Tr.). S. C. : R : : AB : 

AC (1. PL Tr.). 



R : S. C. : : AC : AB (1. 

PL Tr.). 



TfiAIII «tI«Oll01IBT&T« 



PROBLEM IL 

Of the thru sides and tbres angles of any plain iriant^ amf 
three being givenf wiere^ one at least is a side^ to find ths 
rest: or, aU the angles being given, to find the ratios of th$ 

sides* 



If all the angles be 
given, the ratios of 
Uie sides are given, 
being as the sines 
of the opposite an- ^ 
gles (3. PL Tr.). ^ 



Fig^ 1 



Fig. 2. 





Given. 



Sought. 



All the an- 
gles and one 
side* 

The an 
A and ABC, 
and therefore 
ACB, and 
AB. 



erj S. 



Solutions. 



The otherl S. ACB : S. ABC : : AB| 
sides. ': AC (3. PL Tr). Also S 



1 AC &BC. ACB : S. A : ;AB : BC C^^ 
gles the samej. i 



one of them. 
AC, BC 
and JL 



The other! 
angles. 



Two sides 
and an angle 
opposite to The angles 



ABC 
ACB. 



and 



BC:AC: :S.A:S.ABC 

(3, PL Tr). If the side BC 
opposite the given angle ~ 
greater than ihe other given] 
side AC, the angle ABC 
acute. But if BC be I 
than AC, since the sine of ax 
angle and of its complement 
to two right angles is thr 
same, by cor. 1. Def. PL 
Tr. 5 the species of the angle 
B, namely, whether it bel 
acute or obtuse, must be 
known, or the solution will 
be ambiguous. The angles 
A and ABC being given, the 
angle ACB may be found, 
being the complement of their 
sum to 180"* or two right an- 
gles, by 32. 1 Eu. 
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Case. 



3. 



Given, 
^wo sides 



I 



I 



Solutions. 



Sought 
The other Let AC" be 



and the in- angles. of the given 



eluded angle. 
AC, BC 
and the angle 
ACB. 



the greater 
sides, and 



The angles AC } B C : AC— BC 
A and ABC.T ABC-fA : t ABC— A 

(6. PL Tr). Whence is found 
the difference of the angles A 
and ABC, whose sum isgiveuy 
being the complement of the 
given angle ACB to two 
right angles, whence the an- 
gles A and ABC may be 
found bj prop. 7 of this. 



4. 



All 



AB, 
and AC. 



the! The 

!gles. 
BC 



an-l Let a perpendicular CD be 
I let fall fi'om one of the aneles 
ACB on the opposite side AB, 
And, by cor. 1. 5 and 6. 2 
and 16. 6 Eu. in fig. 1 AB ; 
AC i^CB : :AC— CB : AD-^ 
DB, and in the case of fig. 2^ 
AB : AC CB : : AC— -CB :^ 
AD -BD, whence the sum 
and difference of AD and BD 
being in either case given^ 
lines AD, BD tliemselvi 
may be found by prop. 7 
this ; and tlience, by case £ 
right angled triangles, 
angles CAD, CBD, and of 
course, in fig. 2. the angle 
ABC, the complement of 
CbD to two right angles bj 
13. 1 Eu., may be found. 
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SUPl^LEMEtfT 



TO THE SIX FIRST BOOKS 01^ 



EUCLIB^S ELEMENTS OF GEOMETBT. 



BOOK L 

BLEMENTS OF CONICK SECTIONS. 
NoTS.«-^Jn iubsequeAt dtations, sup. denotes supplement 

DEFuriTtoirs. 

1. [See note.] Coniek Sections f or PattaUaids, are figures form- 
^ by lines, the sums or differences of the distances of everj^ point 
of which, from two given points, or the distances of every point 
of which from a given point, or from a given point and given 
right line, are eqiial. And these figures are sometimes, for 
brevity, called, sections. 

Cor. 1. Right lines come within this definition*. 

For the sums of the distances of every Fig. 1. C D 
point, as C and D (see fig* 1), in any right Al— — — '— j-^— |B 
line AB, from its extremes A and B, are Fig. 2. B C 

•qual. And the differences of the distan- A — ; 1— i^ — |D 

oes of every point, as C and D (see fig. 2), in the production of 
any right lino AB, from its extremes A and B^ aara equaL 
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And every point, of 
a right lino (MN), 
])ei'))Cnclictilai'l}' bi- 
secting anotlicr riglit 
line (AB), ia equally 
distant fi-om tlie ex- 
tremes (A and D^, of 
the bisected line (4. 1 
Eh,), and no comes 
M'itliin the definition. 

Cor. 2. Circnlai- lines come alao witliiu the definition. 

For the distances of every point tliercof from a i^ivcn pomtf 
namely, their centre, arce<iuai(Uef. 10. 1 En), 

But, by the term, conick sections, arc cliicfly understood the 
figures, calicd Ellipses, Hyperbolas and Parabolas, which art 
defined in the Sd, 4tli and 8tti definitions following. 

2. An Ellipse, is a conicb section, bounded by a line 
(AMBN), the eiiHis of the distances of every point ot ivhic^ 
t'l-om twn given points (K and F) within the same, are equal. 

3. I'hcsc two given jioints are called, the focuses; the point 
(C). wherein the right line (EF), joiningtlio focuses, is bisected* 
the centre of the ellipse ; any right line (QP), passing throu^ 
the centre, and terminated both ways by the ellipse, a dtonwferj 
the points (Q anil F), wherein it meets the ellipse, the verfya 
of fhe diameter ; the diameter (AB) which passes throo^ die 
focuses, the greater, truvsverse or prind^cl axil, and 
its vci-tices (A and B), tlie principal vertices ; that diameter 
(MN), which Is at rli^ht angW thn-eto, the lets av seamd luns. 
'X'he distance (CE or CF) of the centi-e from eitlier focus, tbm 
eccentridtif of the ellipse. 

4. A Hiiperbola. is a conick sec- 
tion, formed by a line (AQ or BP). 
the difPerenr^a of the ditjtanccs, of 
every point of which fi-oin, two ffiven ^ 
points, (E and F) on difP'rent si(I"s 
tliereof. ai-e equal ; and if fi-oni tlic 
two points (A anil B), in the ris;lit 
line (^EFl joining tiirse given points, 
the difTerencenf whose distances from 
the same points is <^<|iial to Ihc giv- 
en difference of distances, two such 
figiii-es (AQ and BP) be fitrmed, 
these figiii-es ai-c called, opposiichy- 
perbolas. 
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5. The two given points (E and F) are called, ihefoatses ; 
the point (C), wherein a right line joining tliem is biHected, the 
centre of the hyperbola or opposite hyperbolas ; any right line 
(QP), passing through the centre, and terminated both ways by 
the opposite hyperbolas, a transxerse diameter ; the points 
(Q and P), wherein it meets the hyperbolas, tlie vertices of tlic 
diameter ; the diameter (AB), which produced passes through 
the focuses, the transverse or principal axiSf and its vertic^es 
(A and B), the principal vertices ; the right line, which passes 
through the centre, at right angles to the transverse axis, and 
the distance of eitlier extreme of which from either of the prin- 
cipal vertices, is equal to that of either focus fi'om the centime, 
the second axis. The distance (CE or CF), of tlie centre from 
either focus, the eccentricity of the hyperbola or opposite hyper- 
bolas. ^ 

6. Four hyperbolas (AQ, BP, MO, NU) are said to be 
conjugate; when the transverse axis of two of tliem, is tlie 
second axis of the other two, and the contrary* 

fr Any right line (OU), jmssing through the centre, and 

• terminated both ways, by hyperbolas conjugate to tliotse which 

pass through tjio principal vertices, is cs^Ueiil, a second flid^neta'. 

8. A Parabolaf is a conick section, . 
formed by a line ( BP8j, the ilistances of . 
every point of which, from a given {loint ! 
(F), and a given right line (DK), 4m 
equal. 

9- That given point (F), i« called the , 
focus, and that given right line (DK), the i| 
dtr^dri:r of the parabola I every right line Df^ 
{as KPQ), perpendicular to the directrix, 
is called, a (fiame/er; the point (P), wherein 
it meets the parabola, the vertex of that j^ 
diameter ; the diameter (DBF), which 
passses through the focus, the axis of the parabola ; and its 
vertex, (B), the principal vertex. 

10. A right line (RPX, see the 3 prec. fig.), which meets a 
conick section in any point (P), and, being proouced both ways, 
falls wholly without the section, is said to be a tangent to the 
section, or to touch it in that point. 

11. But if a right line, meeting a conick section, is on one 
side of its concourse with the section, within, and on the other, 
without the section, it is called, a secant. 

12. A right line (ST), drawn from any point (S) of a conick 
section, meet'mg a diameter (PQ) of the section, 9tnd parallel 
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to a tangent (RPX) to the section, passing through the vertex 
(P) of the diameter, is said to be ordinatdy ajfplwi to that di- . 
aineter ; and the part (SH or TH), of the right line so applied, 
between the section and the diameter, is said to be an ordinaie 
to tl>e diameter. 

And a right line, terminated by opposite hyperbolas, is said 
to be ordinatdy applied to the diameter, whose yertex is in 
the contact, of a tangent, parallel to tlie right line so termi- 
nated. 

ycholium. Hence, in the circle, perpendiculars let fall from 
the circumference to a diameter, are ordinates to that diameter. 

IS. A segment (PH), of a diameter (PQ), between an oi-dinate 
thereto, and a vertex of the diameter, is caJled an absci$S€^m 

14. Two diameters of an ellipse or hyperbola, each of whidi 
is par^lel to a tangent, passing through a vertex of the othw, 
^re called, conjvgaie diameters. 

From the ISth definition it is manifest, that either of two con- 
jugate diameters is ordinately applied to the otlier. 

15. A right line, which is a third proportional to two conju- 
gate diameters of an ellipse or hyperbola, is said to be, the par^ 
ameter or latvs redum, of that diameter, which is the &rst of flie 
three proportionals. 

16. A right line, which is four-fold the distance of the vertex 
of a diameter of a parabola, either, from tiie directrix or the fo- 
cus, is said to be, the. parameter or latus redum, of that diameter* 

17. The parameter, wliich belongs to the axis of a parabolaf 
or the transverse axis of an elli])se or hyperbola, is saia to be iQie 
prindpaC parameter or lat'iis redum of the section. 

18. A right line perpendicularly cutting the transverse axis 
of an ellipse or hyperbola, produced in the ellipse ; and whose 
distance from the centi-e, is a third proportional, to tlie eccentri- 
city and the transverse semiaxis, is called a diredrix of the seo- 
tion. 

19. Right lines (CY and CZ, See fig. to Def. 4.), passing thro' 
the centre (C) of a hyperbola, and the extremes of a right line 
(YZ) equal to the second axis (MN), and perpendicularly bisect- 
ed by tlie tranaverse axis ( AB) in a vertex (A), are called, a^ymp^ 
totes* 

Cor.— The angle (YCZ) formed by the asymptotes (CY, CZ) 
tuwards either of the opposite hyperbolas (as AQ) is bisected by 
the axis ^AB). 

For, in the triangles CAY, CAZ, the sides ^Y and AZ are 
e,qual9 being each equal to CM (by this deL)^ AC common^ and 
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the angles at A eqaal, being rigkt angles ; tiierefore tte iu^;ie 
ACY is equal to ACZ [4. 1. i^] 

20. Hyperbolas are said to be, right angUdj when the aajmip^ 
tot^ are at right an^es to each other. 

Schal. — ^That, in this case, any two conjugate diameters are 
equal 9 is demonstrated in prop. 54 of this: whence the hyper- 
bolas in this case are also said to be equilateral, as is in that prop- 
osition observed. 

21. Two conick sections, which touch the same right line in 
the same point, are said to touch each other in that point 

22. A circle, which so touches a conick section in any point, 
that, between it and the section, no other circle, described through, 
that pointy can pass, is said, to have the same curvature with the 
section in the point of contact, or to osculate the section in that 
point* 

23. If the ratio of the principal axis of an ellipse or hyperbo- 
la to its second axis, be the same, as that of the prindpsd to the 
second axis, of another eUipse or hyperbola, these two ellipses or 
hyperbolas arc said to be nmUar. 

A CD B 

S4. If a right line ( AB) be so divided in | ^| — |— H 

two points (C and D , liiatthe whole (AB) is to either extreme 
part AC), as the other extreme part (DB) is to the middle part 
(CD), that right line ( AB) is said to be, harmonicaUy diviiedf 



POSTULATES. 



. Thatf from any two 
other given poini not 
may be described. 



\focuseSi 



The genesis or formation of the ellipse may be tiius concrived. 
I^et E and F (see figure to Def. 2. above), be the points 
from which, as focuses, and P the point, through which, the el- 
lipse is to be described. LettbeextromitiesE andF of athnad 
or flexible line EPF %vhose tength is eqnal to the two right liMs 
BP and PF, be fastened in the points E and F, and by means of 
a pin P, let the thread be extcmded, and the i»n P be moved round, 
:^ thread remaining coiitnimUy extended till itretttrn to Hk 
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place from which it began to more ; tiien is the sum of tlie dis- 
tances of every point of the line described by fhe pin P, from the 
Eoints E and F, always equal, as is manifest, and therefore that 
ue will form an ellipse described from the i)oints E and F 
focusesi and through the jioint V (by Def» 2. 1. Sup), 



2. Thatf from any two given points as foatseSf and through any 
other given point neither in the jyroduction of a right linejoinr 
ing tJwnu nor in a right line perpendiailarhj bisecting them, 
a hyperbola and its opposite may be described* 



The genesis or formation of the hyperbola or opposite hype; 
bolas may be thus conceived. Let E and F (see iig. to Dcf- 4^ 
above), be the two points, from which, as focuses, and P the 
point, through which, the hyperbola is to be described, the 
description of its opposite being also required. 

Let one extreme of a ruler EI, be so affixed at the point E, 
that it may be freely moved round that point as a centre ; let 
the ruler be so placed, as to pass by the point P, through which 
the figure is to be described, let a pin be so fixed in tlic ruler* 
as to be moveable to and fi*om the point I at pleasure, and let 
one extreme of a tliread or flexible line FPI, whose length is 
equal to the right lines FP and PI together, be affixed atllie 
point F, and go close round the pin in the situation P, so that 
the pin may be within the angle FPI, let its other extremi- 
ty be affixed to the extiTmity of the ruler, and let the i*u]er be 
moved round the point E, towards S or T, and, the thi-ead 
or line still remaining extended, let the pin, affixed to the side 
of the ruler, describe tlie line fiPS ; and since the point P is 
neither in the production of the right line EF, nor in a right line* 
as MN perpendicularly bisecting it, it is manifest, that the 
difference of EP and FF is always, during the above descrip^ 
tion, equal to a given right line, and because £F and FP 
together are greater than EP (20. 1 En.), taking FP from 
each, EF is greater tban the exce^ss of EP above PF, or than 
the given difference of EP and PF C*^x. 5. 1 Eu.)^ and there- 
fore the line described by the pin intei'sects the right line £F 
somewhere between E and F as in B, (for if it could intersect 
the right line EF produced, EF would be equal to the givMi 
difference of EP and PF, contrary to what has been ])roved), 
whence, the points E and F being on different sides of the 
described line htS, and the diffinrence of the distances of cYerj 
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point of that lino from the same points E ar*d F always equal to 
a given ri|;ht line, that described line BPS is a hyperbola^ 
described from the points £ and F as focuses^ and through th^ 
point P (by Det 4. 1 Sup). 

Let now £A be taken on EF eqnal to BF, and the extreme 
of the ruler, which was befoi-c affixed at the jioint E, be now af- 
fixed at the iK)int F, and a hyperbola QA be described in like 
manner as above, from the points E and F as focuses, through 
the point A ; and since EA is equal to BF, the dijffei'ence of £F 
and E A is equal to the difierence of EF and BF, and therefore 
the hyperbolas AQ and BP described fi*om the focuses £ ond F, 
arc opposite hyperbolas (Def. 4. 1. Sup). And these lines may 
be extended to a distance from the points E and F, greater 
tlian any given distance, namely, if a thi*cad be taken^ whose 
length is {greater than that distance. 

3. That to a given right linCf as directrix, and from any given 
point not therein, as focus, a parabola may be described. 

The genesis or formation of the parabola may be thus con- 
ceived. Let LG (See fig. to Def. 8. above), be the right 
line, to which, as directrix, and F the point, from which, as fo- 
cus, the parabola is to be described : let one side KG, of a squart 
GKQ, be so applied to the directrix LG, that the side KQ, may 
pass through the point F, and the point K may coincide with the 
point D ; bisect the right line DF in B, and to the extrem- 
ity Q, of the side KQ, let one extremity of a thread of thosame^ 
length as KQ be fastened, and let its other extremity, the thread 
going round a pin, in the side KQ of tlie square at the point B, 
be fastened at the point F, which it is manifest, it would reach, 
because DB and BF are equal [Constr.] ; let the side KG of 
the squai*e be moved along the right line LG, and, the thread 
remaining extended, let the pin, affixed to the side KQ of the 
square, describe the line OPS. And since, in every sit- . 
nation of the pin, during the description of the line OPS, the 
side KQ is equal in length to the thread FFQ, taking from each 
FQ, which is common, KP is equal to PF [Ax. 3. 1. Eu.] j; 
and so the distances of every point of the line OPS from^ the 
point F and right line LG ai*e equal, therefore the line OPS is 
a parabola (Def. 8. I. Sup). And this line may be extended 
io a distance from the point F greater than any given distance, 
namely, if a squai*e be token, the length of whose side KQi i 
greater than that (Ustance. 
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fiUFFUBiourr* 



PROrOSITION I. THEOREM. 

]k ellipses (as APB, Jig. IJ, the sum, and in hyperbtdas fta 
Jtq, BP, fig.^^J, the difference, of tlie distances (EP, PFJ of 
any point CPJ of tJie sectton, or opposite sections/from tiie focuses 
CE and FJ^ is equal to the principal axis C^BJ ; ahd either luctl 
C^B or MJ\rj is bisected in the centre (CJ. 



l^t-. 



M ^ 





Part 1. In the ellipse (see fig. 1), the sum of AE and AF, 
or of twice AE and £F, is equal to the sum of FB and EB 
CBef. 2. 1 Sup.Jf or of twice FB and EF ; taking away EP 
which is common, twice AE is equal to twice FB, and so AE ta 
FB ^wStr. 7. 1 Eu.) ; therefore AF and AE together arc equal 
AF and FB together, or AB ; but EP and PF together are 
equal to AF and AE together CBef. 2. 1 Sup. J, therefore EP 
and PF together, arc equal to AB. 

Part 2. In like manner, in the hyperbola (see fig. 2), tbe 
difference of AF and AE, or of EF and twice AE, is equal to 
the difference of EB and FB CDef. 4. 1 Sup. ), or of EF and 
twice FB, wherefore, taking from EF that difference, llie 
remainder is equal to either twice AE or twice FB, which ars 
therefore equal to each other C*^* 3* 1 Eu.Jf and so AE is equal 
to F^B C*^* ^* i Eu.J ; therefore the difference of AF and AE» 
is equal to the difference of AF and FB, or AB ; but the diflRsr-^ 
ence of EP and PF is equal to the difference of AF and AE 
CDef. 4. 1 Sup. J i therefore the difference of EPandPF is equal 
toAB. 

Part S. And, AE having been proved equal to BF, and EC 
being equal to CF C^^f ^ ^^^ ^* ^ Sup. J, AC is equal to CB 
CJSx. 2 and 3. 1 Eu.), and so AB is bisected in C. 

And in fig. 1, EM and MF being joined, the triangles ECM 
and FCM, having CE and CF equal fBtf. 3. 1 Sup.J, CM 
common, and the angles at C right (by the same), ME and MF 
are equsd {4. 1 Eu.J ; whence, EM and MF together bein^ 
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equal to AB (part 1, of this), either of tiiem, as^M, is equal to 
its half CB ; in like manner FN may be proved equal to CB ; 
therefore FM and FN are equal, and of course the angles FMN 
and FNM (5. 1 Eu.), whence, the triangles MCF and NCF hav- 
ing also the right angles at C equal, MC is equal to CN (26 1. 
Eu.)^ and so MN is bisected in C. 

In fig. 2, MB andBN, being drawn, are equal (Def. 5. 1 8up.), 
and therefure the angles BMN and BNM (5. 1 Eu.) ; whence, 
the triangles MCB and NCB, having also the right angles at C 
equal, MC is equal to CN (26. 1 EuX and so MN is bisected in 
C. 

Cor. ** The distance of a vertex (M, see fig. 1), of the second 
** axis (MN) of an ellipse from either focus (E or F), is equal 
*^ to the principal semiaxis." It having been proved, in the 
demonstration of part 3 of this proposition, that either EM 
or MF is equal to CB. 

PROP. n. THEOB. 

The square of the second semiaxis fCM, see Jig. to prec. prop. J, of 
an Mipse or hyperbola CBPJ, is equal to the difference of the 
squares of tlie principal semiaxis CCBJ, and the eccentridtji 
fCFJf or to the rectangle under the distances of either focus 
Cos FJ, from the principal vertices fA and B )f or of either 
priudpal vertex few B)^ from the focuses (Bi and FJ. 

in the ellipse (see fig. 1^, draw MF, which is equal to CB 
[Cor. 1. 1 Sup."] I whence, m the triangle CFM, right-angled 
at C, the square of CM is equal to the dfmerence of the squares of 
MF and CF [47. 1 i^.]) or of CB and CF, or, which is equal 
{8chol. 6. S JBu.], to the rectangle AFB or EBF. 

Jn the hyperbola (see fig. 2), draw MB, which is equal to CF 
[.Def. 5. 1. Sup.'] ; whence, in the triangle CBM, right angled 
at C, the square of CM is equal to the difference of the squares 
of MB and CB [47. 1 En.'l^ or of CF and CB, or, which is equal 
{SchA. 6. 2 £u[, to the rectangle AFB or EBF. 

CoTs\. Hence, if, in ellipses, there be taken two points (E 
and F, see fig. l), in the principal axis (AB), the rectangle under 
the distances of each of which from the principal vertices (A 
and B, namely, the rectangle AEB or AFB), is equal to the 
square of the second semiaxis (CM), which may be done by 
cor. 2. 5 and 6. 2 Eu. these points ai*e the focuses of the ellipse. 

Cor. 2. In like manner, if, in hyperbolas, there be taken 
two points (E and F, see fig. 2], in llie principal axis (AB) pro- 
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duced both ways^ the rectangle under the distances of each of 
which from the principal vertices (A and B, namely, the rectan- 

f;Ie AEB or AFB), is equal to the square of the second semiuds 
CM), which may be done by c6r. 3. 5 and 6. 2 Eu^ these points 
are tiie focuses of the hyperbola or opposite hyperbolas. 

PROP. III. THEOR. 

The sum of the distances c GE and OF, see jig, \J,of anypcAmt 
CGJ vnthout an ellipse (AFB), from the focuses (E anaFJ, 
is greater, of any point CHJ within it, less, than the principal 
axis ^JiBJ. 

And the difference of the distances C GE and GF, see Jig. ZjfOf any 
point (G) without opposite hyperbolas (AOand BFJtfrwa the 
focuses CE and F), is less, of any point (HJ, within one of them 
(BFJ, greater, than the principal axis CAB J. 

And the distance (GF, see jig. Sj, of any point (G) withovi a 
parabola (KTJ, from thefociis (F), is greater, of any paint 
CHJ within it, less, than the distance of the same point from the 
directrix C^O). 

Part 1, Jig 1. Let FG,or FH 
produced, meet the ellipse in P ; 
and EG and GF together, are 
greater, and EH and HF together, 
less, than EP andPF [21. 1 Eu,'], 
or, which is equal [1. 1 Sup'], AB. 

Part 2,Jig.Q. Let GF meet the 
hyperbola, BP in P, and because 
EG is less than EP and PG to- 
gether [20. 1 Eu.], the excess of 
EG above GF, is less than the 
excess of EP and PG together 
above GF [Ax. 5. 1 JEm.], or, of 
EP above PF, or [l. 1 8up.], AB. 

And the difference of EH and 
HF is greater than AB. 

For, having drawn HE meeting 
the hyperbola BP in K, and join- 
ed KF ; because HF is less than 
HK and KF together [20. I Eu.!, 
the excess of EH above HF, is 
greater than the excess of EH 
above HK and KF together, or of 
EK above KF, or [1 . I Sup.i AB. 

Part S,Jig. 3. Join GF and HF, 
and draw GL andHD perpendicu- 
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lar to DO ; and, because 6 is vdthout the parabola and F wiliiin 
it, GF meets the parabola, as in P, and, for the same reason, HD 
meets it, as in K ; draw PO perpendicular to DO^ and join KF 
and GO ; and PF and PO being equal [D^. B. 1 8yp.\ GF is 
equal to GP and PO together [Jx. 2. 1 EuU and therefore, GP 
and PO together being greater than GO [20. 1 EuJ], and GO 
than GL [Cor. 1. 19. 1 Eu.'], GF is greater than GL. And HF 
is less than HK, KF together [20. 1 Eu.], or, KB being equal to 
KF [Def. 8. 1 8up.]y than HD. 

PROP. IV. THEOR. 

If the sum of the distances of any point from the focuses (E and F, 
see fig. 1 above J f of an eUipse^ be equal to the principal axis 
(ABJ^ tluU point is in the ellipse ; if that sum be greater f it is 
TvUlumtf if less, within the sam^. 

Ifihe dWerfince of the distances of any point from the focuses (E 
and F, see fig. 2 abovej, of a hyperbda, be equal to the prind- 
pal aocis, that point is in one of the opposite hyperbolas ; if that 
difference be less, it is without both, if greater, within one of 
them. 

And if the distance of any point from, the focus (F, see Jig» 3 
' above J, of a paraida, be equal to its distance from the directrix 
(DO J, that point is in the parabola ^ if the distance from the 
focus be greater, the point is without, if less, within it. 

Part 1. Fig. 1. If the sum of £P and PF be equal to AB, 
P ,is in the ellipse $ for, if P were without tlie ellipse, that sum 
would be greater, if within it, less, than AB [3. 1 Sup.], contra- 
ry to the supposition. 

If the sum of EG arid GF be greater than AB, G is without 
the ellipse ; for, if G were in the ellipse, that sum would be equal 
to, if within it, less than AB [l and 3. 1 Mqi], contra hyp. 

And if the sum of EH and HF be less than AB, U is within 
the ellipse ; for, if H were in the ellipse, that sum would be equal 
to, if without it, greater than AB (1 and 3. 1 Sup.), contra hyp. 

Part 2, Jig. 2. If the difference of EP and PF be equal to 
AB, P is one of the opposite hyperbolas ; for, if P were without 
both of them, that difference would be less, if within one of them^ 
greater, than AB (3, 1 Sup.), contra hyp. 

It the difference of EG and GF be less than AB, G ia 
without both of the opposite hyperbolas j for^ if 6 wore Is 
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one of these hyperbolas^ that difference would be equal to, if 
within one of them, greater than, AB (l and 3* 1 8up.), contra 
hyp. 

And if the difierence of EH and HF be greater than AB^ H 
is within one of the opposite hyperbolas ; for, if H were in one 
of them, that difference would be equal to, if without bothof theni> 
less than, AB (1 and 3. 1 Sup. ], contra hyp. 

Part ^9 Jig. S. If PF drawn to the focus be equal to PO 
drawn perpendicularly to the directrix, P is in the parabola ; 
for, if P were without the parabola, PF would be greater^ if 
within it, less than VO (3. 1 Sup.), contra hyp. 

If GF drawn to the focus be greater than GL drawn perpen- 
diculai*ly to the directrix, G is without the parabola ; for, if G 
were in the parabola, GF would be equal to, if within i1^ less 
than, GL(l and 3. I Sup. J 9 contra hyp. 

And if HF drawn to the focus be less than HD drawn per- 
pendicularly to the directrix, H is within tbe parabola ; for, if 
H were in the parabola, HF would be equal to,, if without itf 
l^reater than^ HD (1 and 3. 1 Sup.) contra hyp. 

PROP. V. T&EOR. 

nOny diameter of an ellipse or hyperbola is bisected in tlie centre. 

If the diameter be an axis, the 
proposition is demonstrated in 1. 1 

Sup. 

But if it be any other diameter, 
as QP, (see fig. 1 and 2), C being 
the centre, QP is bisected in C. 

For if QC and CP be not equal, 
let one of them, as CP, if possible, 
be greater than the other QC, and ^ ^ 
take on CP, a part CR equal to CQ, ^^^ * 
and to the focuses E, F, draw PE^ 
PF, QE, QF, RE and RF, and join 
EF, producing it, in fig. I, both 
ways^ to the principal vertices A and 
B. 

The triangles ECR, QCF (see both 
fig), having the sides EC, CR and 
angle ECR, severally equal to FC, 
CQ and flie angle FCQ, flie right 
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lines ER and FQ are equal [4. 1 3iu\ ; for ihe same reason, FR 
and EQ are equal, therefore the Sjum m fig. 1, and difference iii 
fig. Sy of ER and RF is equal to the sum or difference, as the 
case may be, of FQ and QE, or, which is equal [1. 1 8up.] of 
EP, PF. But this is absurd, in fig. 1, ER, RF being less than 
EP, PF, [21. I Eu.]^ therefore CP is not greater tlian CQ in 
that case ; in like manner it may be proved, thJfCP is not less 
than CQ, therefore CP and CQ are equal, and QP is bisected 
in C, in the case of the ellipse, fig. 1. 

And in the case of the hypei*bola, fig. 2, besides the above 
construction, on PE take PG equal to PF, and on RE, RH 
equal to RF ; join RG and GH, divide EF in K, so that EK 
may be to KF, as EP to PF [Cor. 1. 10. 6 EuJ], and join PK : 
and, since the triangles ECP and FCP have the sides EC and 
CP severally equal to FC and CP, but the obtuse angle ECP 
is greater than the acute angle FCP, the base EP is greater 
than the base FP [24. 1 Eit.], therefore EK is greater than KF 
'comtr. and car. 13, 5 JEw.], therefore EC and CF being equal 
Def. 5. 1 8np.]j the point K falls between C and F ; and, 
iecause EP is to PF, as EK to KF [constr.], the angle EPK 
is equal to KPF [3. 6 Eu.], therefore the angle EPC is less 
than CPF ; whence, the triangles GPR and FPR having the 
sides GP and PR, severally equal to FP and i*R, but the angle 
GPR less than FPR, the base GR is less than the base RF 
[24. 1 JBi*.], or its equal RH ; thei'eforc the angle RHG is less 
than RGU [18. 1 jEu.], and therefore acute [32. 1 JBi*.], and so 
the angle EHGis obtuse [13. 1 Eiu], and therefore EGH acute 
[32. 1 Ew.] ; therefore EG, the excess of EP above PF, is 
greater than EH, the excess of ER above RF [19. 1 Eu.] ; but 
these excesses are above proved to be equal, which is absurd ; 
therefore C is not greater than CQ ; in like manner it may be 
proved, that- it is not less, therefore CP and CQ are equal, and 
QP is bisected in C, in the case of the hyperbola, fig. 2. 
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PROP. VI. THEOR. 

The ratio of tlie distance^ of any point of a conick section from a 
JomSf to the distance^ of the same point from the directrix adjor 
cent to that fociiSf is always the same, whatever paint of the 
section be taken. 




First, let the figure be an ellipse or hyperbola, and let PF 
(see all the four figures), be a riglit line drawn from any point 
P of the section, to a focus F, and PK, a perpendicular, let fall 
from P, on the dii*ectrix J^K adjacent to that focus ; let AB be 
the principal axis, and C the centre, of the section. The ratio 
of PF to PK is the same, wherever in the section the point P be 
taken. 

Let E be the other focus of the section, join EP, let fall the 
perpendicular PH on AB, and from B, the principal vertex 
adjacent to F, towards H, take BG equal to PF. • 

The rectangle under tlie sum and difference of EP and PF, is 
equal to tlie rectangle under the sum and difference of EH and 
HF [Con 1. 5 and 6. 2 Etu]9 whence the rectangles under the 
half sums and half differences of these right lines, being similar 
to those under their sums and differences [Def. 1. 6 Eu.], are to 
each other in the same ratio, as the rectangles under those sums 
and tlie differences [15. 5 and 22. 6 Eu.], which ratio being that 
of equality, the rectangle under the halt sum and half difference 
of £P and PF, is equal to the i*ectangle under the half sum and 
half difference of EH and HF ; but, in the ellipse, C B is half the 
Bum^ and CG half the difference^ and^ in the hyperbola^ CB is 
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half the difference, and CG half the sum, of £P and PF [l. 1 
8up* and con8tT.\ and, when the point H falls between E 
and F, as in fig. 1 and 3, CF is half the sum, and CH 
half the difference; and, when otherwise, as in fig. 2 and 4, 
CF is half the difference, and CH half the sum, of EH and HF 
[^Def- 3 and 5. 1 8v(p.']i therefore, in every case, the rectangle un- 
der CB and CG is equal the rectangle under CF and CH, and so 
CG is to CH, as CF to CB [16. 6 'EuJ], or, which is equal [_Dtf. 
18. 1 8wp.\ as CB to CD ; and, by alternating, CG is to CB, as 
CH is to CD [l6. 5 JE^u.] ; therefore, in the cases of fig. 2 and 4, the 
sum, and in those of fig. I and 3, the difference, of CG and CB, 
or BG, or its equal [constr.'] PF, is to CB, as HD, the sum or 
difference, as the case may be, of CH and CD, or its equal [34. 
1 EuJ] PK, is to CD [17 and 18. 5 £u.] ; and, bv alternating, 
PF is to PK, as CB is to CD [16. 5 Eu.\ or, which is equal 
[De/. 18. 1 ^up.*], as CF is to CB, and therefore in a constant 
ratio, and always the same, whei*ever in tlio section the point P 
be taken. 

In the case of a parabola, the ratio of these distances is always 
the same, being the ratio of equality \_Def. 8. 1 Sup\ 

Scholium. Tliis ratio is called the determining ratio of the 
section, and, in the ellipses and hyperbolas, is the same, as that 
of the eccentricity (CF) to the principal semiaxis (CB). 
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PROP. VII. THEOR. 



T/te ratiOf of the dmtcmce^ of any point within a amick sedunh w 
either of the opposite sectionSf from a focus, to its distance from 
the directrix adjacent to thatjociis^ is less, of any point with- 
ontf greater, than the determining ratio. 
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Firat. Let the point M be 
within the section, F being 
the focus within the same, 
and SK the adjacent directrix, 
let FM produced meet the 
section in P, and let fall the 
perpendiculars PD and MG 
on SK, draw DF meeting 
MG in H ; and, because of the 
equiangular triangles FMH Z 
and FPD, FM is to MH, 
as FP to PD [4. 6 En.], but the ratio of FM to MG is less 
than tliat of FM to MH [8. 5 Eu."], and therefore than that of 
FP to PD, or the determining ratio. 

Secondly. Let the point N be without the section, being on 
the same side of the directiix, as the focus F, join NF meeting 
the section in P, let fall the perpendicular NK*on DG, join KK, 
iiioetim^' PD in L ; and, because of the equiangular triangles 
FNK and FPL, FN is to NK, as FP is to PL [4. 6 Eu.'], but 
the ratio of FP to PL is greater than of FP to PD [8. 5 Eu.\ 
IJiereforc the ratio of FN to NK is also greater than of FP to 
PD, or the determining ratio. 

Thii'dly. Let tlie point O be on the other side of the direc- 
trix SK of an ellipse or parabola, with respect to the focus F ; 
Join FO, cutting the section in Q, and the directrix in R ; draw 
O S and QT perpendicular to the directrix, join FT, which pi*oduce 
to meet SO produced in Z ; and, because of the equiangular 
triangles ZOF and TQF, FO is to OZ, as FQ is to QT ; but 
QT is not less than FQ [ZJef. 8 and Cor. 6. 1 Sup.'], therefore 
ZO is not less than OF [Cor. 13. 5 Eu.], but OF is greater than 
OS [9 ^9x. and Cm\ 19. 1 Eu.], therefore ZO is gi-eater than 
OS, and so the ratio of FO to OS is greater than of FO to OZ 
£8. 5 Eu.], or, because of the equiangular Wangles ZOF and 
TQF, of FQ to QT, or the determining ratio. 
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FourtWy. Let M be within the 
opposite hyperbola. Join FM cut- 
ting the opposite hyperbola in P, 
let fall the perpendiculars MG and 
PD on the directrix SK, join FD, 
which produce to meet MG, as in 
H ; and, because of the equiangu- 
lar triangles FMH, FPD, FM is 
to MH, as FP to PD [4. 6 Eu.], 
but thei ratio of FM to MG is less 
than of FM to MH [8. 5 Eu.], and therefore than of FP to PD, 
or the .determining ratio* 

Lastly. Let the point N be taken any where between the 
directrix SK and the opposite hyperbola. Draw NK perpen- 
dicular to SK, which produce to meet the opposite hyperbola in 
Q ; join FQ, and draw QR parallel to the directrix, meetine 
FN produced in R ^ draw RS parallel to QK, join FK, and 
produce it to meet RS in T. And, because the angle FRQ 
belonging to the right angled triangle NQR is acute, and FQR 
not acute, FR is greater than FQ [19. t JBit.] ; but, because of 
the equiangular triangles FNK and FRT, the ratio of FN to 
NK is the same, as of FR to RT [4. 6 JBit.], and therefore [8. 5 
Eu.] greater than that of FR to RS or QK, or, [8. 5 Em.], of 
FQ to QK, or the determining ratio. 



PROP. VIIL THEOR. 

/jT the distance of any poiiit from a focus of a conick section, be to 
its distance from the directrix adjacent to that focus, in the deter- 
mining ratio, that point is in the section, or, in the case of a 
hyperbola, in one of the opposite sections ; if in a less ratio, than 
the same determining one, the point is within, if in a greater^ 
without the section or sections, as the case may be* 

Part 1. Let the distance FP (see 1st fig. of preceding prop.), 
of any point F, from the focus F of a conick section, be to its 
distance PD from the directrix SK adjacent to that focus, in the 
determining ratio. P is in tlie section, or, in the case of a hy- 
perbola, in one of the opposite sections. 

For, if P be not in the section, it must be either within, or 
without the section or sections ; it is not within, for if it wer^ 
the ratio of FP to PD would be less than the determining ratio 
[7. 1 Sup.Jif contrary to the supposition j neittier is it without, 

m 
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for then the ratio of FP to PD, would be greater than tRat 
ratio [7. 1 SupJ], which is also contrary to the supposition. 

Part 2. Let now the ratio of the distances of any pointy as 
My from the focus and adjacent directrix, be less than the del^er- 
mining ratio* that point is within the section^ or one of the oppo* 
site sections ; for if it were in the section or its 0}qK>site, Ihfr. 
ratio of tlie distance of that point from the focus to its distanca*. 
from the dii'ectrix, would be equal to, if without the section^ o* 
in the case of a hyperbola, both of the opposite sections, greater 
than, the determining ratio [6 and 7. 1 Sup.'], both of wMch art 
contrary to the supposition. 

ParU 3. Let lastly the ratio of the distances of any pointy 
as 'Nf. from the focus and adjacent directrix, be greater than the 
d^rmining ratio, that point is without tiie section or opposite^ 
sections ; for if were in the section or its opposite, the ratio 6t 
the distance of that point fiH)m the focus to its distance from the 
directrix, would be equal to, if within the section, or, in the 
case of a hyperbola, either of the opposite sections, less than, 
the determining ratio [6 and 7* 1 Sup], both of which are contra- 
ry to the supposition* 



PROP. IX. THEOR. 



Everf right line,joimng two points of a cenidi section, JoUs wholly 

toiikin the section. 



Let OP be a right line joining two points j^ 
O and P of a conick section. OP falls 
wholly within the same* 

Let F be a focus of the section in which |;^ 
the points O and P are. and DR the direc- 
trix adjacent thereto. Take any point 
whatever K in OP ; join OF, KF and 
Pi:' , and, on the directrix DR, let fall the 

g'rpendiculars OG, KH and PD ; draw 
L parallel to OF, and equal to PF, join 
Fli, througlj K, draw KM parallel to OF or PL, meeting PL. 
in M, and join DL, HM and GF, and produce PO,as to Q. 

Because of the right angles OGR, >DR, GO is parallel te 
DP (28. 1 En.], therefore the external angle GOQ is equal to 
Ae internal remote DPO (29. 1 Eu.); for a like reason, the 
angle QOF is equal to OPL j therefore the whole angle GOF is 
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equal to the whole anglr DPL C^x. 2. 1 Eu.) ; and GO is to OF, 
as DP is to PF (6. 1 Sup.)^ or its equal fConitr.J PL ; there- 
fore the triangles GOF and DPL are equiangular (6. 6. JKu.), 
and the angles OGF and PDL equal, which being taken from 
the right angles OGR and DPR, the remaining angles FGR and 
LDR are equal, and therefoi*e GF and DL parallel (28. 1 Eu). 

And because of the parallels DP, HK and 60, the right line 
6H is to HD, as OK is to KP, for if GD and OP were parallel, 
OK and RP would be equal to GH and HD (34. 1 £tt.), and 
therefore in the same ratio, as these right lines {Car* 2. 7. 5 
Eu.)9 and if GD and OP were not parallel, tliey would meet, 
and, with a right line joining their remote extremes, form a 
triangle, and then GH would be to HD, as OK to KP {Cor. 2. 
10. 6 Eu.); for a like i*eason, because of tlie parallels OF, KM 
and PL, FM is to ML, as OK to KP ; therefore GH is to HD| 
as FM is to ML (31. 5 Eu.) ; whence, GF being parallel to 
DL, HM is parallel to each, for if it were not, a right line drawn 
ilirough its intersection either with GD or FL, as through H^ 
parallel ta DL, would meet tlie otiier FL, in a point different 
from M, and, by a similar reasoning to that us^cl above about 
GD and OP, might be shewn, to cut the right lines GD and 
FL proportionally, therefore the ratio of FM to ML would not 
be equal to that of GH to HD (8 and 13. 5 Eu.), contrary to 
what has been just proved, therefore HM is parallel to GF or 
DL. 

And the 'angle HKM may in like manner, as GOF has been, 
be proved equal to DPL, and because HM is parallel to DL, 
the external angle MHR is equal to the internal remote LDR 
(29. 1 Eu.), which being taken from the right angles KHR and 
"^DR, the remaining angles KHM and PDL are equal, there- 
fore the triangles HKM and DPL are equiangular (32. 1 Eu.), 
and so KM is to KH, as PL, or its equal PF is to PD (4. 6 
Eu.) ; and, because PF is equal to PL, the angle PFL is equal 
to PLF (5. 1 Eu.), or its equal (29. 1. Eu.) KAIF ; whence the 
angle KFM, being greater than PFM {Jix- 9. 1 Eu.), is also 
greater than KMF, and therefore KM is greater than KF (19* 
1 Eu.), and of course the ratio of KF to KH is less tlian that of 
KM to KH (8. 5 Eu.), or, which has been just proved equal, 
of PF to PD, or the determining ratio ; therefore the point K is 
witliin the section (8. 1 Sup). 

In like manner it may be proved, that any point whatever in 
the right line OP is within the section ; therefore the same H^t 
line OP is wholly within the section. 
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Cor» 1. If two right lines be cut by ^hrce or more parallel 
ri^ht lines, they are cut proportionally ; it having been demon- 
(itrated in this proposition, fi*om the parallelism of GO, HK and 
DP, that GH is to HD, as OK to KP ; and a like reasoning 
bein^ applicable to a greater number of parallel right lines. 

Cor. 2. If two right lines (CD, FL) be cut proportionally 
by three right lines (GF, HM and DL), two of which are pfural- 
lei to each other, the third is parallel to the other two. : it having 
been demonstrated in this proposition, from GD and FL being 
cut proportionally, and GF being parallel to DL, that HM is 
parallel to both. 

Cor. 3. If two right lines meeting each other, be parallel to 
two others meeting each other, the angle made by the former, is 
equal to that made by the latter towards the same part : it 
having been demonstrated in this proposition, from the paral- 
lelism of GO and OF to DP and PL, that the angle GOF is 
equal to Dl'L. 

Scholium. In this 3d cor. it is required, that the angles be 
towards the same part, for if DP and LP were produced beyond 
P, they would form four angles about that point, whereof DPL 
and its opposite would be equal to GOF, and either of the 
other two, its complement to tw^o right angles, as is manifest 
fh)m 13. 1 Eu. 

PROP. X. THEOR. 

A right linCf passing through any point oJm conick section, and 
bisecting f in tlie case of an ellipse, an dngle, in continuation to 
that, formed by right lines, drawn front that point to the focuses ; 
. and, in the case of a hyperbola, the angle so formed by right 
lines drawn to the focuses, touches the section, in that point only ; 
as does, in the case of a parabola, a right line, passing through 
any point of tlie section, and bisecting the angle formed by two 
right lines, drawn from tliat point, me to the focus, and the oHier 
perpendicularly to the directrix. 

Let GPK be a right line, passing through any point P of a 
conick section^ see fig. 1, 2 and 3, and bisecting, in the case of 
an ellipse, «g. 1, the angle FPH, which is in continuation to 
that EPF, formed by right lines PE and PF drawn from P to 
the focuses E and F ; in the case of a hyperbola, fig. 2, the 
angle ETF, so formed by right lines PE and PF drawn to 
the focuses ; and^ in the case of a parabola^ fig. S, the angle 
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HPF, formed by rigbt lines PF 
and PH, drawn from P, to tlie fo- 
cus F, and perpendicularly to 
the directrix DH ; the right line 
PK is \Vk each of tlie cases, a tan- 
gent to the section. 

Coj^ 1. When the figure is an 
ellipse (see fig. 1). 

Take any point whatever in GPK, 
except P, as G, and on EP produc- 
ed, take PH equal to PF, and join 
GE, GF and GH ; in the triangles 
GPFand GPH, the sides GP and 
PF are severally equal to GP and 
PH, and the included Aigles GPF 
and GPH are equal, being the same 
as the angles FPK and HPK, 
which are equal by hyp. when G is taken with- 
in the angle FPH, and, when taken other- 
wise, the complements of these equal angles 
to two right angles (13. 1 jKw.), therefore GF 
is equal to GH (4. 1 Eu\ But in the trian- 31 
gle EGH, the sides EG and GH or its equal z 
GF, are together greater than EH (20. 1 
£m.), or, which is equal {Constn and Ax. 2. 
1 Eu.)f than EP and PF together ; therefore the point G is 
without the ellipse (4. 1 Sup). In like manner any point what- 
ever in GPK, except P,may be proved to be without the ellipse ; 
and therefore PK, meeting the ellipse in the point P, and, if 
produced both ways, falling wholly without it, touches it in that 
point only (JD^. 10. 1 Svji). 

Cast 2. When the figure is a hyperbola^ see fig. 2. 
Take any point whatever in GPK, except P, as G, on PE, take 
PH equal to PF, and join GE, GF and GH; and, in like manner 
as in the preceding case, GF and GH may be proved equal. 
And since, in the triangle EGH, EG is less than EH and HG 
together (20. 1 J5tt.), taking from each GH, the excess of EG 
above GH or GF, is less than EH {Ax. 5. 1 Ea.)^ or, than the 
excess of FP above PH, or PF or (1. 1 Sup.)^ than AB ; there- 
fore the point G is without the hyperbola (4. 1 8up*\ whence it 
follows, as in the pi*eceding case, that PK meeting the hyper- 
bola in P, and, if produced both ways, falling wholly with- 
out it; touches it in that point only (Def. 10. 1. Sup)* 

V 
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Cm^ 3. When the figure is a parabola, see fig. 3* 
Take any point whatever in GPK, except P, as G, draw 6L 
at right angles to DH, and join GF and GH ; and, in like man-* 
ner ai| in the first case, GF and GH may be proved eqtial ; and, 
in th^ triangle GLH, because the angle GLII is a right angle, 
the angle GHL is acute (32. 1 Eti.)^ therefore GH, or its equal 
GF, is greater than GL (19. 1 Eu.), and so the point G is with- 
oat the parabola (4. 1 Sup*)^ and therefore, as in the two pre- 
ceding cases* PK, meeting the section in P, and, if pro« 
duced botli ways, falling wholly without it, touches it in that 
poifit only ri>ef. 10. 1 Sup J. 

/^dwlium. In like mantier it may be proved, that a right line 
BB, see fig. 1, 2 and 3, perpe'ndicularly meeting the princip^ 
axis BF of a conick section, in its vertex, touciics the section in 
that point. Take any point whatever m BR, except B, as R ; 
and, ju| iig. 1, drawing £R and FR, in t^ right angkd triangles 
E' Rand FBR,EB isvgreater than EB (Cor. 19. 1 JEhu), and 
FR than FB (by the same), therefore ER and FR together, are 
greater than EB and FB together, or AB, and se R is without 
the section (4- 1 8up») : in tlie case of fig. 2, having taken on 
BE, ^ part BX equal to BF, and drawn ER, FR and XR, the 
right lines XII and FRare equal (4. 1 Eu.) ; whence, ER being 
less than EX and XR together (20. 1. Eu.), taking from each 
XR, the excess of £R above XR or above FR, is less than EX 
(Jix. 5. 1 Eu.), or than the excess of EB above XB, BF or EA» 
or, (1* 1. Sup,), than AB, and so B is again without the section 
(4. 1 Sup.) } and, in the case of fig. 3, having drawn RF, and 
RZ perpendicularly to tlie directrix, RF is greater than BF 
{Cor. 1. 19. 1 Eli.), or its equal {Bef. 8. 1. ^up.) DH, or, which 
is equal (34. 1 Eu.) ZR, and so R ie, in this case also, without 
Sie section (4. 1 Sup)* Since therefore, in every case,* the right 
line BR meets the section in B, and, being produced both waySf . 
falls wholly without it, BR touches tiie section in Ijhat point oalj 
{Def. \10. 1 Sup). 

The case of a right line, perpendicdarly meeting ikit second 
'axis of an ellipse, in its vertex, cooies under th^ first case 4)f this 
proposition ; since, in that case, the rigiht Une, so aieeting the 
second axis, forms equal angles with right Unes drawn from its 
vertex to the focuses, and, of course, hineets fte angle in con- 
tinuation of that formed by them, aa might be easily ^wn fron 
the tfit figure to 1. H Sup. where the angles EMC, and 
FMC, w<hicb are the complements of the aitbensi to ri^t angles, 
are equal (4« 1 J^uJ. 



BOOK Mi ^imtpiL S£CTI0ir8« $^ 

Cor. 1. l^rotn this proposition and scholianiy it appealns, how» 
^e focus and principal vertex of a parabola, or the focuses of an 
ellipse or fajrperbola being given, a right line mof be drawn 
toucMng the section in a given point. Namely, by drawing 
from the given point in the case of a parabola, two right, lines'ji 
«ne to the focus, and the other perpendicularly to the directrix $ 
and, in the other cases, right lines to the focuses; the right line^t 
bisecting the angle, formed by the right lines so drawn, in the 
cases ofa hyperbola or parabola, and the angle in continuatioa 
thereto, in the case of an ellipse, is a tangent to the section (10« 
I 8up). But if the given point be the vertex of an axis, a right 
line, drawn througli the given point, perpendicular to the axis^ 
is the tangent required (SchoL 10. 1 8vp)» 

And since these focuses and principal vertices, are necessary 
narts of these figures, as is manifest from the definition of them ;. 
it follows, that a right line may touch a conick section in any 
point thereof. . 

Cor. 2. It also appears from t\)is proposition, tliat, as a per- 
pendicular is the nearest distance of a point from a right line 
(Cor. 1. 19. 1 J^.) ^ so ^tie sum of two right lines (EP and PF,,. 
aee fig. l of this prop.), drawn from two points (E and F) on the 
same side of a rigltline (GK)^ to any point in it (as P), is leas^, 
when the riglit line (6K), to which they are drawn, maker, 
equal angles (EPG and FPE) with them, towards op^site^ 
parts (G and K). 

For it is dem<mstrated in this proposition, that the sum of any 
other two, as EG and GF^ so drawn, is greater than the sum of 
these.. 

€or. 3. And hence appears a method of drawing to a givew 
right line (GK), from two points (E and F) on the same side of 
it, right lines, to make with it equal angles, at the same pointr 
towai^s opposite parts. Namely, by letting fall the perpendi- 
eaku- FK from one of the given points F, on GE, taking, on FK 
producedjt KH equal to FK, and joining £H^ which would cut 
GK in the point P required. 

For the angle FPK is equal to HPK (4. 1 Eu.), or its equal 
(15. 1 Eu.) EPG. 

Cor. 4. The differences of the distances, of two right lines 
(EP and PF see fig. 2), drawn from two points (E and F), on 
different sides of, and at unequal distances from^ a right line 
(GR), to any point ( P) in it, is greatest, when the right line 
(GK), to which they are drawn, makes equal angles (EPK and 
FPJL) with Aem^ towards the same part.. 
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For it is demonstrated in this proposition, that the difference 
of any other two, as £6 and GF, so drawn, is less than the diffeiS 
ence of these. 

Cor* 5. And hence appears a method of drawing to a given 
right line (OR), from two points (£ and F), on different sides 
of, and at unequal distances from it« right lines, to make with 
it equal angles, at the same point, and towards the same part* 
Namely, by letting fall the perpendicular FK, from one of the 
riven points F, on GK ^ taking on FK produced, KH equal to 
rK, and joining EH ; which, because the points E and F, or E 
and H, are at unequal distances from GK, being produced 
towards the least distance HK, would meet GK, let it, so pro- 
duced, meet it in P, and join FP. 

The angles HPK or EPK and FPK are equal (4. 1 Eu). 

Car. 6. No right line can be drawn, in any conick section 
(see fig. 1, 2 and 3), between the right line GPK, bisecting the 
angle^PH, and the section, and of course any right line, drawn 
through P, which makes unequal angles with the right lines PF 
and PH, enters the section on the part of the point P, whether 
towards G or K, on which the angle formed with PF is less 
than that formed with PH. 

For such a right line would divide the angle FPH unequally ; 
whence, in the case of the ellipse and hyperbola, see fig. 1 apd 2^ 
right lines being drawn from E and F, to make equal angles 
with that right line at the same point, towards opposite parts in 
fig. 1, and to the same part in fig. 2 (by cor. 3 and 5 above), the 
sum of these, in the former case, would be less than of EP and 
PF {Cor. 2 aboroe), and the difference in the latter case, greater than 
of EP and PF {cor. 4 aboroe) ; therefore, in both cases, the point, to 
which the right lines are so drawn from E and F, is within the 
section (4. 1 Sup.) ; therefore the right line, so dividing the an- 
gle FPH unequally, enters the section ; and, that it enters it on 
ttiat side of P, on which the angle it makes with PF is less, 
is manifest, since, on the other side of P, it falls without GPK 
^th respect to the section, and of course wholly without the sec- 
tion. 
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Andy in the case of a para- 
bola, see adjacent fig. a right 9 
line PMy which makes a less 
angle with PF than tvith PH, 
enters tiie section on the side 
6f P which b towards F ; 
fort from the greater angle 
MPH take MPN equal to 
MPF, make PN equal to PH, 
join NH, through N draw 
QNR at right angles to the 
directrix QH, meeting PM in 
R, and join RP. 

Because PN is equal to 
iPH, tiic triangle PHN is isosceles, therefore the angle PHN, 
being equal to PNH (5. 1 Eu.)^ is less than the right angle 
PHQ (d^. 1 Eu.)f the]*efore the point N falls between Q and R, 
and because RP, PF and the included angle RPF, are severally 
enuai to RP, PN and the included angle RPN, RF is equal to 
RN (4. 1 Eu.), and therefore less than ^R, and so the point R is 
within tiie section (4. 1 8up). 

And if a right line Pm make, on the other side of P, a lean 
angle with PF than with PH ; by using a similar construction 
and demonstration, as in the preceding case, only substituting 
the small letteins m, n, q, r for the corresponding capital8,it may 
be shewn, that the jioint r in Pm is within the section ; so that» 
In the case of a parabola, as well as of the other sections, a right 
line passing through P, and making unequal angles with PP 
and PH, enters the section on the part of P, on which the angl^ 
formed with PF, is less than that formed with PH. 

Cor. 7. Through any point of a conick section, there can be 
drawn but one right line, touching it in that point. It having 
been proved in tlie preceding corollary, that any other rigj^t 
line, except that bisecting the angle FPH, enters (he section, ani 
&not of course a tangent (Defl 10 of this). 
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The amdUion in the seamd corollary to this proposition^ tawardi 
cpposUe parU, is qmU necessary ; for if the wnnts E and^ 
see Jig* 1, he at wnequal distances from GK, the right lUu EF, 
being produced toward the least distance, woM meet GJST, and 
form me same, and of course, etpwl angles with GK, hut to the 
same part ; a like observation is applicable to the condition in the 
fourth corollary, towards the same part ; for the points E and JP, 
seefg. S, being an different sides ofGK, the right line EF would 
intersect GK produced^ and form with it eq%Ml angles, but 
towards opposite parts {15. 1 EuJ. 

PROP. XI. THEOR. 

A tangent (GTK, see fig. 1, 2 and 3 of prec. prop.) to a conick 
sectim, bisects, in ellipses, the angle FPU, see fig. I J, in corn^ 
finuation to that (EFFJ,formM by right lines drawn from the 
eimtact (FJ to the focuses; in hyperbolas, that CEFF, see fig. 
tj, formed by right lines so drawn to the focuses ; and^ in 
parabolas, that (FFH, set fig. SJ, formed by^ two right lines 
drawn from the contact (F), one (FFJ to the focus, and the 
other (FHJ, perpendicularly to the directrix (1)HJ. 

For in every case^ if the tangent PR bisects not the angle 
WVL, let there be drawn a right line bisecting this angle (9. 1 
F^), the right line so drawn ^so touches the section in P (10 1. 
fi^.) ; which cannot be {Cor. 7* 10* 1 Sup.), therefore the tangent 
wJL bisects in erery case the angle FPH. 

Cor* 1. A right line, touching a conick section in the vertex 
of an axis, is perpendicular to the axis ; for if not, a perpend!'? 
cular to the axis being drawn at the vertex, would be a tangent 
to the section {SchoL lo* i 8up.)n and so two right lines would 
touch the section in the same point, contrary to cor* 7 10. 1 
Sup. ; 

Cor. 2. A right line, drawn from any point of a conick sec^ 
tion, perpendicularly to the axis, is oi*dinately applied to it j 
being parallel to the tangent, passing through a vertex of the 
axis, which is perpendicular to the axis Cpf'^c. cor. J ; the part 
between the section and axis, being an ordinate to tlie axis C^f* 
12. 1 Sup J. 

Cor. 3. An ordinate to an axis, is perpendicular to it, because 
the tangent of the vertex, to which the ordinate is parallel (Bef* 
12. 1 Sup.J, is perpendicular to the axis fcor. I c^bove). 

Cor. 4. If a right line, joining the vertices of t^o diameters 
of a parabola, be ordinately applied to the azisj their parame* 
ters a^e equal. 
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For the segments of ihese diameters, between their vertices 
Afid the directrix, are equal, being opposite sides of a parallelo- 
gram, and therefore the parameters, bdng fonrfola of theaft 
segments (Def» 16. l Supy 
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Aright Une, passing through a focus of a comek sediomf and omiji 
point in the adjacent directrix, is perpendiadar to a right line, 
joining that focuSf to the contact, y a tangent to the section, 
drawn from the same point in the directrix ; and makes equal 
angles, with two right lines, joining that focus, to the intersec' 
tions, with the section or opposite sections, of any right tine, 
drawn from the same pmntin the directrix, and cutting in two 
points ike section or sedions ; the equal angles being on ffie same 
or different sides, of the right line joining me directrix and focus, 
and towards opposite parts or the same, according as the inters 
sections of the secant, arein thcsame or opposite sections* 
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Let DFLf Me fij[. 1, S and 3, be a right line passing throagh 
a. fociis F, of a conick section, and a point D, in the directrix 
SH, adjacent to that focus, and let DR he a tangent to tJie 
section, drawn from D, and touching it in R ; and DQP a ri^it^ 
luie, drawn from D, cutting the section or opposite sections in 
T and Q, and let FR, FP and FQ be drawn : DL is pcrpcndi- 
CBlar to FR, and makes equal angles PFG and QFD with FP 
and FQ ; tlie equal angles PFG and QFD being on the saRie or 
different sides of DFL, and towai'ds opposite parts or tlie same, 
according as the intersections P and Q are in the same or oj^o- 
«te sections. 

Part 1. The right line . . 

DL is perpendicular to tiie -'2?-^- IJ^^^O 

right line FR drawn to the 

tangent 

For. if the angles T>FR ^ 

and LFR be not right an- 
gles, and of course equal 

to each other, let one of 

ibem, aa SFR, be, if possi- 
ble, ^e greater, and take 

from it, a part DFI, equal 

to LFR, and let FI meet 

BR in I, let fall the per- 
pendiculars RM and IN 

on DH, and through R, 

draw BX parallel to FI, 

meeting DL in X. 

Because of tiie equiangu- 
lar trianglw DFI, DXR, 

and DIN, DRM, the angle 

RXF is equal to IFD or its eqipal 

{amstrj HFX, therefore RF and RX 

are equal {5. 1 En.) j and FI is to ID, 

as XR, or its equal FR, is to RD (4. 6 

£u.), and ID to IN, as RD to RM (by 

the same), therefore, bv equality, FI is M - 

toIN, aaFRistoRM(32. 5JSj(.), or "^^ 

iq. the determining ratio, therefore the 

point I is in the section (8. 1 Sup.), and 

80 the tangent DR meets the section in 

inore than one point, which is absurd 

<I0. I Sup.); therefore the tingles DFR and LFR are not 
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unequal, tliey are tiierefore equals and of course DL is perpen- 
dicalar to FR {Def. 20. 1 Bu). 

Part 2. The right line DL makes equal angles^ wifli the right 
■nes FP and FQ, drawn from tihe focus, to the points, wherein 
the secant DQP meets the section or opposite sections ; the 
equal angles being on tiie same or different sides of DL, and 
towards opposite parts or the same, according as the intersec- 
tions P and Q are in the same or opposite sections. 

Through P, draw PG parallel to FQ, meeting DL in 6 ; and, 
because of the equiangular triangles DP6, DQF,* and DPH, 
DQR^ GP is to PD, as FQ is to QD (4. 6. Eu.), and PD to PH, 
as QD to QR (by the same), therefore, by equality, GP is to 
FH, as FQ to QR (22. 5 Eu.), or, which is equal (6. 1 8up.), as 
FP is to PH ; whence GP and FP, having the same ratio to 
PH, are equal (9. 5. Eu), therefore the angle PFG is equal to 
the angle PGF, or, which is equal (29. 1 Eu.)f the angle QFD, 
and so the right line DL makes equal angles with the rig^t lines 
FP and FQ, on the same side of DL, and towards opposite 

Earts, when P and Q are in the same section, as in fig. 1 and S, 
ut on different sides of DL, and towurds the same par^ when 
P and Q ai*e in the opposite sections, as in fig. S» 
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PROP. XIIL THEOR. 

3f,ma right lint) touching, or cutting in two pointi, a eoniek sen- 
ium or opposite sections, and meeting a directrix, any point be to-- 
ken, ATuf o/jff a fnite right line, wlUdi is to the distance oj tUmt 
point from the direclrix,iH the determining ratio; the square of tke 
segment of tlie tangent, or rectangle under tlie aegmentt ij tke 
secant, between the msumedpoiiit, and the point or points, whtrf 
tR it meets the section or sections, is to tlie difference of tite iqnaret, 
ef the distance of tliat point, from the focus adjacent to the dirtH' 
frfir, and. tke asswned finite right tine i as the square of tAa 
segment, of tke same tangent or secant, between tke tame point 
and tke directrix, is to tIte difference of the squaresi of the $avf$ 
segment, and the assumed finite rigkt line. 
CflSe 1. When a secant j ^i^-^n 

DPQ passes through a focus I l ^^ j^ 

F,tiiat focus being the assum- 
ed point. 

And F and Q being the 

points, in which tJie secRnt 

neets the section, and D that, 

in wliich it meets the direc- 

tnx ; the perpendicalar FX 

being let fall from F on the 

directrix PX, and FM being 

faken on FD, having to FX 

the determining ratio, see 

schoJ. 6. 1 Sup.— The rectan- 

fle PFQ is to the square of 
M, as the square of FD is 
to thediflcrenceof thesquare^ 
9f FD and FM. 

Fi-om P and Q let fall tl»e 
perpendiculars PH and QI on 
the directrix DX, and from 
the centre F, at the distance 
FM, describe a circle, meet- 
ing DPQ again in N. 

And> since, as FP is to 
PH, so is FM to FX [Hyp], 
and, because of the ci^uiangu- 
lar trianglejs PHD anrtFXD, 
PH is to PD, as FX is to 
FD (4. 6 Eu.), by equality, 
FP is to PD, as FM is to 
-J» (33. 5 £jiO, and by con-. 
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Terting. FP is to the sum of FP and FD, or FD, as FM » to 

thesumofFMaTidFD, or ND fSi^d. 18. 6. Ak], and, alter- 
nating, FP is to FM, as FD is to ND. 

Id like manner, it may bo proved, tiiatFQ iatoFM, as^ 
■a to MD ; by using the reasoning of tbc preceding parmapi, 
only snbstitnting the letters Q, I and N for the letters P, H and 
M respectively, and tlie \rord "difference" for the word "sum"! 
tiierefure, compounding this ratio and that of the same para- 
grapli,'-the rectangle PFQ is to the «|u ve of FM, a« tiie squara 
of FD is to the rectangle MDN (23. 6 and 29. 5 Ku), or, which 
is equal (Cor. 3. 36. 3 £u), to tlu: diBbrencc of the stpiaica of 
FD and FM. 



Case 3. When a se- 
cant DPQ passes thro* 
a focus F, the assumed 
point not being the fo- 
cus, but some other 
point in tlie secant, as 

Ths points, wherein 
the secant meets the 
section and dii-ectrix, 
being noted as before, 
let till the perpendicu- 
lar RX on the direc- 
inx, and, taking KM 
on KD ' having to KX 
the dcterming ratio, — 
The rectangle PKQ ia 
to the difference of the 
squares ofKF and KM, 
as the square of KD is 
to the difference of the 
squares of KD and 
KM. 

Having let fall the 
perpendiculars PH and 
Ql on the directrix DX, 
fh>m the centre K, at 
the distance KM, des- 
rribe a circle meeting 
DFQ again in N. 

Because of the equi- 
angular triangles FH.D 



i^j. 
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ftnd KXD, PD is to PH, as KD is to KX (4. 6. Eu.), and a» 
PH is to PF, so isKX to KM {Hyp. and Tkmr. 3. 15. 5 Bh.)^ 
therefore by equality, PD is to PF, as RD is to KM (22. 5 JBu.)^ 
and, by alternating, PD is to KD as PF is to KM (16. 5 R^), 
therefore the excess of KD above PD; or KP, is to KD, as the 
excess of KM above PF, is to KM (17 5 Eu.)^ and thereforoy 
idtemating, KP is to the excess of KM above PF, as KD'is to 
KM (16. 5 Ea.)f and converting, KP is to KP with the excM 
of KM or KN above PF, or FN, as KD is to KD and KM to- 
gether, or ND. 

In like mahner, because of the equiangular triangles DXK 
and DIQ, KD is to KX, as QD to QI (4. 6 JSn), and as KX is 
to KM, so is QI to QF {Hyp. and Theor. S. 15. 5 Eu.\ there- 
fore, by equality KD is to KM, as QD to FQ (22. 5 Eu.\ and, 
altomating, KD is to QD, as KM to FQ (16. 5. Eu.)j there- 
fore the sum of KD and QD in fig* 2, and their difference in the 
other figures, or KQ, is to KD, as the sum or difference, as the 
case may be, of KM and FQ, is to KM (17 and 18. 5 Eiu)^ and, 
alternating, KQ is the sum or diffei*ence» as the case may be, of 
KM and FQ, as KD is to KM ( 1 6. 5 Eu.), and therefore, con- 
verting, KQ is to the difference of KQ and the sum or difference 
of Km and FQ, which is, in every case, equal to FM, as KD 
is to the difference of KD and KM, or MD {Scbd. 18. 5 Ett). 
Therefore, compounding this ratio and that of tlie preceding 
paragraph, the rectangle PKQ is to the rectangle MFN, or, 
which is equal {Cor. 3* 36. 3 jEu.), the difference of the squares 
of KF and KM, as the square of KD is to the rectangle MDN« 
or, which is equal (by the same), the difference of the squares of . 
KD and KM (23. 6 and 22. 5 Eu). 
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Case S. 'When a secant 
DPQ, meeting a directrix 
DX, does not pass through 
ike adjacent focus. 

Let the assumed point be 
KJoin FP, FQ, FK and 
DF, which last produce as 
to N, fi-om the assumed 
point R draw KM and KN 
parallel to FQ and FP, 
meeting DFN in M and N, 
and draw KX and FH at 
Hgbt anfflee to OX : and, 
because of theparallels KN 
and FF, the angle KNM is 
equal to PFD (29. 1 En.), 
or, which is equal (IS. l 
Sup.), the u)gle QFN in 
iig. 1 and 3, and Q¥D in 
fig. S, or, which, because 
of the parallels QF and 
KM, is equal (29. 1 Bu.), 
KMN ; therefore KM and 
KN are equal (6. 1 Eu.), 
and a circle described from 
the centre K at the distance 
KM passes through N ; let 
this circle be described, and 
because of the equiangular 
triangles NKD, FPD, and 
KUX, FDH, NK is to 
KD, as FF is to PD, and ^ 
KD to KX, as FD to PU 
(4. 6. Eu.), therefore, by 
quality, NK or MK is to 
KX, as FP to PH (22. 5 H 
Eu.), OF in the detenninin|f 
ratio. ^ ^ 

And the rectangle PKQ :? 
is to tie difference of the 
squares of KF and KM, as 
the square of KD is to the n 
difference of the squares of 
KO and KM. 
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For, because KN is paraHel to FP, and MK to FQ ; PK is to 
FN, as KD is to ND (2. 6 and 18 and 16. 5 Eu.), and QKto 
FM, as KD to MD (by the same) ; therefore, compounding tlicne 
two ratios, the rectangle PKQ is to the rectangle MFN, or, 
which is equal {Cor. S. 36, 3), the difference of tiie squares of 
KF and KM, as the square of KD is to the rectangle MDN, or, 
which is equal (by the same), the difference of the squares of KD 
and KM (23. 6 and 22. 5 Eu). 

Case 4. When the assumed point as L, is in a tangent GLB 
meeting a directrix DX in G. 

From the focus F adjacent to the directi'ix DX, to the contact 
R, draw FR, join GF, draw RU at right angles to DX, 
and LO parallel to RF, meeting FG in O. And, because the 
angle GFR is a right angle (12. 1 Sup.)^ the angle GOL, equal to 
it (29. 1), is also a right angle ; and, because of the equiangular 
triangles GOL and GFR, GLZ and GRU, LO is to LG, as 
RF is to RG (4. 6 Eu.), and LG to LZ, as RG to RU (by tiie 
same), therefore, by equality, LO is tQ LZ, as RF to RU (22. 5 
Eu-), or in the determining ratio. 

And the Square of LR is to the difference of the squares of LF 
and LO, as the square of LG is to the difference of the squares of 
LG and LO. 

For, because of the parallels OL and FR, the square of LR is 
to the square of OF, or, which is equal (47. 1 Eu.), the difference 
of the squares of LF and LO, as the square of LG is to the 
square of GO (2 and 22. 6 and 16. 5 Eu.), or, which is equal 
(47. 1 Eu.), to the difierence of the squares of LG and LQ. 



PROP. XIV. THEOR 



If two right lines, meeting each other^ and parallel to tivo right 
lines given by position, both touch, or both cut in two poinUp 
or one of theni touch and the other so cut a conick secfwUf or 
opposite sections ; the squares of the segments of the tangentM, or 
rectangles unOer the segments of the secants, between the con- 
course qf the right lines, and the section or sections, are to each 
other, always in the same ratio, wherever the concourse of the 
right lines may fall. 
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Case 1. Let the right 
lines^ parallel to the right 
lines A and B given by 
position, be the secants DPQ 
and GST meeting each o- 
ther in K^ and a directrix 
DX in D and G.— The ra- 
tio of the rectangle PKQ to 
SET is a constant ratio, 
and tlie same, wherever the 
point K may fall. 

Let RF be drawn te the 
focus F adjacent to the direc- 
trix DX, and the perpendi- 
cular KX be let fall on tlie 
directrix DX, and let KM 
be taken, haying to KX the 
determining ratio ; then the 
rectangle PKQ is to the 
difference of the squares of 
KF and KM, as the square 
of KD is to the difference of 
the squares of KD and KM 
(13. 1 StipA ; also the rect- 
angle SKT is to the differ- 
ence of the squares of KF 
and KM, as the square of 
KG is to the difference of 
the squares of KG and KM 
(by the same), and, by in- 
verting, tlie difference of the 
squares of KF and KM is 
to the rectangle SKT, as the 
difference of the squares of 
KG and KM is to the square 
of KG {Theor. 3. 15. 5 Eu.) ; but the rectangle PKQ is to the 
rectangle SKT in a ratio compounded of tlie ratios of the rect- 
angle PKQ to tlie difference of the squares of KF and KM, and 
of tiie difference of tlic same squares of KF and KM to the rect- 
angle SKT [^Def. 13/5 Eu.'], or, which has been just shewn tp 
be equal, ratios compounded of equal ratios being equal by 2SL 
9. Eu. in a ratio compounded of the ratios of the square of 
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to the difference of the squares of KD and KM, and of the dif- 
ference of the squares of KG and KM to the square of KG. 

But the position of A, and of KPQ parallel to it, as also 
of the directrix DX, being given, the angle KDX is givop^ 
whence, the angle KXO being right, and therefore given, the 
ratio of KD to KX is a constant ratio, or, the same, whcireyer 
in the right line DQ the point K may be (4. 6 Eu.), also the ratio 
of KX to KM, being the determining ratio, is a constant ratio 
(6. 1 Sup.), therefore the ratio of KD to KM, compounded of 
both these ratios (Def. 13. 5 Eu.), is a constant ratio (£2. 5 
Eu.), and tiierefore also the ratio of tlie square of KD to the 
square of KM (20. 6 and Cor. 3. 22. 5 Eu.), and thercfoi*e of the" 
square of KD to the difference of the squares of KD and KM 
{Schol. 18. 5 Eu.) ; in like manner, and by inverting, it may 
be proved, that the ratio of the difference of the squai*es of KG 
and KM to the square of KG is constant^ therefore the ratio,' 
which is the compound, of tiie ratio of square of KD to the 
difference of the squares of KD and KM, and of that of the 
difference of the squares of KG and KM to the square of KG, 
is constant, (22. 5 Eu.) : but the rectangle PKQ has been just 
shewn to be to the i*ectangle SKT, in a ratio compounded of 
these ratios, therefore these rectangles arc to each other in a 
constant ratio, and therefore in the same ratio, wherever the 
concourse K of the right lines KPQ and KST may fall. 

Case 2. ^Let now one of the right lines, as HKR, parallel to 
a right line as C, given by position, and meeting a directrix, as 
in H, be a tangent, the point of contact being R, the other DPQ 
being a secant as in the former case, the point of concourse of 
these right lines being K. The ratio of the rectangle PKQ to 
the square of KR is a constant ratio, and the same, wherever t|ie 
point K may fall. 

The demonstration is exactly the same as that of the preceding 
case, only substituting for the rectangle SKT, the square of 
KR, and for the right lines KG and KST, the right lines KH 
and KR. 

Case 3. Again, let both the right lines, so meeting the direc- 
trix and each other, be tangents, as KZ and KR ^ their con- 
course being R, and the points of contact Z and R. 

Through their concourse K, draw any right line KPQ, 
cutting the section or opposite sections in P and Q. By the 
preceding case, the square of KZ is to the rectangle PKQ in a 
constant ratio, and, by the same, the rectangle PKQ is to the 
square of KR in a constant I'atio, thei'efore, by equality, the 
squares of KZ andKR ai*e to each other in a constant ratio. 
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Ca^ 4. Let now one of 

two secants PQ anil ST, 

see fig. t, 2 and 3, meeting 

each other in K, and the 

section or sections in P and 

Q, S and T, as ST, be 

Mirallel tothedirectrixDX, 

PQ meeting the directrix in 

D.— The rectangle PKQ is 

to the rectangle SKT in a 

constant ratio. 
Join FS and FT. through 

tlie focus F, let MF\ be 

drawn, parallel to DG, and 

from K draw KM and RN 

parallel to FS and FT, 

meeting MFN in M and N, 

let fall the perpend iculars 

EX and SG on DX, and 

join FK. 

Because ST is parallel to DG, the 
distances of the points S, K and T fi-o[n 
DG are equal (28 and 34. 1 £u.}; and, 
because ST is parallel to MN, KM to 
FS, and KN to FT, in the parallelo- 
grams MS and XT, the side MK is 
equal to FS and NK to FP, also FM 
to SK and NF fo KT (34. 1 Eu.) ; and, 
because FS and FT have tlie same 
ratio to the equal distances of the 
points S and T from the directrix DG 
(6. 1 Sup-), they are equal (9. 5 £«.), 
as are tiiercfore their equals KM and 
KN J whence, a circular arch describ- 
ed &om the ccnti-c K at the distance 
KM passes through tlie point N ; let 
such an arch MN he described, and 
KM is to KX, as FS is to SG, or in tiie determining ratio (6. 1 
-Swp.), and so the rectangle PKQ is to the diffei-cnce of the 
squares of KF and KM, or, wliicli is, because of the circular 
ait^h MN, equal {Cw. 3. 36. 3 £«.), die rectanyle MFN, or, 
SK and KT being severally equal to MF and FN, to the rectaa- 
gle SKT, as tiie square of KI> is to the difference of the sijuarcs 
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of KD and KM (13. 1 Sup.)^ and therefore in a constant ratio. 
Case 5. Lastly^ let one of the right lines PQ and LR, meet- 
ing eadi other in L, as LH^ be a tangent» touching the section 
in a vertex R of the principal axis Fii, and of course perpen- 
dicular to that axis {Cor. !• 11. 1 Sup.)^ and therefore parallel 
to the directrix DG, the other PQ being a secant, meeting the 
directrix in D, and the section or sections in P and Q. The 
rectangle PLQ is to the square of LR, in a constant ratio. 

Let fall the perpendiculars FU and LH on the directrix DX, 
draw FO parallel to LR meeting LH in O ; and, because of the 
parallelograms HR and OR, the right lines HL, OL and OF 
arc severally equal to UR, FR and LR (34. 1 Etu) ; therefore 
OL is to LH. as FR to RU, and therefore in the determining 
ratio (6. 1 Sup.) ; whence, a right line being supposed to be 
drawn from F to L, the rectangle PLQ is to the difference of 
tVe squares of FL and LO, or, because of the right angled tri- 
angle FOL and parallelogram OR, to the square of OF (47. 1 
Eu.), or, which is equal (34. 1 Etu)^ LR, as the square of LD is 
to the difference of the squares of LD and LO (13. 1 Sup.)f and 
therefore, as before, in a constant ratio. 

Scholium. — That the truth of this proposition may appear 
more clearly, in the different positions of the point K, another 
secant skt is exhibited in the figures to the three first cases^ 
meeting the secant DPQ, in a different situation, with respect 
to the section, as internally, instead of externally ; the reason- 
ing in the demonstration of the proposition applying, by sub- 
stituting the small letters s, k, t, g and x, for thcii* respective 
capitals. 

Cor. 1. If any right line (KZ, see fig. 1 of this prop.)> touch- 
ing a conick section, meet two parallel right lines (GT, gt), 
cutting the section or opposite sections ; the rectangles under 
the segments of the secants, between the tangent and the section 
or sections, ai^e to each other, as the squai'cs of the segments ot 
the tangent, between the parallels and the contact. 

For the ratios of the rectangles under these segments of the 
secants, to the squares of the respective segments of the tangent 
which they meet, being by this prop. c(|ujvl, by alternating these 
rectangles are to each other, as the same squares. 

Cor. 2. Or if any right line, toucliing a conick section, meet 
two parallel right lines, touching the section or opposite sec- 
tions ; it may in the same manner be proved, that the squares of 
the segments of the parallel tangents between tlieir contacts and 
the tangent which they meet; arc to each other^ as the squares of 
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the segments of that tangent^ between the parallels and its con- 
tact. 

Cor. d. Or if any right line, touching a conick section, meet 
two parallel right lines, whereof one is a tangent, and the other 
a secant i the square of the segment of tiie tiuigent, and rectan- 

Sle under the segments of the secant, between the tangent which 
ey Aeet and the section, are to eacli oilier, as tiic squares of 
the segments of that tangent between the parallels and its 
contact. 

Cor- 4. Or if any right line, cutting a conick section or op- 
posite sections in two points, meet two parallel right lines 
cutting in like manner the same section or sections ; the i*ect^ 
angles under the segments of the parallels between the section 01: 
sections, and the right line which they meet, are to each other, 
as the rectangles under the segments of the right line which they 
so meet, between the parallels and the section or sections. 

Cor. 5. Or if any right line, cutting a conick section or 
opposite sections, meet two parallel right lines touching the same 
section or opposite sections ; the squares of the segments of the 
parallel tangents between their contacts, and the secant which 
they meet, are to each other, as tiie rectangles under the seg^ 
ments of that secant, between the parallels, and the section or 
i^ections. 

Cor. 6. Or if any right line, cutting in two points a conick 
section or opposite sections, meet two parallel right lines, 
whereof one is a tangent, and the other a secant ; the square of 
the segment of the tangent, and the rectangle under the segments 
of tiie secant, between the section or sections and the secant 
which they meet, are to each other, as the rectangles under the 
segments of that secant between the parallels, and the section or 
sections. 
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PROP. XY. THEOR. 




bright line CPH_), drawn from any point (T) of a AyperMa 
(BPJ, to tlu adjacent directrix (BXJ, paraliel to the edjaeaU 
asifmptole (CKJ, is eqiuil to f/i« distance (PFJ of OiUmme 
potntifnrm tlie adjaemtfoats (¥)* « 

Let E be otiier focus, iuid AB 
the principal axis ; draw AEC 
at right angles to AB, mcetin;; 
the asymptote CK in K, and PX 
at riglit angles to DX. 

Because AK is equal to the 
second semiaxis {fitf, 19. 1 Sv.-p,)y 
its squai-c is equal to the diflcr- 
encc of the squares of CK and . 
CA (2. 1 Sup.)y and the square 
of AK is also equal to the differ- 
ence of the squares of CK and 
CA (47. 1 Eli.) ; whence, the 
difference of the squares of CE and CA, and of CK and CA* 
being each equal to the square of AK, are equal to each other 
{Ae. 1. 1), adding to each of these differences the square of CA, 
the squai'es of CE and CK are equal, and so CE is equal to 
CK ; and PF is to PX, as CE, or, which has been just proved 
equal to it, CK, is to CA (Sdtol. 6. l Sup.), or, because of the 
rfpiiangular triangles ACK and XHP, as FH is to PX (4. 6 
Jiu.) ; thci-croi-c I'E and PH, having the same ratio to PX, are ' 
«|tial (9. S Eu). 

SduAiam. — Hence, a focus F, the adjacent directrix DX, and 
an asymptotv CIC of a hyperbola being given, the section may 
he dcscnbe^. T^et XIIZ be an instrument similar to a square, 
but with one side HZ moveable ahotit M, so as to make the 
H>i^Ie ZIIX c(|ual to a giveii one. Let one side of it HX be 
apj)licd to the directrix UX, and the otlier side HZ, beine 
toward the part on which is F, he so inclined to the side HX^ 
that it may be parallel to CK ; and to the extremity Z, qf the 
Ride HZ, let one extremity ol' a thi-cad of the same length as 
HZ he fastened, and let its otlier extremity, tlic thread going 
round a pin in the side HZ, at the point P, be fastened atthe 
point F, and because the thread FPZ is equal to H Z, taking 
P/ from each, PF remains equal to PH ; let tlie side HX of the 
ioiitnimcnt be moved along flie lino DX, and> the thread r 
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ing e^ndefl, let the pin. affixed to the Kide HZ of the iitDrtni- 
ment, describe the lino BP, which is the hyperiwia required, as- 
is manifest from thin prapositton. 

Htince appcai-s fufther, the clfwe analogy, which exists between 
the parabola and hyperbola, seeing that, if the side of the square, 
to which the thread and pin, are applied, deviate ever 8o little 
either way from a right angle with the other aide, the figure bf- 
oomes a hyperbola. 

PROP. XVI. THEOR. 

I^t in a right line paralUl to an aaympMe of a hyperbeia, nny 
point be taken, aiCd alto a finite right line, -which is to the dig' 
tance of that pmnt from the directrix, adjacent to the hyperbola 
which it meetx, in the determining ratio ; the rectangle under the 
distances of the pmnt, loherdn the paroKfl right line meets the 
hyperbola, from that wherein it meets the directrix, and from 
the assumed point, is to the difference of the squares of the dis- 
tance of that pmnt, from the focus adjacent to tht same directrix f 
and tKe assumed finite right line, as the square of the segment of 
the same paralla, between the directrix and hyperbola, to the 
square of a rightline, joining thefoais, to the point, in which the 
paralUl meets the dirtctrix. 



In a right line DK, 
parallel to an asymptote 
CZ of a hyperbola, let 
any point whatever K be 
taken ; let P and D be the 
points in which DR meets 
the hyperbola and direc- 
trix DX adjacent thereto, 
and F the adjacent focus } 
let KM be taken on DH^ 
baring to a perpendicular 
KX, let fall from K on 
the directrix DX, the de- 
termining ratio, and let 
DF, PF and FK be join- 
ed. . _ 

The rectangle DPK isto thedilTerence of the 3f|uarM»f KB 
and KM, ta the square of fD is to the W{uar« of PD. ' 
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Let fall the perpendicular PH on DX, and from K draw KN 
parallel to PF, meeting DF, produced if necessary, in N. 

Because of the equiangulai* triangles DKN and DPF, KN is 
to KD, as PF is to PD (4. 6 JBjf.) ; whence, PF being equal to 
PD (15. 1 Sup.), KN is equal to kD. And since KN is to KD, 
as PF is to PD, and, because of the equiangular triangles DKX 
and DPIl, DK is to KX, as DP to PH (4. 6 Etu), by equality, 
KN is to K\, as PF to PH (22. 5 JBi*.), or in the determin- 
ing ratio ; therefore KN or KD is equal to KM {Hyp. and 9. '5 
Eu). 

From the centre K, at the distance KD, KN or KM, let the 
circle DNM be described ; and, because of the parallels PF and 
KN, the rectangle D PK is to the rectangle DFN, or, which is 
equal {Cor. 3. 36. 3 Eu.)^ the difference of the squares of KF and 
KM, as the square of DP is to the square, of DF (20. 6 and Car. 
3. 22. 5 Eu). 

Cor. The segment (KD), of a right line (DM) parallel to an 
asymptote (CZ) of a hyperbola, between any point (K) in the 
parallel, and the directrix, is to a perpendicular (KX) let &dl 
from the same point on the directrix, in tlie determining ratio. 

For, because of tlic equiangular triangles DKX and DPH, 
KD is to KX, as PD, or its equal (15. 1 Sup.) PF, is to PH (4. 
6 £ii.),or in the determining ratio. 

Scholium. The reasoning in this proposition and corollary 
applies, whether the point taken in the parallel, be within or 
without the hyperbola, as the point k, a right line being sup- 
posed to be drawn from k to F, by substituting the small letters 
k, X, m and n for their resiiective capitals. 



PROP. XVII. THEOR. 



If two right liueSf parallel to each oilier^ both toudi or both cut n 
two points, or one of them taiich, and tlie other so cut, a hyperbo- 
la or opposite hyperbolas, and meet a right line parallel to an 
asymptote ; the squares of tlie segments of ihf tangmts, or rectan- 
gles under the segments of the secants, between tlie right lint 
parallel to the asymptote, and tlie point or points wherein they 
meet the hyperbola or hyperbolas, are to eadi other, as the seg- 
ments of the right line parallel to -he asymptote, between the 
parallels, and the conootirse of that right line, with the hyperbola^ 
'Which it meets. 
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Let, in fig. 1,RL and rl be two tangents, parallel to each otlier, 
touching opposite hyperbolas in R and r, meeting a directrix 
DG, in H andh, and DK parallel to the asymptote CZ tn L 
and 1 ; and let secants ST and st meet a hyperbola, as in fig. 1, 
or opposite hyperbolas, as in fig- 2, in S and T, s and t, the 
directrix DG in G and g, and the parallel to the asymptote in 
K. and k. The square's of LR and Ir in fig. 1, and tlie rectangle 
SKT and skt in (ig. 1 and 2, are to each other, as the ridit 
UncB PL and PI, PK and Pk. 

Join KF and DP; and KD andkD in fig. 1 and 2, and LD and 
ID in fig. l,havetoperpendlcalRi-s letfall from the jiointsR and k, 
L andl, on the directrix DG, the determining ratio (Cor, 16. 1 
8vp,), and let, first, the parallel right lines wliich meet DK, be, 
in fig. 1, the tangent LR and the secant ST ; and since the 
rectangle SKT is to the difierence of the squares of ^P and 
KD, as the square of KG is to the difference of the squares of 
KG and KD (13. 1 and Cor. 16. I Sitp.), and the diSerence of 
the squares of KF and KD is to tbe rectangle DPK, as the 
square of DFistn the square of DP (l6. l 8up. and Tkeor. 3. 
1 5. 9, £u.), by compounding these ratios, the rectangle SKT is 
to t)ie rectangle DPK, in a ratio camiiounded of the ratios of 
the rectangle SKT to tbe difierence of the squares of KP and 
KD, and of the same difierence to tbe rectangle DPK, (.Aef. 13. 
5 Ea.), or, which has been just shewn to be equal, of the ratios 
nf tbe square of KG to the diSerence of tiie squares of KG and 
KD, and of the square of DP to tbe square of DP. 



g 
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In like manner it may be proved, that the square of RL is to 
the r(Ttiing:le DPL, in a ratio, compounded of the ratios of the 
square of LH to the difference of the squares of LH and LD, and 
of the square of DF to the square of DP. 

I'Ut in these two compounded ratios, that of the sqitftre of DF 
to the square of DP is common to both, and, because of the 
equiangular triangles KGD and LHI), the ratios of KG toKD 
and of LH to LD are equal (4. 6. £«.), and therefore those, rf 
tlie square of KG t<» the square of KD, and of the square of LH to 
to the square of LD {20. 6. and cor. 3. Q2. 5. Eiu), and 
therefore those, of the square of KG to the diflference of 
the squares of KG and KD, and of the square LH to the 
difference of the squares of LH and LD (Scliol. 18. 5 
Eu,) the];efore these compound ratios being compounded of 
equal ratios, are equal (£2. 5 J5Jm.), tlicrefoi-e the ratios equal to 
them of the rectangle SKT to the rectangle DPK, and of the 
square of RL to tlie rectangle DPL ai'e equal, and, by alter- 
nating, the rectangle SKT is to the square of RL, as the rcctan- 
le DPK, is to the rectangle DPL (16. 5 Eu.), or, the side 

P being common to both rectangles, as PK is to PL (1.6. Eu)^ 

In like manner, if, instead of the tangent RL and secant SK1\ 
the tangent rl and secant skt be used, t!ic truth of tlie proposition 
may be shewn, a right line being supposed to be di*awn from k 
to F, by substituting the small letters s, t, k, g, r, 1 and h for the 
corresponding capitals, as is manifest. 

And, by a similar reasoning, it may be proved, in both figures, 
that the rectangles feKT and skt, ai*e to each other, as the seg- 
ments KP and kP, of the right line parallel to the asymptote, 
between the pai*allels ST and st, and the point P. 

PROP. XVHL THEOB. 

If a right linCf tmuHnng a hyperbola, or cutting a hyperbola wr'op^ 
posite hyperbolas in two points, meet two right Ivies paraUel to 
an asymptote ; the squares of the segments of the tangent, or 
rectangles under the segments of the secant, between the parallels^ 
and the point or points, wherein the tangent or secant meets the 
section or sections, are to each other, in a ratio, compounded of 
the ratios, of the segments of the parallels, between the tangent 
or secant, and the points wherein the same parallels meet tlie Ay- 
perbcia, and of tlie segments of the same parallels, between 
a right line passing through the foeus adjacent to titem, and 
perpendicularly cutting than, and the adjacent directrix. 
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Let a riglit line XZ, see &g. 1, touching a hyperbola in R, or 
£T, ette fig. 1 and %, cutting a hyperbola or opposite hyperbolas 
in S and T, meet two nght lines DK and GL, parallel to an 
asymptote CU, and meeting the adjacent directrix l)Gin D and 
6 ; from the focus F adjacent to the parallelsi let the right line 
FBA be drawn, perpendicularly meeting these parallels in A 
and B, the squares of XR and ZR, or rectangles SRT and SLT^ 
aa the case may be, are to each other in a ratio compounded <^ 
*e ratios of XP to ZQ or FK to tH,, and of DA to GB. 
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First, tlie reclaii.s^lcs SKT and SLT, sec fig. 1 and 2, are to 
earb other, in a ratio com^iounded of the ratios of PK to QL and 
of DA to GB. 

.Toin FD, FK, FL and FP ; let U and u be tlie points hi 
\irbicb ST and XZ meet the directrix DG ; take AV equal to 
AD, and through* K draw KM parallel to PF, meeting DF pro- 
duced in M. 

The right line FV is equal to FD (4. 1 Eu.\ and PF to PD 
(15. 1 Sup.) ; therefore the triangles DFV and DPF are isos- 
celes, and, having the angle PDF common, are equiangular, 
tbei-efore DV is 1o DF, as DF is to DP (4. 6 En.), oi, which is 
equal, because of the parallels PFand KM, as FM is to PK ; 
(2. 6 and 16. 5 Eu.)^ therefore the rectangle under DV or twice 
DA and PK, is equal to the rectangle DFM (16. G Eu.) : but, 
because of PF equal to PD, avid parallel to KM, the right lines 
KD and KM are equal, and a circle described from tJie centre 
K, at the distance KD, would pass tlirougb M, and so the rect- 
angle DFM is equal to the diffei*ence of the squares of KD and 
K¥ {Cor. 3. 36. 3 Eu.) ; therefore the rectangle under twice DA 
and PK is equal to the difference of the squares of KD andKF. 

In like manner, if BN be taken equal to BG. and FQ, FG and 
FN be Joined, and GF produced meet a right line drawn through 
L parallel to QF, it may be pi-oved, that the rectangle under 
twice GB and QL is equal to the difference of the squares of 
LG and LF. 

But the ratios of KD and LG, to perjiendiculars let fall from 
K and L on DG, ai-e equal to tlie determining ratio {Cor. 16, 1 
Sup»)f therefore the irctangle SKT is to the difference, of the squares 
of KD and KT, as the square of KU is to the difference of the 
squares ofKU and KD () 3. 1 Sup.) ; for a like reason, the rectan- 
gle SLT is 1o llie difference of the squares of LG and LF, as the 
square of LI' is to the difTei^ence of the squares of LU and LG ; 
but, because of the equiangular triangles KUD and LUG, the 
ratios of KLI to KD ami of LU to LGai'e equal (4. 6 Eu.), and" 
therefore those, of Ihe square of KU to the square of KD, and 
of the sfjuar(»- of LlJlo the square of LG (20. 6 and Cor. 3. 22. 5 
En.), and theivfore those, of the squai'e of KU to the difTercnce 
of the squares of KU and KD, and of the squait; of LU to the 
difference of the squai*es of LU and LG {Schol. 18. 5 Eii.) ; 
Iherefoi-e the ratios of the rectangle SKT to the difference of the 
squares of KD and KF, and of the i-ectangle SLT to the differ- 
.^e of flie sr|uares of LG and LF, which are equal to these 
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•equal ratios, arc equal (11* 5 Eu.) ;. and the difference of the 
squares of KD and KF is above proved equal to the rectangle 
under twice DA and PK, and the difference of the squares of 
LG and LF to the rectangle under twice GB and QL, therefore 
tiie rectangle SKT is to the rectangle under twice DA and PK, 
as the rectangle SLT is to the rectangle under twice GB and 
QLy and, by alternating, the rectangle SK.T is to the rectangle 
SLT, as the rectangle under twice DA and PK is to the rectan- 
le under twice GB and QL (16. 5 Eu*); or, which is equal 
^3. 6 Eu.)^ in a ratio compounded of the ratios of PK to QL^ 
and of twice DA to twice GB ; or, twice DA being to twice GB, 
as DA to GB {15* 5 Eu.\ in a ratio compounded of the ratios 
of PK to QL and of DA to. GB. 

In like manner it maj be proved, in the case of the tangent 
XZ, see fig. 1, by drawing through X and Z, instead of 
tlirough K and L, right lines parallel to PP and QF, and other- 
wise constructing and reasoning as above, that the rectangles 
under twice DA and XP, and under twice GB and ZQ, are 
equal to the differences of the squares of XD and XF, and of 
ZG and ZF ; and so the square of RX being, for the like reason 
as above, to the difference of the squares of XD and XF, as the 
square of RZ is to the difference of the squares of ZG and ZF ; 
by substituting for the diffei-ences of the squares of XD and XF, 
and of ZG and GF, their equals as above, the rectangles under 
twice DA and XP, and under twice GB and ZQ, the square of 
RX is to the i*ectangle under twice DA and XP, as tlie square 
of RZ is to tlie rectangle under twice GB and ZQ, and, by. 
alternating, the square of RX is to the square of RZ, as tlie 
i*ectangle under twice DA and XP is to tlie rectangle under 
twice GB and ZQ (16. 5 Eie.), or, in a ratio, compounded of 
the ratios of XP to ZQ and twice DA to twice GB (23. 6 EtL) 
or, twice DA being to twice GB, as DA to GB (15. 5 Eu.)f in 
a ratio compennded of the ratios of XP to ZQ and of DA to GB, 
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PROP. XIX. THEOR. 

]fff in a diameter of aparahoLa^ any point he taken ; thtredangle 
under the segments of the diameter^ between its vertex and that 
pointf and its vertex and the directrix^ is to the difference of ike 
^quareSf of the distances of ttie assumed pointy from the focus, and 
from the directrix, as the square of the segment of the diameter, 
between Us vertex and the directrix, is to the square of a right 
line, joining the focus, to the point, in which the diameter meete^ 
the directrix. 

In a diameter DPK of a parabola, 
take any point ^ivhatever K ; let P 
and D be the points in which the di- 
ameter meets the parabola and the 
directrix DO, and F the focus, and 
let DF, PF and KF be joined. The 
rectangle DPK is to the difference 
of the squares of KF and KD, as 
the square of PD is to the square of 
FD. 

From K draw KM parallel to FP, 
meeting DF, produced, if necessary, 
in M. Because of the equiaifij^ular 
triangles DKM and DPF, OI is to KD, ^ PF to PD (4. « 
Eu.), or in a ratio of equality (Def. 8. 1 Sup.) : from the centre 
K, at the distance KD, let a circle be described, which, because^ 
of the equality of KD and KM, passes through M ; and, became 
of the parallels PF and KM, the rectangle DPK is to the rect- 
angle DFM, or, which is equal {Cor. 3. 36. 3 Eu,}, the difference 
of the squares of KF and KD, as the square of PD is to the 
squai-e of FD (2 and 20. 6 and Cor. 3. 2£. 5 Eu). 




PROP. XX. THEOR. 

tf tivo right lines, parallel to each other, both cut in twopoinfs^ 
or one of them touch, and the other so cut, a parabola, and meet 
a diameter ; the rectangles under the s^ment^ of the secants, or 
sqiiare of the segment of the tangent, between the diiimeter, and 
the point or points, whereHk they mset tlie parabola, are to each 
other, as the segments of the diameter, between its vertex and 
Hie parallels. 
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Let SKT an<t skt be two 
secimts, or SK. T a accant, 
and HL a. tans^nt to a para- 
bola, parallel to each other ; 
the secants cutting the para- 
bola in S and T, a and t, and 
meeting a diameter DK in 
K and k, and the directrix 
DGin Gandg; andthetan- 
^nt touching the parabola 
in R, and meeting the diam- 
cter in L, and the directrix 
in H. The rectangles 8RT 
and -skt, or the rectangle 
SET and square or KL, are 
to each other, as the seg- 
ments KP, kp and LP. 

C JoiiiDF, KF, kF and LF ; and first, let the parallel ri^tUnea 
which meet t)ie diameter, be a secant, as ST, and a tangent, as 
RL ; and since the determining ratio in the parabola is tlie ratio 
of equality [Schol. 6. 1 Sup.], the right lines KD, kD and LO 
have to the distances of the points i^, k and L from the direc- 
trix, the deten:iining ratio ; whence the rectangle S ^-T is to the 
difference of the squares of fCF and KD, as the stjuare of r G is 
to the difference of the squares of KG and KO (13 1 8ap.)i and 
the difference of the squares of xF and KD is to the rectangle 
DPK, as the square of DFis to thesquareof DP (19. 1 Sitp. 
and Tkeor. 3.15.5 Em.), therefore, by compounding these ratios, 
the rectangle SKT is to the rectangle DPK in a ratio com- 
pounded of the ratios of the rectangle S!CT to the diffference of 
the squares of KFand KD, and of the same difference bo the 
rectangle DPK fO^- 13. 5 Eu.J, or, which has been just 
shewn to be equal, of the ratios of the square of KG to the dif' 
ference of the squares of KG and KD, and of the square of DP 
to the square of DP. 

In like manner it may be proved, that the square of RL is to 
the rectangle DPL, in a ratio, compounded of the ratioe of the. 
square of LH to the difference of the snuares of LH and LD, 
and of the square of DF to the square of OP- 

But in these two compound ratios, that of Oie square of DF to ' 
^he square of DP is common to both, and because of the equian- 
gular triangles KGD and LHD, the ratios of KG to KD and i^ 
LHto LD are equal (4. 6.£u.), and therefot^ those, of the aqou* 
33 
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of KG to the square of KD, and of the square of LH to tJw 
square of LD (20. 6 and aor, S. 32. 5 En.), and therefore thoM, 
of the square of KG to the difierence of the squares of KG and 
XD, and of the square of LH to the difference of the squsras of 
LH and LD [8chot, 18. 5 Eu.), therefore tberatioa compounded 
of these equal ratios are equal (22. 5 Eit.i, namely, the ratiev 
of the rectangle SKT to the rectangle DPK, and of the square 
of RL to the rectangle DPL, and hy alternating, the reetan^e 
SKT is to the square RL, as the rectangle DPK is to the rect- 
angle DPL (16. 5 Bu.), or, the aide DP being commoo to both 
rectangles, as PK is to PL. 

In like manner, if both the parallels be secants, as ST and at, 
it may be proved, that the rectangles SKT and skt have the 
same ratio to each ottier, as the sfegments of the cnameter PK 
and ¥k. 

PROP. XXI. THEOR. 

ijF a r^ht line, UmcMng a parabola, or cutting it in two poiaUr 
meet two diaiaeters ; the squares of tAe segmenU of the Utngtmit 
«r rectangles under ttie segmenti of the secant, between the diaiit' 
eters, and the point or points, -wherein the tangent or ttcant 
meets the parahola, are to each other, as the segments of the di- 
ameters, between their vertices, and the points, in -afadi theg 
meet tlie tangent or secant. 

Let DK and GL 
be two diameters of 
a parabola, meetjng ^ 
the section in P and 
Q, and the directrix 
in D and G, and 
let ' a tangent XZ, 
touching the para- 
bola in R( meet 
these diameters in 
X and Z, and the 
directrix D6 in I, 
op a secant ST, 
meet the same diam- 
eters in K and L, 
I the section in 9 and 
T, and tbe direc- 
trix in B ; the 
squares of I^ and 




BOOK I. tmncK sECTioim. tSS 

RZ are to each other, as the segments of XP and ZO ; and 
the rectangles SKT, and SLT are to each otherf as the seg- 
ments PR and QL. 

And first, the rectangle "SKT and SLT are to each other, as 
the segments PK and QL ^ let F be tlie focus, and join FD, FP, 
FK and FL, let fall the perpendicular FO on DK, meeting GL 
in E, and on DK take OY equal to OD and join FY, through 
K, draw KM parallel to FP, meeting DF produced in M. 

The right line FY is equal to FD (4. 1 JSwA and PF to PD 
(Def. 8. 1 8up.), therefore the triangles DFV and DPF are 
isosceles, and, having the angle PDF at the base of each com* 
mon, are equiangular ; thereuire DY is to DF, as DF is to OP 
(4. 6 Eiu) ; or, which is equal, because of the parallels PF and 
KM (2. 6 Eu.)9 as FM is to PK ; therefore the rectangle under 
DY, or twice DO and PK, is equal to the rectangle DFM (16. 
6 En.) : but, because of PF equal to PD, and parallel to KM, 
the right lines KD and KM are equal, and pt circle described 
from the centre K, at the distance KD, would pass through M, 
and so the rectangle DFM is equal to the diflTerence of the 
squares of KD ana KF (Cm-. 3. 36. 3 Eu.) ; therefore the rect- 
angle under twice DO and PK is equal to the difference of the 
squares of KD and KF» 

In like manner it may be proved, that the rectangle under 
twice GE or twice DO and QL, is equal to the difference of the 
squares of LG and LF. 

But the rectangle SKT is to the difference of the squares of 
KD and KF, as the square of KH is to the difference of tlie 
squares of KH and KD (IS, 1 Sup.)^ and the rectangle SLT is 
to the difference of the squares of LH and LF, as the square of 
LH is to the difference of the squares of LH and LG (by the 
fiame) | and, because of the equiangular triangles KHD and 
LHG, the ratios of KH to KD and of LH to LG are equal (4. 6 
EuX and therefore the ratios of the square of KH to the square 
of KD and of the square of LH to the square of LG (20. 6 and 
Cor. 3. @^. 5 Eiu), and therefore the ratios of the square of KH 
to the difference of the squares of KH and KD and of the square 
of LH to the difference of the squares of LH and LG (SchoL 18» 
5 Eu.) ; therefore the ratios equal to them of the rectangle SKT 
to the difference of the squares of KD and KF, and of the rect- 
angle 8LT to the difference of the squares of LG and LF are 
equal | but the difference of the squares of KD and KF is above 
proved to be equal to the rectangle under twice DO and PK, and 
the dUTcrence of the squares of LG and LF^ to the rectangle 
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lelo^rams OC and CP, the right lines OK and KF are equal to 
liC and CH (34. 1 Eiu), therefore OK and KP are equals and so 
OP is bisected in K. 

Scholium. A perpendicular, let fall from any point of a conick 
section, on an axis, whicli is not the second axis of a hyperbola, 
meets the axis within the section, for it is parallel to a tangent, 
drawn through the nearer vertex of the axis (Cor. !• 11. 1 Bup. 
and 28. 1 £u), which tangent falling wholly without the section 
{Def. 10. 1 Sup.)^ if the perpendicular did not meet the axis 
wilhin the section, it would meet the tangent, contrary to flie 
definition of parallel right lines. 

And this perpendicular is an ordinate to the axis {Cor. 2. 11. 
1 and Def* 12. 1 Stip.), and if it be produced beyond the axis, so 
that the part produced may be equal to the ordinate, its other 
extreme is in the section, for otherwise, a right line ordinately 
applied to the axis, and terminated by the section, would not be 
bisected by the axis, contrary to this proposition. 

Car. A tangent to a conick section, which is perpendicalar 
to Bn axis, which is not the second axis of a hyperbola, touches 
the section in a vertex of that axis ; for a perpendicular to the 
axis, drawn from any other point of the section, meets tiie axis 
within the section, by the prec. schol. and would not therefore 
be a tangent (,Def. 10. 1 Sup). 

PROP. XXIII. tjheor: 

If from any point of a conick section^ an ordinate he drawn to am 
axis ; tlie sqvure of an ordinate iSf in the case of an dlipstf at 

' principal axi^ of a hyperbola^ to the rectangle uncCer the abscis$a»f 
andf inthe easeoftlie secondaxis of a hyperholaf to tliesumqfthB 
squares of the second semiaxiSf and the segment thereof betmem 
the centre and ordinate, as the square of the semiaxis to which 
the ordinate is parallel, is to the square of the other ; and, in 
the case of a parabola, the square of the ordinate is equal ttf 
the rectangle, under the abscissa, and the principal parameter^ 

Part 1* Wlien the figui«c is an ellipse, (see fig. 1 preceding 
prop.), PH being an ordinate to the axis AB, and PK to the 
axis MN ; these ordinates are perpendicular to their respective 
axes {Cor. d. 11. 1 Sup.), and it is manifest from the 1st, 14th 
and 22. 1 Sup. that the square of PH is to the rectangle AHB, 
as the square of CM is to the square of CB, and the square of 
PK to the rectangle NKM, as the square qf CB to the square 
of CAfb 
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Part £• When the ordinate, as PH, (see Jig. Z* preceding prap.)t 
meets the principal axis AB of a hyperbola. The square of PH 
is to the I'ectanffle AHB^ as the square of CM is to the square 
ofCB. 

From the focus F, draw FP at right angles to AH, meeting 
the hyperbola in D, draw DG at right angles to the adjacent 
directrix TS, which let AB meet in Z. 

i^D is to DG or FZ» as FB is to BZ (6. 1 Sup.)^ and by 
alternating, FD is to FB, as FZ is to BZ (16. 5 Eu.) ; but 
since CF is to CB, as FB is to BZ {Schol. 6. 1 Sup.)^ by com- 
pounding, CF and CB together, or AF is to CB, as FB and 
BZ together, or FZ is to BZ (18. 5 Eu.) ; but it is above shewn^ 
that FD is to FB, as FZ to BZ ; therefore FD is to FB, as 
AF is to CB (11.5 Eu.)f and therefore the rectangle under FD 
and CB is equal to the rectangle AFB (l6. 6 Eu.)^ or, which is 
equal (2. 1 Sup.)^ to the square of CM ; therefore CM is a mean 
proportional between CB and FD, and so the square of FD is 
to tlie square of CM, or (2. 1 Sup.), the rectangle AFB, as the 
square of CM is to the square or CB (20. 6 and Cor. S. £2. 5 
jKu.), but the square of PH is to the rectangle AHB, as the 
square of FD is to the rectangle AFB (14 and 22. 1 8up.), 
therefore the ratios of the square of PH to the rectangle AHB, 
and of the square of CM to the square of CB, being each equal 
to that of the square of FD to the rectangle AFB, are equal to 
each other (l 1. 5 Ku). 

Part 3. When the ordinate, as PR, meets the second axis 
MN of a hyperbola. The square of PK, is to the sum of the 
siiuares of CM and CR, as the square of CB is to the square 
of CM. 

For, C^ ^f^ l^w. part and inverting J, the rectangle AHB is 
to the square of PH or CR, as the square of CB is to the square 
of CM ; therefore the rectangle AHB with the square of CB, orf 
which is equal (6. 2 Eu.), the square of CH or PR, is to the 
square of CM and CR together, as the square of CB is to the 
square of CM (12. 5 Eu). 

Part 4. When the figure is a parabola, see fig. 3 of prec. 
prop. The square of PH, is equal to the rectangle under BH^ 
and the principal parameter. 

From the focus F draw FD at right angles to BH, meeting 
the parabola in D, let fall the perpendicular DG on the directrix 
ST, which let the axis BH meet in Z. 

The right line DF is equal to DG {Bef. 8. 1 8up.\ therefore 
the square of DF is equal to the square of GD or of ZF, or, ZB 
and BF being equal {Def. 8. 1 Sup.)^ to four times the sguere <ff 
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BP (Ow. 4. 2 JBm.)» op to the rectangle under BF a*;! four 
times BF, or, the principal parameter being equal to fou^ tiniea 
BF (Def. 16. and 17. 1 Sup.)^ to the rectangle under WF and 
the principal parameter ; but the square of DF is to the square 
of PH^ as BF is to BH (22 and 20. 1 iSfup.), or^ as the rectangle 
under BF and the principal parameter, is to the rectangle 
under BH and the same parameter U* 6 and 11.5 Eu-) ; whence^ 
the square of DF having been just proved crpial to the rect- 
angle under BF and the principal parameter, the square of PH 
is equal to' the rectangle under BH and tlie same parameter 
(14. 5 Eu). 

Cor. 1. Hence, in ellipses, the rectangle under the abscissas 
of the greater axis is greater, of the second axis. Icss^ than the 
square of the ordinate. 

Cor 2. And, in ellipses and hyperbolas, a right line^ drawn 
from the centre, at right angles to the principal axis, whose 
square, is to the square oCthe principal semiaxis, as the square 
of an ordinate to the principal axis, is to the rectangle under the 
abscissas^ is the second semiaxis. 

PROP. XXIV. THEOR. 



A right linCf terminuied by a '^conick section, passing through a 
focus, and ordinately applied to tlie principal axis, is eqwd t$ 
tlie principal parameter. 




T o 




Let BD be a conick section, see fig. 1, 2 and 3, whose prin* 
cipal axis is BF, and D6 a right line passing through a focus 
F, ordinately applied to the same axis, and terminated both ways 
by the section ; OG is equal to the principal parameter of the 
section. 



BOOK !• •cnricK sscTioirt. M\ 

Firsts let the section be an ellipse or hyperbolaf see fig. 1 and 
2> let A and B be the principal vertices* C the centre, and MN 
the second axis. The square of CB is to the square of CM, as 
the rectanj^le AFB, or, which is equal (2. 1 Sup.)f the square of 
CM, is to the square of FD (23. 1 8up.) ; therefore the 
right lines CB, CM. and FD are continually proportional (22^ 
6 JStt.)* and therefore also their doubles (1 ^22. 1 iSfii;i.)» ^B, MN 
and DG (15. 5 Eu.); whence, AB and MN being conjugate 
diameters {Def. 14. 3 and 5, and Cor. 1-11.1 8up.)9 DG is equajl 
to the parameter of the principal axis AB, or the principal par^t 
ameter ofthe section (jD^. 15. and 17. 1 'Sifp). 

Let now DG, see fig. 3^ be a right line, terminated by a par- 
abola, passing through its focus F, and ordinately applied to its 
axis BF ; let KL be the directrix, which let FB produced, meet 
in O, and draw DK and GL at right angles to KL ; BF is equal 
to OB {Def. 8. 1. 8up.)9 and therefore OF, or either of its equals 
(34. 1 Eu.\ DK or GL, double to OB ; whence, FD being 
equal to DK, and FG to GL ( Def. a. 1 Sup ), DG is fourfold of 
OB or BF, and therefore equal to tiie principal parameter (J^tfr 
16. and 17. 1 8up). 



PROP. XXV. THEOR. 



ff a fight Uft€, touching a hyperbola^ or cutting a hyperbola or &pr 
posite hyperholas, and parallel to either aocis* meet both asymp^ 
totes ; the square of the segment of the tangentf between th€ 
hyperbola, and either asymptote, or rectangle under the segment$ 
of the secant, between an intersection with the hyperbola, or 
either of the opposite hyperbolas, and the asymptotes, or betwitn 
either asymptote, and tlu hyperbola or opposite hyperbolas, is equal 
to the square of the s&niaxis, whieh is parallel to the tangent or 
semnt* 
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Part 1. Let a tangent BD, to a 
hyperbola B P, touching the section ^ 
in B, parallel to the second axis CM, 
meet the asymptote CR in D ; the 
square of BD is equal to the square 
of the semiaxis CM. 

Because the tangent BD is paral- 
lel to CM ( J3yp.)> *^ *s perpendicular 
to the transverse axis AB {Def. 5. 1 
Sup. and 29. 1 Em.), and therefore 
its contact is in its vertex B {Cor. 22. 
1 8up.)9 and BD is equal to CM 
{Def. 19. 1 Sup.) ; therefore the square of BD is equal to the 
square of CM. 

Part 2. Let GL parallel to the second axis CM, meet th& 
fransvcrsc axis in H, the hyperbola in P and K, and the asymp- 
totes in G and L ; the rectangle GPL or PGK^ is equal to the 
square of CM. 

For the triangles GCH and LCH, having the angles at C 
equal {Cor. Def. 19. 1 Sup.)^ the angles at H equal, being rights 
and CH common, GH is equal to HL {26. 1 Eu.) ; and PK is 
bisected in H {Cor. 2. 1 1. 1 and 22. 1 Sup.), and therefore, taking 
equals from equals, GP is equal to KL ; and, because of the 
equiangular triangles CBD and CHG, the square of CH is to 
the square of HG, as the square of CB to tlie square BD (4 and 
22. 6 Eu.), or {hy part 1 of this prop.), of CM, and therefore (23u 
1 Sup,), as the rectangle AIIB is to the square of HP ; therefore, 
the excess of the square of CH above the rectangle AHB, or, 
which is equal (6. 2 Eu.), the square of CB, is to the excess of 
the square of liG above the square of HP, or, which is equal 
(3. and 6. 2 Eu.), the rectangle GPL or PGR, as the square of 
CH to the square of HG (19. 5 Eu.), or, which is equal (4 and 
22. 6 Eu.), as the square of CB to that of BD or CM 5 since 
then the squai*c of CB has the same ratio to t!ie rectangle Gl'L 
or PGK and the square of CM, the rectangle GPL or PGK 
is equal to the square of C?.I (95. Eu), 

Part 3. Let the secant OS, parallel to the transverse axis 
AB, meet the opposite hyperbolas in O and S, and the asymp- 
totes in Q and R, the rectangle RSQ or ORS is equal to the 
square of CB. 

Let the second semiaxis CM meet OS in T, di»aw MD frooi 
M at right angles to CM, meeting CG in D 5 MD is equal to 
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CB {Def. 19. 1 Sup.)f and since, because of the equiangular 
triangles CTR and CMD, the square of CT is to the square of 
TR, as tlic square of CM to the square of MD (4. and 22. 6 
Eu.)^ or of CB, or, which is equal (23. 1 8up.\ as the squares 
of CM and CT together to the square of TS ; therefore the 
excess of the sum of the squares of CM and CT above tlie square 
of CT, or, the square of CM, is to the excess of the s(|uare of 
TS above that of TR, or, to tliat vvhiclt is equal by 5 and 6. 2 
£u. both QR and OS being bisected in T (26, i Eit. and 22. I 
Sup.)^ the rectangle RSQor ORS, as tlie square of CT is to the 
square or of TR (19. 5 Eu.), or, which is equal (4 and 22. 6 
EuJ), as the square of CM is to the square of MD or CB ; 
whence, the rectangle RSQ or ORS and the square of CB, to 
each of which the square of CM has the same ratio, are equal 
(9. 5 Eu). 

PROP. XXVI. THEOR. 



A hyperbola (BT^ see preceding jig,) ^ and its asymptote C^^Jj 
may he so produced towards tlie part C^PJ remote from the 
centre^ that the hyperbola would approach nearer to the asym- 
totef than by any given distan^e^ hut camwtf at any finite dis- 
tance from the centre^ coincide with, or meet it. 

Through any point P of tlie hyperbola, let GL be drawn 
parallel to the second semiaxis CM, meeting tlie asymptotes in 
G and L, and the transvei*se axis AB in H ; and since GPL is 
always of the same magnitude, wherever in the hyperbola the 
point P be taken, being always equal to the squares of CM (25. 
1 Sup.), and since the squai'e of PH has a constant ratio to the 
rectangle BHA (23. 1 Sup.), and the point H may be so taken, 
that the rectangle BHA may be greater than any given square, 
by taking BH greater than the side of that square ; it follows, 
that the point H may be so taken, that the square of PH maybe 
greater than any given square, and PH, and of course PL greater 
than any given right line, and therefore GP, and of course a 
perpendicular let fall from P on CG, being the distance of P 
from CG, less than any given distance, or given finite right 
line. 

And because of the given magnitude of the rectangle GPL, 
the point P cannot, at any finite distance from the centre C coin- 
cide with tbe asymptote CG. 
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Scholium. Hence the lan/^age of Mathematicians, when 
they speak of asymptotes of a hyperbola, as tangents tending to 
a point infinitely distant. 

Cor. Hence any right line drawn fi*om the centre of a hyper- 
bola within two asym]itotes CG, CL of a hyperbola, meets 
tiie hprperbpla SBK which is within tlie asymptotes. 

PHOP. XXVII. THEOR. 

Two parabolas CJ^-^Cr and KBLJ, hfiving a comrnon axis C^^)% 
arid eqtuil principal paranieterSf and being towards the savu 
part C^G^J wi/A respect to their principql vertices C^ o,nd J?J, 
may be so proditced, as to approach nearer thftn by any given 
distance^ but cannot^ at any finite distance from their principal 
vertices^ coincide or 'quet* 

From any point K, of the interior par- 
abola BR, let DG be drawn perpendicu- 
lar to the axis AH, and of pourse ordin- 
ately applied to it {Cor. 2. 11. 1 Sup.)^ 
meeting the axis in H, the exterior para- 
bola in D and G, and the interior again 

Because the square of DH is equal to 
the rectangle under AH and the common 
principal parameter (23. 1 Sup.), and the 
square or KH equal tq the )*ectang]e 
iinder BH and th^ same paraipeter {by 
the same), the difference of the<=e squ^i*es 
Qf DH and KH, or, which in equal (22. l. Sup. and 5. 2 Eu.), the 
Ifectangle DKG, is equal tq the i*ectai)gle under AB and the same 
parameter (1, 2 En.), am} tlierefoire of the same magnitude, 
through whatever point of the interior parabola, the right line 
PG be drawn ; since then the point K may be so t^vken, that 
BH, and therefore KH whose square increa^e^ in the same ratio 
as the right line BH does 23. l Sup. and 1, 6 J5ii.),.and thei*e- 
fore KG, would he greater than £^ny given right line, it may 
also l^e so taken, tliat DK would be less th^n any given righft 
)ine. Put the })oints D and K cannot, at ^ny given Anita 
distance, coincide. becau£ie of the given matrnitude of the i*ectan* 
gleDK(i, 
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PROP. XXVIII. THEOR. 

Tht iransverse axis of an diipse is the greatest, and the teamd 
axis the least, of all its diameters ; and, of others, the nearer to 
the transverse axis, is greater than the more remote. 

Let AB be the transverse, and -^ g 

MN the second axis of an ellipse* 
and QP and TS other diameters, of 
which QP is the nearer to AB.— 
The transverse axis AB is the great- \L. 
est) and the second axis MN the 
least, of all the diameters, and QP, 
the nearer to AB, is greater than 
the more remote TS. 

Draw PH and SK at right angles 
to AB, and let SE produced, meet the ellipse again in G, draw 
PL at right angles to MN, meeting SG in Z, and take AD equal 
to HB ; and since the rectangle AUB is greater than the square 
of PH {Cor. 1. 33. 1 Sup.), adding to each the square of CH, 
the rectangle AHB with the square of CH, or, which is equi^ 
(5. 3 Eu,), the square of CB, is greater than the squares of CH 
and HP together, or, which is equal (47- 1 Eu.), the square of 
CP, and BO CB is greater than CP, and AB and QP being their 
doubles (1 and 5, 1 Sttp.), AB is greater than QP. Therefore 
AB is the greatest of all the diameters. 

And since the rectangle MLN is less than the square of LP 
{Cor. 1. 33. 1 <9up.), adding to each the square of CL, the rect- 
angle MLN with the square of CL, or, which is equal (5. 3 Eu.), 
the square of CM, is less than the square of CL and LP, or . 
(47. 1 £w.), the sqDiuttof CP, and so CM is less than CP, 
and MN tiian QP. Therefore MN is the least of all the diame- 
ters. 

And since the rectangle AKB, or the difference of the squares 
of CB and CK, is to uie square of SK, as the rectangle AHB, 
oi' the difference of the squares of CB and CH, is to tite square 
of PH (S3. 1 Sup. and 1 1. 5 £11], tlie rectangle AKB is tu the 
square of SK, as the difference of the rectangles AKB and 
AHB is to tlie difference <if the squares of SR and PH (19. 5 
Eu:) } but the difference of ttie squares of AKB and AHB is 
equal to the rectangle DKH {Cor. 2. 5. 2 Eu.), and the diffl^r- 
ence of the squares of S K and PH or of SK and ZE to the rect- 
angle SZG [g. 2 Eu.) ; therefore the rectangle AKB is to the 
l^uai^pf SE, as the rectan|gle DKH is to the rectangle SZG j 
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but the rectangle AKB is greater than the square of SK {Cor. 
1. 23. 1 8up.)9 therefore the rectangle DKH is greater tlian tlie 
rectangle SZG {Cor. 13. 5 Eu.) ; adding to each the squares of 
CK and HP, the rectangle DKH with the squares of CK and 
HP, is greater than the i-ectanglc SZG with the squares of CK 
and HP ; but the rectangle DKH with the squares of CK and 
HP is equal to the squares of CH and HP (5. 2 Eii^)^ or, wliich 
is equal (47. 1 Eu.)^ the square of CP, and the rectangle SZG 
with tlie squares of CK and HP or of CK and KZ, is equal to 
the squai*es of < K and KS (5. 2 jEm.), or, which is equal (47. 1 
Eu.)^ the square of CS ; therefore tJie square of CP is greater 
Ihan the square of CS, and tliorcfore CP than CS, and QP thaa 
T6. 

PROP. XXIX. THEOR. 

Of all the diameterSf terminated by opposite hyperbolas^ the aofis is 
Hit least I and, of others, tlie nearer to the axis is less than the 
more remote. 

Let AB be the axis, and QP and 
TS other diameters, terminated by 
opposite hyperbolas AT and BS, the 
diameter QP being nearer to AB, 
than TS.— AB is the least of all the 
diameters so terminated, and QP is 
less than TS. 

Let fall the perpendiculars PH and 
SK on AB produced ; the square of 
CP is equal to the squares of CH and HP (47. I Eu.), and 
therefore greater than the square of CH, or its part CB, and so 
the right line CP is greater than CB, and AB and QP being 
double of CB and CP (l and 5. 1 Sup.), QP greater than AB, 
and so AB is the least of all diameters terminated by the oppo- 
site hyperbolas AT and BS. 

And since the rectangle AKB is to the square of SK, as the 
rectangle AHB is to tlie square of PH ^23. 1 Sup. and 11. 5 
Eu), and the rectangle AKB is greater than the rectangle 
AHB, the square of SK is greater than the square of PH (14. 
5 Eu.) ; whence, the square of CK being greater than the square 
of CH, the squares of CK and KS together, or, which is equal 
(47. 1 Eu.),il\e sqiiai'e of CS, is greater than the squares of CH 
and HP together, or (47. I Eu*), the square of CP ; therefore 
CS is greater than CP, and, QP and TS being double to CP 
and CS (5. 1 Sup.), TS is greater than QP. 
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PROP. XXX. THEOR. 

Tangents (TB and QG, see Jig. 1 and 2 J, at the vtrtices (T and 
Q^, of any diameter (F^9 of an ellipse or hyperiola, are par- 
allel to each other. 



Fig. 2. 




Let AB be the principal axis of the ellipse or hyperbola, C 
the centre, and E and F the focuses ; join EP, PF, EQ and 
QF, and produce in fig. 1, DP and GQ, as to H and K. 

Because, in the triangles ECP and FCQ, EC is equal to CP 
{Def. S. and 5. 1 Sup ), CP to CQ (5. 1 Sup')^ and the angles 
ECP and FCQ also equal (15. 1 /tw.), the angles C^K and. 
CQ¥ are equal (4. 1 Eu.) ; in like manner, the angles CPF and 
CQE may be proved equal ; therefore, the aggregates of these 
equal angles, namclcy, the'angles EPF and EQF are equal {Jix.. 
Q. 1 Eu). 

Whence, because, in fig. 1 the angles EPD and FPH are 
equal (11. 1 Sup. and 15. 1 Eu.)^ the angle EPD is half the 
complement of the angle EPF to two right angles ; in like 
manner, it may be proved, that FQG is half the complement of 
the angle EQF to two riglit angles j therefore the angles EPD 
and f^QG are equal {Jx- 3. and 7. 1 Eu.) ; to which adding the 
equal angles EPC and FQC, the angles DPQ and PQG are 
equal "iJix- 2. I En*)^ and these, the right line PQ meeting the 
right lines DP and QG, are alternate angles, therefore DP and 
QG are parallel (9,7. 1 Eu). 

In like manner, in fig. 2, the angles EPD and FQG, being 
halves of the equal angles EPF and EQF (11. 1 Sup.')^ are equal 
(*^a:. 7. 1 Eu.) ; taking from them the equal angles EPC and 
and FQC, the angles DPQ and PQG are equal {Ax. 3. 1 En,)^ 
and therefore DP and QG are paiallel (27. 1 Eu]. 
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Cor. 1. A tangent, passing through the Tertex of a diametcTj 
inrhich is not an axis, is not peq)en(1icii]ar to the diameter. *• 

In fig. 1 above, if P be not the vertex of the second axis, the 
angles ECP and FCPare unequal [Lef. 3. 1 8np.\ let EC P be 
the gi'eater, and the triangles ECP and FCP, having the sides 
about these unequal angles equal, EP is greater than PF [24. 1 
Eiu}, and by a similar reasoning to that used in the case of the 
hyperbola in prop. 5. 1 Sup, the angle Ei^C may be proved to be 
less than FPC, adding to them the equal angles EPD and 
FPH, the angle CPD is less than CPH, and so the tangent DH 
is not perpendicular to the diameter QP« 

In fig. ^9 let the tangent PD meet the principal axis AB in D, 
and at the point B draw BL perpendicular to AB, and of course 
touching the section in B ^SchoL 10* 1 Sup.^f it must therefore 
meet the tangent PD between the points P and D, as in L, and 
the external angle CDP of the triangle DBL is gi'eater than the 
internal remote angle DBL [16. 1 Eu.'] and therefore obtuse, and 
so the angle CPD acute [Cor* 17. I £ii.], therefore PD is not 
perpendicular to the diameter QP. 

In the case of a parabola, see fig. 3. 10. 1 Sup, the angle 
HPK, which the diameter HP makes with the tangent PK, ia 
half of the angle HPF [11. 1 8up-^, whence, the angle HPF 
being less tJian two right angles, HPK is less than aright angle^ 
Therefore in every case, a tangent, passing tlirough the vertex 
of a diameter, which is not an axis, is not perpendicular to the 
diameter. 

Cor. 2. A diameter of a conick section, which is perpendicu- 
lar to a tangent passing through its vertex, is an axis. 

For if it were not an axis, it would not be perpendicular 
to a tangent posing through its vertex, by the preceding co^ol^ 
lory. 



PROP. XXXI. 



Ji diameter of a conick section bisects all right lines terminated tg 
the section or opposite sections, and ordinatdy applied therehK 
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Let PQ9 see fig. !» 2 and 3, be a diameter of a conick sectioB« 
DG a right line terminated by the section, and ordinately ap- 
plied to the diameter PQ, andletPQ meet DG in the pointH.— 
DG is bisected in H. 

. Let KL be a tangent to the se^ction at the vertex P of the diam* 
ctei PQ, which is parallel to DG [/>f/. 12. 1 Bivp). 

In tig. 1,2 mxA 3, let ST be a diameter of the section parallel 
to DG, and S and T its vertices, and SK and TL tangents 
drawn thi^ough these vertices, in the case of iig. 1, to the section, 
of fig. 2, to tlie conjugate, and of fig. 3, to the opi)osite sections, 
meeting the tangent KL in K and L, and DG in M 
and N ; the tangents SK and TL are parallel to each other [SO. 
1 iS^p.) ; and in the parallelograms SN, SH and CN, the right 
Mne SM is equal to TN, MH to SC and HJN to CT [34. 1 Eu~\ 
whence ST being bisected in C [5. 1 Bwg^ MN is bisected ia 
H ; but the square of SM is to tlic square of 'I'N, as the rectan*- 
gle DMG is to the rectangle DNG {^C&r. 5. 14. 1 Sup ] ; whence, 
%6 squares of SM and TN being, because of the equality of tbt 

35 
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right lines themselves, equal, the rectangles UMGand DN6 an 
equal [9. 5 Ett.], therefore MD aitd GN are equal [Car. 1 and 2. T* 
2 Eu.) ; whence, MH and HN being equal, as has been just sbewOf 
by taking from them in fig. 1, and adding to them in iig^S and 
5, the equals DM, GN, the sums or differences^ DH and H6 
are equal, and so DG is bisected in H. 

In fig. 4, let KL be a tangent to a parabola, touching it in fte 
vertex P of the diameter PQ ; KL is parallel to DG [/tef. IfL 
1 Sup.] ; through D and G draw DR and GL parallel to the 
diameter PQ, and of coui'sc themselves diameters [Def. 9. 1 
Sup.], meeting KL in K and L ; and, because of the parallelo- 

gram KG, KD is equal to LG [34. 1 Eu.] ; but the square of 
K is to the square of PL, as KD is to LG, [21* 1 Sup^t or in 
a ratio of equality, therefore the right lines LP and P£. them** 
selves Are equal, and therefoi*e also the right GH and HD« 
which are, because of the parallelograms LH and PD^ equal to 
LP and PK. 

PROP. XXXn. THEOR. 

4 right line (BG^ see Jig. 1, 2, 3 and 4 oftlteprecprop.J, not 
being a diameter, which is terminated by a canick section, or 
apposite sections, and bisected by a diameter (^P, as in HJ^^ 
is ordinatdy applied to the diam^^ter. 

Let KL be a tangent, drawn through a vertex P of the diame- 
ter QP, and, in fig. 1, 2 and 3, let S'P be a diameter parallel to 
KL» let SK and TL be tangents to the section or opposite or 
conjugate sections, as the case may be, di'awn through the verti- 
ces S and T, meeting the tangent KL in K and L, and DG, prO' 
duced if necessary, in M and N. 

Because ST is parallel to VvL [constr.], and SKto TL [30. t 
Sup*], STLK is a parallelogram, and so SiC is equal to TLf 
and Kh to ST [34. 1 En.] ; but the squai-e of SK is to tho 
square of TL, as the square of KP to the square of PL[Cw. 2^ 
14. 1 8up.^9 therefore SK is to TL, as KP to PL [22. 6 Etu^p 
whence, SK being equal to TL, KP is equal to PL [Car. 13. 5 
Eu."], and thcrcfoiMi ST, which is bisected in C [5. 1 Sup.'], 
being equal to KL, the nght lines KP and PL ai*e each of them 
equal to SC or CT, and being parallel to them, CP is parallel 
to SK or TL ; whence, because of the equals SC and CT, 
and the parallels SM CH and TN, the right line MH is equal 
to HM (Car. 1. 9. 1 Sup.], but DH is equal to HG [Syp-Jf 
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therefore MD is equal to GN and MG to DN (Jx. t and 3. 1 
Biu)^ therefore the rectangle DMG is equal to the rectwigte 
GN^D {C(yr' 3. 34. 1 Eiu)^ but the square of SM is to the square 
of TN, as the rectangle DMG is to the rectangle GND {Cor. 5. 
14. 1 Snp.) ; therefore the square of SM is equal to the square 
of TN, and so SM is equal to TN, which right lines being par- 
allel, MN is parallel to ST (33. 1 Eu\ and therefore to KI« 
{Hyy. and 30. 1 Eu\ whence DG, being parallel to the tangent 
KL drawn through the vertex P of the diameter C^P, is oi-dinatc- 
ly applied to that diameter {Def. 12. 1 Sup). 

And, in the case of a parabola, see fig. 4, having drawn DK 
and GL parallel to the diameter TQ, mex'ting tlie tangent ^vL 
in K and L; because |^D, PH and LG are parallel {ConstrX 
and the right line GH equal to HD {Hyp.), LP ls equal to PK 
{Cor. 1. 9. 1 8up.)9 and 4;hei*efore the square of LP to the square 
of PK ; but the square of LP is to the square of PK, as LG is 
ioKD (21. 1 8up>)i whence, the squares of LP and PK being 
equal, the right lines LG and \k D ai*e equal, and being parallel, 
DG is parallel to KL (S3. 1 Eu^J^ and of course oi^inately 
applied to the diameter PQ {Def. 12. 1 Sup). 

Cot. 1. Hence, if two or more parallel right lines be termi- 
nated by a conick section or opposite sections, the diameter 
which bisects one of them, not being a diameter, bisects them all. 

For that which is supposed to be bisected, is ordinately applied 
to the diameter bisecting it {Jby this prop')^ therefore the others 
are ordinately applied to the same diameter ( Hyp. 30. 1 Eu. and 
l)tf. 12. I Sup.)f and of course bisected by that diameter (31. 1 
Sup). 

Cmr. 2. A right line, which bisects two parallel right lines 
terminated by a conick section or opposite sections, is a dianv 
eter. 

For, if any other right line bisecting one of them were a diam- 
eter, it would bisect the other also {by the preceding cor^)^ which 
would therefore be bisected in two points, wl^ch is absurd. 

Cor. 3. Two right lines terminated by a conick section or 
opposite sections, except right lines, which, in the case of an 
diipse or hyperbola, are diameters, do not mutually bisect each 
other. 

If, in the case of an ellipse or hyperbola, one of the right 
lines BO termin^&ted be a diameter^ it is manifestly not bisected 
by th^ other, not being a diameter ; if neither be a diameter, 
they do not mutually bisect each other, for if they did, they 
would both be ordinately applied to the diameter drawn throu^ 
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iheir concourse {by this prop.)^ and thei*efore parallel to each 
other (J)ef. IP.. I 8up» and 30. 1 Eu,)^ which is absurd. 

Cyor. 4 A diameter (AB or MN, see iija;. 1 and 2. 2S. 1 Sup.), 
of an ellipse or hyperbola, which bisects a right line (PQor 
OP^i joining the vertices of two equal diameters, (OQandRP) is 
an Hxis- 

For the diameters OQ and RP being equal {ffyp-)f the semi- 
diameters CP and CQ, whici) are half tlie diameters (5. 1 Svp*\ 
ai* e4|ual ; whence the triangles CH I* and CHQ, having also PH 
equal to HQ {Uyp.\ and Cfl common, have the angles atH 
equal (8, 1 Eu.)^ and therefore right ; and PQ, being bisect^ 
in U [Hyp.)n is ordinately applied to the diameter AB (32. 1 
8up.) ; whence the diameter AB, being perpendicular to its 
ordinate PH, is per|)endicular to a tangent drawn through ite 
\ertex {Def. 12, 1 Sup. and 29. 1 Eti.)^ and is therefore an axis 
{Coi\ 2. 30. 1 Sup), In like manner MN may be proved to be 
an axis. 

PROP. XXXIII. PROB. 

To draw the diameter^ to which a right linCf terminated bf a 
given co7iick section or opposite sections^ is ordinately appbedi 
and to find tlie centre of a given ellipse or opposite hijperb(Aas» 
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Part 1. Let DG, see fig. 1, 2, 3 and 4, be a right line, termi- 
nated by a given conick section or opposite sections. It is re- 
quired to draw the diameter, to which DGis ordinatcly api)lied. 

Draw aright line MN, parallel to DG, and terminated by the 
section or opjiosite sections, as the case may be, bisect DG and 
MN in H and K, join HK, which is a diameter of the section 
{Cor. 2. 32. I Sup.)^ and, since it bisects DG, Is the diameter to 
which DG is ordinately applied (32. 1 Sup.), as was first requir- 
,eed to be found. 

Part 2. An ellipse or opposite hyperbolas being given, see 
fig. 1 and 2 ; it is required to find the centre. 

Draw any two right lines DG and MN, terminated by the 
ellipse or one of the opposite hyperbolas, bisect these right lines 
in H and K, join HK, and produce it to meet the section or op|io- 
site sections in P and Q, bisect PQ in C ; the point C is the 
centre of the section. 

For because QPK bisects the right lines DG and MN, 
terminated by the section, it is a diameter (Cor. 2. 32. 1), and 
since every diameter of an ellipse or hyperbola is bisected in 
the centre (5. 1 Sup.), C is the centre of the section ; for 
otherwise QP would be bisected in two points, which is absurd. 
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To draw a right line, touching a given conick section, parallel to 
a given rigid line terminated by the section ; and a right line 
terminated by opposite hyperbolae being given, to draw a tangent 
to a given conjugate hyperbola, parallel thereto. 

Draw the diameter to which the given terminated right lino 
is oinlinately applied (33. 1 8up,), whinh, if the figure be a para- 
bola, meets the section in its vertex, if not, let it meet the 
ellipse or given hyperbola in one of its vertices, a right line 
drawn through the vertex of tlie diameter, parallel to tiie given 
terminated right line, is a tangent to the aecixon {Def. 12. 1 
Sup). 

In the case of the given right line being terminated by oppo- 
site hyperbolas, the diameter found, meets the given conjugate 
hyperbola in one of its vei-tices, a right line drawn thi'oiigh 
whirl), parallel to the given right line, is a tangent to the sectiwi 
(Def. 12. 1 Sup). 
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PROP. XXXV. PROB. 

To find (he axiS and focuses^ or^ iftherebe but one of eadfy that 
one, of a given amick section or opposite sectwns* 

Firsts let the given figure be an ellipse, 
of which find the centre C (33. 1 Sup.), 
'from which as a centre, through some 
point of the ellipse, describe a. circle ; if 
ibis circle fall entirely without the ellipse, 
as AD, AC is the greatest of the semidi- 
ameters, and therefore the greater semi- 
axis (28. 1 Sup.) ; if it fall entirely with- 
in the ellipse, as MG, CM is the least of the semidiameters, and 
therefore &e second seniiaxis (28. 1 Sup.) ; but if it be described 
through some point which is not a vertex of an axis, as K be« 
tween A and M, it will necessarily meet again tlie ellipsey as in 
L, join KL, which bisect in li, and join CH, which is at right 
angles to KL (3. 3 Eu.) ; whence KL being ordinately applied 
to the diameter CH (32. 1 Sup.), and at right angles to it, tk 
diameter CH is an axis {Def. 12. 1 and Cor. 9,. 30. 1 Supm)^ and 
being produced both ways meets the ellipse in its vertices A and 
B ; liirough C, draw MN at right angles to AB, meeting tiie 
ellipse in M and N i MN is the other axis : divide the e^reater 
axis AB in E and F, so that the rectangle AEB or AFjB maj 
be equal to the square of CM or CN {Cor. 2. 6. £ Eu.) : £ and 
F are the focuses of the ellipse [Cor. 1. 2. 1 Sup). 

In like manner, in the case of a hyper- 
bola, find the centi'e C (33. 1 Sup.), 
firom which as a centre, through some 
point of one of the opposite hyperbolas, 
describe a circle ; if this circle fall 
entirely without the hyperbola, as the 
eircle AD does without the hyperbola 
AK, meeting it only in the point A, 
CA is the least of all the transverse 

semidiameters, and is therefore the transverse semiaxis (£9. 1 
Sup.) ; but if it be described through any other point of the 
hyperbola, as |^, it meets the hyperbola again, as inl^; join 
KL, which bisei^ in H, and join CH, which is at right angles to 
KL (3. 3. Eu.) ; whence, RL being ordinately applied to the 
diameter CH (3£. 1 Sup.), and at right angles to it, the diame- 
ter CH is the transverse axis {Def. 1£. 1. and Cor. %. 30. \ 
AipO ; let it meet the opposite hyperbolas in A and B^p whici^ 
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are its vertices ; draw CM at right angles to AB, whose squai«> 
may be to the square of CA, as the square of KH is to the rect- 
angle AHB (Cor. 3. 23. 6 Eu.), CM is the second semiaxis (Cor. 
£• 23. 1 Slip.) ; in AB proauced both ways take the points 
£ and F, so that the rectangles AEB and APB may be each 
of them equal to the square of CM {Car. S. 6. 2 Eu.)^ flie points- 
£ and F are the focuses of the opposite hyperbolas {Cor. 2* 2. !• 
Sup). 

In the case of a parabola, having 
fi>und a diameter t^D (33. 1 Sup^), 
through any point therein D, draw 
KL, at right angles to PD, meeting 
the parabola in K and L; bisect 
KL in B.f and through H draw HE 
at right angles to KL, meeting the 
parabola in B ; BH being parallel 
to the diameter PD, is itself a diam- 
eter {Def. 9. 1 Sup. and 29. 1 Eu.), 
and KL an ordinate to it (32. 1 
Sup.) ; whence the diameter BH, being perpendicular to its 
ordinate, is the axis (Def. 12. 1 and Cor. 2. 30. 1 Sup.^ ; and 
since the square of KH is equal to the rectangle under BH and 
the principal parameter (23. 1 Sup.)f a right line X, being taken 
a third proportional to BH and HK (11. 6 Eu.)^ is the principal 
parameter (23. 1 Sup. and 17. 6 Ev^); on fiH take BF equal 
to a fourth part of X, F is the focus {Bef, 16 and 17. 1 Sup). 

Cor. Hence it appears, how a diameter of a given conick 
section may be drawn through a given point, which is not in aa 
asymptote of a hyperbola ; namely, in the case of an ellipse op 
hyperbola, b> finding the centre (by this prop.)^ and drawing s 
right line tlirough that and the given point, which is a diametefF 
(^Def. 3 and 5. 1 Sup.) ; and, in the case of a parabola, ^bj 
finding the axis (35. 1 Sup.)^ and drawing through the given pointv 
a right line parallel thereto, whick is a diameter (JDef.. j^^ 
1 Sup. and 29. I Eu), 
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PROP. XXXVI. PROB. 

To draw a ri^ht fiiie, ordinafely applied to a given diameter of a 
conick section or opposite sectiov^f from a given point in the sec- 
tion or sections, not being a vertex of the given diameter. 




First, let the conick section be an ellipse or opposite hjrper* 
bolas ^ QPy see fi|^. 1, 2 and 3, being the given diameter, and D 
the pfoint, from wiuch the ordinate is required to be drawn. 

Find the centime C [S3. 1 Sup.'], join DC, on which produced 
take CG equal to CD; (pt is the other vertex of the diameter 
DG [St. 1 Stqh] ; thi^ou^i G, draw GK parallel to QP, meeting 
tho sGctian or its opposite again in K, join DK, which is ordi* 
natcly a[)plied to the same diameter. 

let H be the point in which <^P, produced if necessary, meets 
D , and since G* is parallel to Cil [co/is/r.J, and CG equal 
to CD ! by the samej, HK is equal to HD [2. 6 and Cor. 13. 5 
Ev.)^ and therefore Dcv is ordinately applied to the diameter 
QP [32. 1 Sup]. 

Let now the conick section be a parabola ; 
PQ being the given diameter, and D the 
point, from which the ordinate is required to 
be drawn. 

Draw from D to the given diameter, any 
right line whatever DC/, on whicii pi'oduced, 
take QR equal to DQ, tlirough R, draw IIK 
parallel to I Q, meeting the parabola in K, 
join D :>, which is ordinately applied to the 
diameter PQ. 

Let H be the point, in whicli DK. meets PQ, and sii:ie HQ is 
pai'allel to KR^ and DQ equal to QR icanstr. ]» DJtL is equal tn 




BOOK I« 



CONIGR SECTlOirB* 



irr 



HK [s. 6 and C&r. 13. 5 En.), and therefore DK is ordinately 
applied to the diameter PQ [32. 1 SivpX 

Cor. Hence it appears A how a ri^fat line, ordinately a]>p)ied 
to a diameter of a conick section, may be drawn from any [loint 
within the section, naniely, by drawing throiijs^h any ]M)int in 
the section, a right line ordinately applied to the diameter, by 
tliis pi*op. and drawing through tiie given point, a right line 
])arallol to the right line so applied. 

PROP. XXXVII. TIIEOR. 

Jf a right line, touching a hyperholoj or ciUting a hyperbola or op'* 
posite hifi)erbolaSf meet both asymptotes, the sqvare of the seg' 
inent of the tangent, between the hi/perbola and either asymptotef 
or rectangle under the segments of the secant, between either of 
the points in which it meets tlie hyperbola or opposite hyperbolas, 
and the asymptotes, or between either asymptote^ and the hyper" 
bola or opposite hypti'holas, is equal to the sqnure of the semidi^ 
ameter which is parnUel to the tangtnt or secant. 

dnd tlie segment of the tangent, between the asympiofesn is bisected 
in the contact ; and the segments of thesecant^ between the Ay- 
perbola or appcsite hyperbolas, and the adjacent asymptotes, ar^ 
equal. 

Case 1. If the semidianieter, to 
which the tangent or secant is par- 
allel, bean axis,. the proposition is 
demonstrated in prop. 25 of tliis, 
except the last paragraph., which, 
however, in tliis case, is manifest 
from tlie proof of that proposition. 

Case 2. But let a right line D6 
parallel to a sex^ond semidlameter 
CO, which is not a semiaxis, meet 
the hyperbola BP in P and Q, and 
the asymj)tote8 in D and G ; the 
rectangle DQG or PDQis eqiiol to 
the square of CO, and UP is equal 
to QGi" 

nriirough Q and draw HQ and 
LT parallel to the transverse semiaxis CB, meeting the asymp- 
totes in 11 and K, L and T. 

Because tlie triangles QDH and OCT are equiangular [£9. 
and 32. I Eu.'], DQ is to QH, as CO is to OT [4. 6. Eu.) ; 
and, because the ti*iangles GQK and COL are equiangulaf 
ICor. S. 9. 1 Sup.'], Gl^ is ta QK, as CO is to OL [4. 6. Etu], 
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therefore, compounding these two ratios, the rectangle DQG is 
to the rectangle HQR, as the square of CO is to the rectangle 
LOT [23. 6. and 22. 5 Eu] ; but the point being in one of the 
hyperbolas conjugate to the hyperbolas AU and BP [I>ef. 7. 1 
Snp.']^ the rectangles HQK and LOT are each of them equal to 
the square of CB [25. 1 /Sfiqi.], and therefore to each other; 
therefore the rectangle DQG and the square of CO, having the 
same ratio to the equal rectangles HQK and LOT, are equal 
[94 5 Eu]. 

In like manner, the rectangle DPG may be proved equal to 
the square of CO, therefore the rectangles DPG and DQG are 
equal to each other, and so DP equal to QG ^Cor. 1. 7. 2 JBu.], 
and, adding to each PQ, the right line DQ is equal to PG ; 
therefoi-e the rectangles QGP, PDQ, DPG and DQG are each 
of them equal to the square of CO, the segments DP and QG of 
the secant DG, between the hyperbola DP, and the asymptotes 
CD and CG being equal. 

Case 3. If a right line dg, parallel to a transverse semidiam^ 
eter Co, which is not a semiaxis, meet the opposite hyperbolas 
AU and BP in q and p, and the asymptotes in d and g, drawing 
through q and o, hk and It ])aralicl to the second semiaxis cb ; 
it may in like manner be demonstrated, that either of the rect- 
angles dqg, dpg, qdp or qgp is equal to the square of Co, and 
the segments qd and gp equal, using the same proof, as in the 
preceding case, only substituting for the large letters 0, B, D, 
P» Q» G, H, K, L and T^ the corresponding small ones, and using 
the expression, in one of the opposite hyperbolas AU or BP, 
instead of, in one of those conjugate thereto. 

Case 4. Let now KL, parallel to 
the semidiameter CO, touch the hyper- 
bola RP in R, and meet the asymptotes 
in K and L ; and, in like manner as in 
case 2, by drawing through R and 0, 
right lines parallel to the principal 
semiaxis CB, the rectangle KRL may 
be proved equal to the square of CO : 
join CR, in which producefd take any 
point H, through which draHv DG par- 
allel to KL, meeting the asymptotes in 
D and G, and the hyperbola in P and 
Q : PQ is oi'dinatcly applied to the diameter CH [Def. 12. 1 
8Hp.]f and therefore bisected in H [31. 1 /fifwp.] ; whence DP 
being equal to QG [case 2 of this prop«]» DK is equal to HG 
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[Jx. 2. 1 Etu] ; and since, because or the equiangular triangles 
CRK and CUD, GRL and CUG, RU is to UC, as DH to HC 
[4. 6 EtL], and RC to RL, as HC to HG [by the same], by 
equality, KR is to RL, as I) H is to HG [22. 5 R'u.'] ; whence, 
DH heing equal to HG, KR is equal to RL [Cor. 13. 5 Eu.] ; 
therefore the right line KL is bisected in R» and so, the rectan- 
gle RRL being equal to tlie square of CO, the square of RK is 
^cjual to the same square of CO, the segment KL of the tangent* 
between the asymptotes being bisected in the contact. 

Cor. 1. If a right line [KL], terminated by the asymptotes 
[CK and CL] of a hyperbola, be bisected in a point [u] in 
which it meets the hy[)erbola, it touches the section in that 
point. 

For if not, let it, if possible, meet it in any other point as S, 
SK would be equal to RL [by this prop."}, or its equal [Hyp.], 
RK, the part to the whole, which is absurd, thei*efore KL does 
not meet the hyperbola in any other jioint but R, and tlierefore 
touches it in that point [J^^f* tO. 1 Sup], 

Cor. 2 The segment [RK], of a tangent to a hyperbola, be- 
tween tlie hyperbola and an asymptote, is equal to the semidi- 
ameter [CO] parallel to it, and the segment [KL], between the 
asymptotes, to the diameter. 

Cor. 3 If in a right line [qp, see the first fig. of this prop], 
terminated by opposite hyperbolas, or in a right line [QPJ 
terminated by the same hyperbola produced, two points [d and g, 
or D and G] be so taken, that the rectangle [qdp and qgp, or 
<^DP and QGP] under the distances of either assumed point 
from its extremes, be equal to the square of the semidiameter 
[Co or CO] parallel thereto, for which sec Cor. 2 and 3. 6. 2 
Eu, the assumed points are in the asymptotes. 

Cor. 4. Hence, also, a transverec diameter [UR, see the 
prec. fig*]» is icss than any right line parallel to it, and termi- 
nated by the opposite hyprbolas. 

Cor.5. If a tangent [KL, sec the second fig of this prop.], 
to a hyperbola, meet both asymptotes, and fi*om the contact [Rj 
a right line [RT] be drawn to one asymptote parallel to the 
other; the rectangle KCL] under the segments of the asymp- 
totes between the tangent and tlie centre, is fourfold the rectan- 
gle [CTR], under the right line [RTJ so drawn, and the seg- 
ment [CT] of the asymptote, between tliat right line and the 
centre. 

For, because of the similar triangles KTR and KCL, and the 
equality of KR and RL [by this prop.], CK is double to CT and 
CL to TR, thei-cfore the rectangle KCL is similar to the 
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rectanglf CTR, and h fliercfore to it in n duplicate ratio of CK. 
to CT (20. 6 £?t.l ! wlience CK beitiff rtouble to CT, the rectan- 
gle KCL IN f'jurl'ojil tl)« reotangl« CTR. 

Cw. G. From a given point (K), in an ns7mptote[CK], to 
£raw a tangent to an adjacent liypei-bola (RP). 

Find tlie wiitre C of lUe hypcrliola (33. I Sup.), and having 
drawn tiie a!»ynij»tot« CL {3S. 1 and Pef. 19- l Sup.), bisect CK. 
in T, draw TR parallel tn CL. meeting the liynerbola in R, 
and draw KRL meeting ttie other asymptote CG in L; and, 
Lerause CT is equal to TK and f R parallel to CL (coiwlir.), 
LRis equal to RK (3. 6 and Cor. 13. 5 Eh.), and therclbi-e KRL 
touches the hyperbola in R (Cor. I to this prop), 

PROP. SXXVin. THEOR. 

If from any point in a kyperbnfa, two right lines be dratcn to the 
asymptotes, mid from any other point in the same, or an opposite 
&r conjugiite hyperbola, there be drnwn to the asymptotes two 
other rie:ht iines parnllel to the former ; the rectangle under the 
two first drawn right lines, is eqttal to the rectangle under the 
other two. 

Case, I. Let PD and PG he two right lines, drawn from a 
point P in a hypcrbnia to liie asymptotes CD and CK ; and 
RH and RK parallel ia PD and PG be drawn to the same asTmp- 
totea from a point R in the same hyperbola j the rectangles DPG 
and HRK ai-e etjual. 

Thi-ough P and R draw PL and 
RN parallel to each other meeting 
the asymptotes in M and L, and 
N ; the i-ectangica MPL and CRN 
are equal (37. J Svp, and Ax. 1. 1 
£i(.). and, because the triangles 
PDM and RUN are equiangular 
ifiar. 3. 9. 1 8vp.\ PD is to HR, as 
MP is to NR (4. 6 and 16. 5 £«.), 
or, (because of the equal i-ectangles 
MPL and ORN), as OR is to LP 
(16. 6 £».); or (because of tliecqwi- 
angular triangles OKR and LOP), as RR is to PG (4. 6 and 
16. 5 Eu.) ; therefore the rectangles DPG and IIRK are equal 
(16. 6 Ev). 
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Cast 2. In like manner^ if the right lines SQ and SU parallel 
to PD and PG be drawn to the asymptotes, from a jwiint S, in 
the hyi)erboIa opposite to PR^; through P and S draw PL and 
SO parallel to each other, meeting the asymptotes in L and 
M, N and O ; and, because of the equiangular triangles PDM 
and SQN, PD is to SQ, as PM to SN (4, 6 and 16. 5 Eiu), or, 
becaase of the equal rectangles MPL and NSO (37. 1 Sup. and 
Jlx. 1. 1 Eu.)n as SO to LP (16. 6 jEw.), or, because of the equi- 
angular triangles SUO and PGL, as SU to PG (4. 6 a?uf 16. 5 
Eii.), therefore the rectangles DPG and QSU ai*e equal (16. 
6 Eu). 

Case 3. Let now the riglit lines TI and TY, parallel to PD 
and PG, be drawn to the asymptotes, from a point T, in a hy- 
perbola conjugate to PR ; through P and T draw PL and XZ 
parallel to each other, meeting the asymptotes in L and M, X 
and Z ; and, because of the equiangular triangles PDM and 
XYT, PD is to XY, as PM to XT (4. 6 and 16. 5 Eu.), or, 
because the rectangles MPL and XTZ are equal (37. 1 Sup. 
and Jix. I. 1. Eu.), as TZ to LP (16. 6 Eu.), or, because of the 
equiangular triangles TIZ and LGP, as ZI to PG (4. 6 and 
16. 5 Eu.)f therefore the rectangle DPG is equal to the re^tan-^ 
gle under XY and IZ (16. 6 Eu.) ; but, because of the equiaur 
gular triangles XYT and TIZ, XY is to YT, as TI to IZ, and 
therefore the rectangle YTI is equal to the rectangle under XY 
and IZ (16. 6 Eu.); whence the rectangles DPG and YTI, 
being each equal to that under XY and IZ, are equal to each 
other* 

Cor. 1. Since right lines dra^n from a given point to a given 
right line in equal angles are equal, as is manifest from 5. 1 Eu^ 
it follows from this proposition, that the rectangle under right 
lines, drawn from any point, in four conjugate hyperbolas, to 
the asymptotes, in given angles, is of the same magnitude, frem 
what point so ever of the hyperbolas it be drawn. 

Cor. 2. If from any two points (P and T), in four conjugate 
hyperbolas, right lines (PD and TY) be drawn to one asympr 
tote, parallel to the other; the rectangles (PDC and TYC) 
under the right lines so drawn, and the segments of the asymp- 
totes between them and the centre, are equal. 

Draw PG parallel to CD and TI to CY ; and because of the 
parallelograms CT and CP, the right lines CG, CD, CI and 
C Y are severally equal to PD, PG, TY and TI ; whence, the 
rectangles DPG* and YTI being equal {by this prop.), therect- 
angles PDC and TYC are also equal. 
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Cor. S. A rij^ht line (EF), terminated by adjacent liyperbo- 
las, and parallel to one asymptote (C£), ia biaecled by the other 
(CD). 

For the rectangles PDC and EDO are equal {pree. cor.) ; 
whence, the »ide CD being common to both rectangles, ED is 
equal to DP. 

Cor. 4. The rectangle, underthe segments of the asymptotes, 
cut off by a tangent to any of four conjugate hyperbolas, to- 
wards tlie centre, is equal to the rectangle, under the segments 
of the asymptotes so cut off by any other tangent. 

For these rectangles, are fourfold the rectangles, under right 
lines, drawn from each of the contacts to one asymptote, parallel 
to the otiier, and the segments of the asymptotes between (he 
right lines so drawn and the centre {Cor. 5. 37. I 8up.), which 
latter rectangles are {by cor, 2 of this prop.) equal. 

PROP. XXXIX. THEOR. /_ 

J right line COG), termintifed by a parabola, and passing thrtmgh 
its focus CF), is etjual to the parameter, o_f the diameter (PHJ, 
to which it is ordinateltf applied. 

Let P be the vertex of the diameter PH, and 
KL the directrix, which let HP produced meet 
in O, draw DK and GL at right angles to KL, K 
joinFP, through the jioint H in which OG meets 
i'H, draw the right line (JHR at right angles 
to OH, meeting KD and LG in Q and R, and " 
bisect the angle OPF by the right line ST, 
which is a tangent to the parabola (10- 1 Sup.), 
and parallel to DG (Bef. 12. l ««p.;, therefore L 
■fte alternate angles PFH and FPT are equal, 
and the external OPT to the internal remote 
PHF (29. I Eu.) ; whence the angles PFH and 
PHF being severally equal to tlie equals FPT and OPT, are 
equal to each other, and so HH is equal to PF (6. X Eu,'), or its 
equal {Def, 8. I Sup,), PO ; and QR is at right angles to OH 
(consfr.), it is therelbre at right angles to DK and LR (28 and 
S9. 1 Eu.) ; whence, the triangles HD(^ and HGR, being right 
angled at Q andR, and having the angles at H equal (l5. 1 Eu.), 
arc equiangular, and so, having also DH equal to HG (3i. 1 
Sup.), QD is equal to GR (26. I -Eit.) ; therefore DK and GL 
together are equal KQ and LR together, or to twice OU j 
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whence FD being equal to DK, and FG to GL (Def. B* 1 Sup.)^ 
DG is douUe of OH, and foarfold of OP or PF, and therefore 
equal to the parameter of the diameter PH {Def. 16. 1 Sup). 

Cor. The segment (OH), of a diameter of a parabola, int^v 
cepted between the directrix, and the ordinate (GD) which passes 
through the focus, is bisected in its vertex. 

PROP. XL. THEOR. 

Tf from any point of a conick sectioUf an ordinate be drawn to a 
diameter ; the square of the ordinate is, in the case of an ellipse 
or transverse diameter of a htrperhola^ to the rectangle under the 
abscissaSf and in the case of the second diameter of a hyperbola^ 
to the s\im of the squares of the second semidiameter^ and the 
segment thereof between the centre and ordinatCt as the square 
of the semidiumeter which is parallel to the ordinatCf to the square 
of tliat which it meets ; and^ in the case of aparabola, the square 
of the ordinate^ is equal to the rectangle^ under the abscissa^ and 
tlu parameter of the dianuter^ to which the ordinate is drawn. 

Part 1. Let DH be an ordinate, drawn 
from any point D of an ellipse, to a diam- 
eter QP, and let ST be the diameter par- 
allel to DH, C being the centre. The 
square of DH is to the rectangle QHP, as 
the square of SC is to the square of CP. 

Let DH produced meet the ellipse again 
in G i the rectangle DHG is to the rectangle QHP, as the rect- 
angle SCT is to the rectangle QCP (14. 1 Sup.) ; but DG is 
bisected in H (31. 1 Sup.)9 and QP and ST are bisected in C 
(5. 1 Sup.) ; thei*efore the square of DH is tte rectangle QHP, 
as the square of SC is to the square of CP. 

Part 9,. Let now DH be an 
ordinate, drawn from any point 
D of a hyperbola, to a trans- 
verse diameter QPH, C being 
the centre, and SC the second 
semidiameter to which DH is 
parallel. The square of DH is 
to the rectangle QHP, as the 
square of SC is to the square of 

CP. 

Produce GD to meet the 
asymptote CL in L, and through L^ draw XLZ parallel 
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to CP, meeting the opposite byi)erbolas in X and Z ? the 
rectangle DUG is to the rectangle QHP, as the reftanglp DLGr 
is to the rectangle XLZ (14. 1 Sup.); but the rectangle DLG is 
«qual to the square of CS (S7. 1 Sup.)^ and the rectangle XLZ 
is equal to the square of CP {by the same) ; therefore the rectan- 
gle DUG, or, DG being bisected in H (31. 1 Suik)^ the square 
of DH, is to the rectangle QIIP, as the square of CSis to the 
square of CP. 

Fart 3. Let an ordinate DK meet a second diameter TS. The 
square of DE is to the stjuares of CS and CK together, as the 
square of CP is to the square of CS. 

For {by the preceding part and inverting), the rectangle QHP 
is to the squai'e of DH or CK, as the squai'e of CP is to the 
squai'e of CS ; therefore, the rectangle QHP with the square of 
CP, or, which is equal (6. 2 J5w.), the square of CK or DK, is to 
the squares of CS and CK together^ as the square of CP is to the 
square of CS (12. 5 En), 

Fart 4. Lastly, let DH be an ordinate to a 
diameter PII of a ])arabola. The squai'e of DH, 
is equal to a rectangle, under the abscissa PH, 
and the parameter of the diameter PH. 

Find the focus F (35. 1 Sup,), through wiiich, 
draw KL parallel to DG, meeting the parabola 
in K and L, and V'H in O ; KL isordinately applied 
to thediametei PH (Constr.and DeJ. 12. I Snp,)^ 
and therefore equal to the parameter of that di- 
ameter (39. 1 Sup ), and tlierefoi'e foui*fold of PO 
(Def, 16. 1 Sup. and Cor. 39. 1 Sup), whence, 
OK, being the half of KL (31. 1 SupJ), is double to PO, and 
80 PO, OK and KL are continually proportional (Theor. 1. 15. 
5 Eu.), therefore the square of KO is equal to the rectangle 
under PO and KL (IT. 6 Eu.) ; but the square of KO is to the 
square of DH, as PO is to PH (20 and 31. I Sup.), or, (1. 6 
Eu.), as the rectangle under PO and KL is to the i-cctangle 
under PH and KL ; whence, the square of KO having been just 
proved equal to tlie rectangle under PO and KL, the squai*e of 
DH is equal to the i^ectangle under PH and KL (14. 5 Eu.), or, 
KL being equal to the ])arameter of the diameter PH (39. 1 
Sup.), to the i*ectangle under PH and that parameter. 
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Cor. 1. If from two points of an ellipse, hyperbola or oppo- 
site hyperbolas, ordinate's be drawn to the same diameter ; the 
ratios of the squares of the ordinates* in t1)e case of an ellipse 
or transverse diameter of a hyperbola, to the rectanp;les under 
their respective abscissas, and, in the case of a second diainoter 
of a hyperbola, to the sums of the squares of the second scuildi- 
ameter and the segments thereof between the ccnti-e and oi-di- 
Jiates, are equal, being each, by this proposition, c<)\\i\\ to tlie 
ratio of the square of the semidiameter which is jmrallel to the 
ordinates, to the square of that which they moot. 

Cor. 2. And if from two points of a conick section or oppo- 
site sections, ordinates be drawn to the saine so'fiidianietor ; 
the ratio of the squai-es of the oiilinatos to each othor is, in tho 
case of an ellipse or transveree diameter of a !u porbola, ex|ual 
to that of the rectangles under their iTspective abscissas, in the 
case of a second diameter of a hyperbola, to that of the sums of 
the squares of the semidiameter and the segments thereof 
between the centre and ordinates, and, in the case of a parabola^ 
to that of the abscissas ; the two former cases being manifest 
from the prec. cor. and 16. 5 Eu, and the last from this prop, and 
1. 6 Eu. 

Cor. S. If from any point of a conick section, an ordinate be 
drawn to a diameter which is not the second diameter of a hyper- 
bola, and from any point of the diameter within the section or 
opposite sections, a right line be drawn parallel to thcordinatc^ 
of which the s(juarc is to the square of the ordinate, in the case 
of an ellipse or hyperbola, as the rectangles under the segments 
of the diameter between the parallels and its vertices, and, in the 
case of a parabola, as the segments of the diameter, between the 
parallels and its vei-tex, the extreme of the rights line di*awn 
parallel to the ordinate, which is remote from the diameter, is 
III the section, within which the point in the diameter is taken. 

t^or if the right line drawn parallel to tlic ordinate met the 
section in any otlier point, its square would not be to the 
square of the ordinate, in the ratio demonstrated in the preceding 
corollary. 

Cor. 4. If to any diameter of an ellipse or hyperbola, an 
Ordinate be drawn ; the rectangle under the abscissas, in the 
case of an ellipse or transverse diameter of hyperbola, and tlie 
sum of the squares of the semidiameter and the segment thereof 
between the centre and ordinate, in the case of a second diame- 
ter of a hyperbola, is to the square of the ordinate, as the diame- 
ter is to its parameter, as is manifest from tliis proposition^ Def. 
f£f. 1. Sup. andCor. 2. 20. 6 Eu. 
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ScJiolimn. Let GH^ sec fig. 1 and 2, be an ordinate to any 
dianieter of an ellipse or a transverse one of a hyperbola, let 
that diameter be QP, and from its vertex P draw PD at right 
angles to QP equal to its parameter ; complete the parallelogram 
PR, join QDy and di*aw HKO parallel to PD, meeting QD and 
RD in K and O, and through K, SKL parallel to QP, meeting 
QR and PD, produced if necessary, in S and L. 

In the case of the ellipse, fig. 1, the rectangle QHP is to the 
square of HG, as the diameter QP to its parameter PD ^Cor. 4. 
to this prap.)^ or, because of the parallels, as QH is to HR, or 
(1. 6 £ii.), as the same rectangle QHP to the rectangle KSP ; 
therefore the square of HG is equal to the rectangle KHP (9*^ 5 
EM.)f and* of course, being applied to tiie parameter PD with 
the attitude of the abscissa PH adjacent to PD, is d^cient by 
a figure OL similar to ttie rectangle RP under the diameter QP 
smd its parameter PD {Def. 5. 6 Eu). A similar consequence 
would follow, if the square of GH were applied to the parameter 
QR, from the point Q, with the attitude QH* On account of 
this deficiency, Appolonius named this line, an Mlipse or EUip' 
sis, which, in the Greek language, signifies a deficiency. 

In like manner, in the case of tiie hyperbola, fig* 2, the rect- 
angle QHP is to tlie square of GH, as the diameter QP to its 
parameter PD {Cor* 4 to this prop.), or, because of the parallels, 
as QH to HK, or (1. 6 Eiu), as the same rectangle QHP to the 
rectangle KHP ; therefore the square of GH is equal to the rect- 
angle KHP (9. 5 En.), and of course being applied to the parame- 
ter PD with the attitude of the less abscissa HP, exceeds by a 
flgure LO similar to the rectangle BP immr the diameter QP 
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and its parameter PD {Def. 6. 6 Fn). On account-of this ex- 
cess, Apolionius named tlii.s line, a Hyperbola or HyperboUf wliicli, 
in the Greek language, higniAes a reilijiulancy. 

And flie square of an oi'diiiate to any diameter of a parabola 
is, by this pi*op. ecjual U^ the rectangle under the abscissa and 
the parameter of the diameter. For this reason, Apolionius 
named this line, a Parabola 4)r Farahole, whicby in tlie Gi^eek 
language, signifies similitude or equality* 



PROP. XLI. THEOR. 



if a right line, touddng a conick section, #r cutting y^two pointi 
a conidz section or opposite sectionSf meet atnj ^viett r : fhe 
sqmre of the segment of the tangent, or rectangle under tl-.c seg- 
ments Of the secant, between tlie diameter, andi/ie paint orpinnti 
in wliieh it meets the section or seclions, isii iv lite case of an 
diipse or transverse diameter of a hyperlfolaj to the rtdavgle 
Wider the segments of tlie diameter, hettceen the tangent oi- .vtcant 
and its vertices, and, in tlie case of a sednd diumeter if a hyper' 
hola, to the sum of tlie squares of the spnidiameter, and ike seg" 
ment thereof between the centre, and the tangent or secant, as the 
square oftne semidiameter to whidi tlie tangent or secant is par" 
Mel, to the square of tlie semidiameter which it meets ; and, in 
the case of a parabola, is equal to the rectangle inider the segment 
of the aiameter, between Ih vertex, and the tangent or secant, 
and theparameter of the diameter, wliose ordinates are parallel to 
the tangent or secant. 



First, let the figure be an ellipse ; let 
KL be a tangent, touching it in K, and 
meeting a diameter QP in L, let OCR be 
a diameter parallel to .<L, C being 
the centre, and Lt DG be a scrant, paral- 
lel to the diameter OR, meeting the ellipse 
in D and G and the diameter Ql* in H ; ^^ — ^ .^j^ 
the square of KL is to the rectangle PLQ, 
and the rectangle DHG to tlie rectangle 
ibllP, as the rectangle OCR is to tlie rectangle OOP (14. 1 
Bup.), or, OR and QP being bisected in C (5. 1 Sup.), 9Bi!k9 
i^^are Qf CO is to the square of CF. 
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Secondly, let the tangent KL, or 
secant DUG, meet a transverse di- 
ameter \v^^? of a hyperbola PD, in 
L or H, CO being the semidiameter 
parallel to the tangent or secant ; tlie 
squai'o of KL is to the rectangle ^ 
QLP, and the rectangle DHG to the "y 
rectangle QH*, as the square ot CO 
is to the square of CP. 

Draw tlie asymptote CR(35. 1 and 
J}ef. 19. 1 Sup.), which let GD pro- 
duced meet in R, andthi-ough Rdraw 
XRZ parallel to CP, meeting the op- 
posite hyjicrbolas in X and Z ; the rectangle DHG isi to the 
rectangle QHP, as tlie rectangle DRG is to the i*ectangle XRZ 
(14. 1 Sup.) ; but the rectangle DRG is equal to tlie square of 
CO (37. 1 Snp.)^ and the rectangle XRZ to the square of CP 
(by the same)^ thcrefoi'e the rectangle DHG is to the rectangle 
QHP, as the square of CO is to the square of CP. 

And since the square of KL is to the rectangle QLP, as the 
I'ectangle DHG is to the rectangle QHP (14. 1 Sup.), and it has 
been just proved, that the rectangle DHG is to the rectangle 
QHP, as the squai*e of CO is to the square of CP, therefore the 
square of CL is to the rectangle QLP as the square of CO is 
to the squai*e of CP. 

Thirdly, let a right line GHD 
meet ojqiosite hyperbolas in G 
and D, and a second diameter CP 
in H, CO being the semidiameter 
parallel to GD ; the rectangle 
GHD is to the squai*cs of CP and 
CH together, as the square of CO 
is to the square of CP, 

From H draw the ordinate HM 
to the diameter CP (Cor. 36. 1 
Slip.), and let CT be the semidiameter parallel to KM, let GD 
meet the asymptote CR in R, and through R, draw XRZ par- 
allel to HM or CT, meeting the opposite hyperbolas in X and 
Z ; the rectangle GHD is to the square of HM, as the rectangle 
GRD is to tlie rectangle XRZ (14 and 31. 1 Sup*), or, the rect- 
angle GRD being equal to the square of CO (37. 1 Sup.), and 
the rectangle XRZ to the square of CT {hy the same), as th# 
square of CO is to tlie square of CT ; and the square of HM is 
to the 8quai*e9 of CP and CH together^ as the square of CT is 
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to the square of CP (40. 1 Sup.) ; therefore, by equality, tlie 
rectangle GHD is to the squares of CP and CH together, as 
the square of CO is to the souare of CP (32. 5 £u). 

Fourthly, let a right line KL, touching 
a parabola in K, meet a diameter LPH in 
L, or DG parallel to KL, meet the para- 
bola in D and G, and the diameter in H, 
and let JBLX be the diameter passing 
through the point K, and to which of 
course DG is ordinately applied {Jhf. 12. 
1 Sup.) ; the square of KL is equal to the 
rectangle under LP and the parameter of 
the diameter KX, and the rectangle DHG 
to the rectangle under PH and tlie same 
parameter* 

For since DG is ordinately applied to the diameter KX, it is 
bisected in X (31. 1 Sup)f therefore the square of DX is cc|ual to 
the rectangle DXG, and is tlierefore to the rectangle DHG, as 
KX IS to PH (21. I 8up.), or (1. 6 Etu), as the rectangle under 
KX and the parameter of the diameter KX is to the rectangle 
under PH and the same parameter; but the square of DX is 
equal to the rectangle under ^X and the parameter of tlie dia- 
meter KX (40. 1 8up.)f therefore the rectangle DHG is equal to 
the rectangle under PH and the same parameter (14. 5 Eu). 

And the rectangle DHG is tsuthe square of KL, as PH is to 
LP (20. 1 Sup.), or (1. 6 JSu.), as^tte rectangle under PH and 
the parameter of the diameter KX is the rectangle under LP 
and the same parameter ; whence the rectangle DHG having 
been just proved equal to the rectangle under PH and that par- 
ameter, the square of KL is equal to the rectangle under LP 
and the same parameter (14. 5 Eu). 
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PROP. XLIL THEOR. 

J^two right lines meeting each others both touch or both cat in tnop 
pointSf or one of them Umehf andthe other 90 cutf a conick section 
or opposite sections ; the squares of the segments of the tangents, 
or redangles under the segments of the secants, between tl^ con- 
course of the right lines, and the points wherein theg meet the 
section or sections, are to each other, in the aise of an ellipse or 
hyperbola, as the squares of the semidiameters to whidi they are 
parallel ; and, in thai of a parabda, as the parameters of the 
diameters, whose ordinates are parallel to the tangents or se- 
cants* 

Case 1. If the figare be an ellipse, or the right lines meeting 
each other^ be parallel to transverse diameters of a hyperbola^ 
the proposition is manifest from the 14th and 5th propositions of 
this book. 

Case 2. If not) let the concourse 
D of the rieht lines meeting 
each other and a hyperbola or op- 
posite hyperbolas, be jn a trans- 
verse diameter QP, DS and DT 
being tangents, and DGH and DKL 
secants meeting in the point D. 

Since the squares of DS and DT, 
or the rectangles GDH and KDL, 
have to the rectangle QDP the same 
ratio, as the squares of the semidi- 
ameters to which they are respect- 
ively parallel, to the square of the 
somidiameter CP (41.1 8vip.), by inverting and ordinate equality, 
these squares or rectangles are to each other, as the squares of 
the semidiameters to which they are respectively parallel (Theor. 
3. 15. 5 and £2. 5 Eu)» 

Case 3. When the concourse of two right lines, meeting a 
hyperbola, as PS, or opposite hyperbolas PS and QZ, is in a 
second diameter, as at R, CO being the second diameter. 

Since the squares of the segments of the tansents or rectangles 
under the segments of the secants between the point R and the 
hyperbola, or hyperbolas, have the same ratio to the sum of the 
squares of CO and CR, as the squares of the semidiameters to 
which tliey are respectively parallel, have to the square of CO 
(41» 1 Sup.) i by inverting and ordinate equality} these squares 
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or rectangles are to eadi odicry as the aqjoares of the aenidiam* 
eters to wliich they are respectivelT parallel {Thar. 3. 15. 5 amd 
^St* 5« JSa)« 

CauA. When tihe conoowse is an aqmptote CX of a hyper- 
bola^as atX. 

Since the square or rectangles are equal to the sqaares of 
the semidiameters to which they are parallel {S7. 1 8up.)^ they 
are to eadi otiics*as the same squares (SdieL 7. 5 Em). 

€kue 5. When the figure is a 
parabola, D being the conoourse of 
the tangents or secants. 

Through D, draw tihe diameter 
DP, of which let P be the vertex ; 
and since the sqaares of flie seg- 
ments of tiie tangents, or rectan- 
gles under tiie segments of tbe se- 
cants between D and the section, 
are equal to tbe rectangles under 
DP and the ^^arameters of the diam- 
eters, to which right lines parallel 
to the tangents or secants are or- 
dinately applied (41. 1 8up.)f fliese squares or rectan^es are to 
each other as the same parameters (l. 6 and 11.5 Bu). 

SchotiMOU Since tbe rectangle under any diametnr of an ellipse 
or hyperbola and its parameter, is equal to the square of ite 
conjugate {Def. 15. 1 8up. and 17. 6 Eu.), it follows, that the 
squares of tiie segmente of the tangents, or rectangles under the 
segmente of the secants, mentioned in fliis proposition, are to 
each oflier, in ellipses and hyperbolas, in a ratio, compounded 
of flie ratios of tbe diameters, whose ordinates are parallel to the 
tangents or secanto, and tbeir parameters (23. 6 Eu.) ; being, in 
parabolas, when Ibe diameters are infinite, and fliercaore to each 
otber in a ratio of equality, in the simple ratio of these param- 
eters. Whence appears a fiirflier analogy between the different 
toetlon^ 
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•PROP. XLIII. THEOR. 

Ifmie^ of two right lines meeting each other, iotich dr cut in trvo 
' points, a hyperbola or opposite hyperbolas, and the other so touch 
or cut a hyperbola or opposite hyperbolas conjugate to the former ; 
the sqiuire of the segmertt of the former tangent, or rectangle under 
the segments of the former secant, between theeoncourse and tlie 
section or sections, is to the square of, or rectangle wider, the like 
segment or segments of the other tangent or secant, when tlie 
concotirse is in an asymptote, as the squares of the semidiame- 
ters, which are parallel to the right lines so meeting each other ; 
and when the concourse is not in an asymptote, the square or 
rectangle pertaining to tlie hyperbola or hyperbolas, to which the 
dianuter passing the concourse of the meeting right lines is a 
transverse one, is to the square or rectangle pertaining to tlie 
conjugate hyperbola or hyperbolas, in a ratio compound^ (^ the 
ratios of the semidiameters to which the meeting right lines are 
parallel, and of the ratio of the rectangle under the distances of 
the conanirse from the vertices of the diameter passing througli 
it, to the sum of the squares of the semidiameter which passes 
through the concourse, and the distance of the concourse from the 
centre* 

Case 1. If the concourse of the right lines so meeting each 
other be in an asymptote, these squares or rectangles are equal 
to the squares of the semidiameters to which the same right lines 
are pai-allel (37. 1 Sup*), and are therefore to each other^ as the 
squares of the same semidiameters {8chol 7* 5 Eu). 

Case Q. Let GH and TD 
be two right lines meeting each 
other in D,and let one of them 
cut the hyperbola PG in G 
and Hy and the other TD the 
hyperbola OT conjugate to 
PG in S and T ; let CO and 
CR be semidiameters parallel 
to GH and TD, and QPD the 
diameter passing through tlie 
concourse D ; the rectangle 
GDH is to the rectangle 
TDS, in a ratio, compounded 
of the ratios, of the square of 
CO to the square of CR, and 
and of the rectangle QDP to the sum of the squares of CP and 
CD. 
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For the rectangle 6DH Ls to the rectangle QDP, as the 
square of CO is to the square of CP (41.1 Sup.), and the i-cct^ 
angle SDT is to the sum of the squares of CP and CD» as the 
square of CR is to the square of CP (by the same) ; therefore 
the rectangle GDH is to the rectangle SDT, in a ratio^ com- 
pounded of the ratios^ of the square of CO to tiie square of CfU 
and of the rectangle QDP to the sum of the squares of CP and 
CD (Cor. 6. 23.6 £ii). 

The demonstration is similar^ if one or both of the right 
lines meeting each other^ were tangents, or cut opposite hyper- 
bolas. 

PROP. XLIV. THEOR. 

If from any paint of a conick sectioUf an ordinate be drawn to a 
diameter, and a tangent meeting the same diameter ; the semi- 
diameter iSf in the case of an eUipse or hyperbolaf a mean propor- 
tional betTveen the s^mewts of the diameter, between tfu centre 
and ordinate, and between the centre and tangent ; and, in the 
case of a parabola, the segmeht of the diameter, between the or- 
dinate and tangent, is bisected in its vertex. 

LetPH, see fig. I9 2 and 3, of this prop, be an ordinate, 
drawn fi*om any point P of a conick section, to a diameter HK, 
which is not a second diameter of a hyperbola, or in the case of 
a hyperbola, fig. 2, let PT be an ordinate drawn to a second 
diameter CT, and let PK be a tangent drawn from P. meeting 
the diameter HK in K, and in fig. 2, the diameter CT in 1l^ 
CG being in fig. 1 and 2, the semidiameter paasing through 
H and K, and CO in fig. 1, that which passes through T and 
X ; CG is, in fig. 1 and 2, a mean proportional between CH 
and CK ; CO, in fig. 2, between CT and CX ; and in fig. 3^ 
KH is bisected in G. 

Case 1. When the ordinate PH (see fig. 1 and 2), and taa- 
gent PK, meet anjc diameter of an ellipse, or a transverse one 
of a hyperbola. 

Let D and G be the vertices of that diameter, through which, 
draw DR and GL parallel to PH, meeting PK in R and L, 
these touch the section in D and Q (Def. 12. 1 Svp.) ; on CO, 
produced in fig. 2, take C8 equal to CH, DS is equal to GH {Jx. 
9, and 3. 1 Eu). 

And because llie tangent RPK meets the tangents DR and GI^ 
the square of RP is to the square of PL| as the square of DR i» 
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to the square of GL {Cor. 2. 14. 1 8up.)f therefore RP is to PL, 
as DR is to GL (22. 6 Eu.)^ or, because of the equiangular 
trian.qles RDK and LGK. as DK is toGK (4. 6 and 16. 5 Eu.) ; 
but, bcciUise of the parallels RD, FH and LG, DH is to HG, as 
RP is to PL {C(n\ 2. 10. 6 iSti.), therefore DH is to HG, as DK 
is to GK {1\. 5 Eu.) ; therefore, by dividing in fig. 1, and com- 
pounding in fig. 2, SH is to HG, as DG is to GK (17 and 18 
5 Eu.) ; and taking the halves of the antecedents, CH is to HG, 
as CG is to GK {Theor. 1. 15. 5 and 22. 5 Eu.), and, by con- 
verting, CH is to CG, as CG is to CK. 

Case 2. When the ordinate PT (see fig. 2), and tangent PX, 
tneet a second diameter CT of a hyperbola. 

Let O be a vertex of the diameter CT, and DG the transverse 
diameter conjugate to the diameter CT, meeting the tangent PX 
in K ; draw PH an ordinate to the diameter DGH (36. 1 Sup). 

By the preceding case, CH, CG and CK are continually 
proportional, tliercfore the square of CH is to the square of 
CG, as CH is to CK {Cor. 2. 20. 6 Eu.\ and, by dividing, the 
f xcess of the square of CH above that or CG, or, which is equal 
(6. 2 En.), the rectangle DHG,is to the square of CG, as KH is 
to CK ( 1 7. 5 Eu. • ; whence, the square of PH being to the square 
of CO9 as the rectangle DHG is to the square of CO (40. 1 Sup. 
and 16. 5 En.), the ratios of the square of PH to tiie square of 
CO, and of KH to CK, being each equal to the ratio of the 
rectangle DHG to the square of CG, are equal to each other 
(!!• ^ J^M 9 ^^^ because of tlie equiangular triangles HKP and 
CKX, PH is to CX, as KH is to CK (4. 6 and 16. 5 Eu.), 
Ilier^foro the square of PH or CT is to the aquare of CO, as PH 
or CT is to CX (U. 5 Eu.) ; therefore CT, CO and CX am 
tyontinually pi-oportioual (20. 6 Eu). 
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Case 3. "Wlien the or.lhir.te PH 
and tangent PK meet a ulameter 
GU of a parabola. 

Let tlie ordinate PH be produ- 
ced to meet the parabola again in 
Q, and let GR, HS and QT, 
drawn parallel to PK, meet the 
diameter PT drawn tlirough P ; ^^ 
Gil and QT are ordinates to tlie 
diameter PT {Def. 12. 1 Sup). . 

And since PQ is double to PH, " 

(31, 1 Sup.), PT is double to PS (2. 6Ett.), and QT to HS (4. 6 
and 16. 5 Eu.\ or GR, thei^efore the square olQT is fourroid th^ 
square of GR (Cor. 4. 2 jBit.), and thei-eforc the abscissa PT> 
fourfold tlie abscissa PR {Cor. 2. 40. 1 Sup ), and PS or K.U 
double to PR or KG, and so KH is bisected in G. 

Cor- If from the vertices (P and G, see fig 3), of two diam- 
eters (PT and GH) of a parabola, ordinates (l*H and GR) be 
drawn to the same diameters ; the abscissas (Gil and PR; are 
equal. 

For, the tangent PK being drawn from P, meeting GU in K, 
because of the parallelogram Pi..GR, PR is equal to KG (34. 1 
Eu.)9 or, which is e(j[ual (by this prop.), to GH. 

PROP. XLV. THEOR. 

If from any point of an ellipse or hyperbola, an ordinate be drawn 
to any diameter, and a tangent from tlie same point, meet the^ 
same diameter ; the rectangle under the segments of tlie diam- 
eter, between the ordiimte and centre, and bettoeenthe ordinate 
and tangent, is, in the case of an ellipse^ or transverse diameter 
ofahyperbola, equalto theredangleunder the segments of tlie same 
diameter, between the ordinate and its vertices ; and, in tlie case of 
a second diameter of a hyperbola, to the sum of the squares of the 
second semidiameter, and segment ofths same diameter ,1 between 
the centre and ordinate* 

Let PH, sec fig. 1 and 2 of the prec. prop* be an ordinate 
di'awn from any point P of a conirk section, to any diameter of 
an ellipse, or a transverse one of a hyperbola, let this <liatncter 
be DG, let PT, see fig. 2, fae an oruinate drawn from P to a 
second diameter CTof a hyperbola, and let a tangent P'v drawn 
from P, in fig. l, meet DG produced in K, and^ in fig. 2, meet 



296 XI.EMSNT8 OF OEOMETRT. 8UPFLBMEKT. 

DG in K, and CT in X ; the rectangle CHK is, in both figures^ 
eq^ai to the rectangle DHG, and, in fie. 2, the rectangle CTX 
is ecjual to the sum of the squares of CO and CT. 

Part K The roctangle CHK in fig. 1 and 2, is equal to the 
rectf.ngle I^HG. 

For the rectangle HCR is equal to the square of CG (44. 1 
8vp. and 17. 6 /t'l/.), therefore, in the ellipse, fig. 1, taking from 
each the squai*e of CH, the excess of the rectangle HCR above 
the square of CH, or, (3. 2 j^.), the rectangle CHK, is equal 
to the ex ess of the square of CG above that of CH, or (5. 2 
Eu.), the rectangle DHG ; and, in the hyperbola, fig. 2, taking 
these equals from the square of CH, tlie excess of the square of 
CH above the rectangle HCK, or (2. 2 £'ti.), the rectangle CHK, 
is e/Mial to the excess of the square of CH above that of CG, or 
(6. 2 Eu.)f the rectangle DHG. 

Part 2. In fig. 2, the rectangle CTX is equal to the sum of 
the squares of CO and CT. 

For the rectangle TCX is equal to the square of CO (44. 1 
Sup. and 17. 6 Eu.), adding to each the square of CT, the 
rectangle TCX with the square of CT, or (3. 2 Eu.), the rect- 
^gle CTX is equal to the sum of the squares of CO and CT. 



PROP. XLVI. THEOR. 

The same things being supposed ; the rectangle under the segments 
, oj the diameter, between the tangent and centre, and between the 
tangent and ordinate, is, in the case of an ellipse, or transverse 
diameter of a hyperbda, equal to the rectangle under Hie segments 
of the same, between the tangent and its vertices ; and, in the case 
of a sectmd diameter of a hyperbola, to the sum of the squares of 
Vie secmd stmidiameter, and the segment of the same diameter, 
between the centre and tangentp 

Part. 1. In fig. 1 and 2 of the 44th prop, the rectangle CKH 
is equal to the rectangle DKG, 

For the rectangle HCK is equal to the square of CG (44. 1 
Sup. and 17. 6 Eu.), therefore, in the ellipse, fig. 1, taking each 
|rom the square of CK, the excess of the square of CK above the 
rectangle HCK, or (2. 2. Eu.), the rectangle CKH, is equal to 
the excess of the square of CK above that of CG, or (6. 2 Eu.), 
]the rectangle DKG ; and^ in the hyperbola, fig- 2, taking 
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from these equalSf the square of CK, the excess of the rect- 
angle HCK above the square of CK, or (3. 2 Eu.\ the rect- 
angle CKH, is equal to the excess of the square of CG above 
that of CK, or (5. 2 Eu.), the rectangle DKG. 

Fart 2. In fig. 2, the rectangle CXT is equal to the sum of 
the squares of CO and CX. 

For the rectangle TCX is equal to the square of CO (44. 1 
8up. and 17. 6 Etu)^ adding to each the square of CX, the 
rectangle TCX with the square of CX, or (3. 2 Eu.)^ the rect- 
angle XjXT, is equal to the sum of tlie squares of CO and CX. 
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If two parallel right lines (BR and OL^ see Jig. 1 and 2 to prop. 
44 J 9 to\uMng an Mipse or opposite hypeiiolas, meet anotlier 
tangent (RLK) ; tke rectangle under the segments (DR and 
QL) of the parallels^ between their contacts and the tangent 
which they meet, is equal to the square of the semidiameter 
ceo J 9 to which they are parallel. And the rectangle (RPLJ^ 
under the s^ments of the tangent (RliJ, which the parallels 
meeif between its contact fPjf and Vie parallel tangents j is 
equal to the square of the semidiameter ( CZJ, whiSh is parallel 
to it; as is the rectangle (XPKJ^ under the segments of any 
tangent C^PJt meeting two conjugate diameters (CO and 
DGJ, between the contact (FJ and the diameters. 

Tart 1. The rectangle under DR and GL is equal to the 
square of CO. 

c, The right line DG joining the contacts D and G is a diame- 
ter, for if G were not the other vertex of the diameter passing 
through D, a right line drawn from G parallel to DR, to the 
diameter passing through D, would meet that diameter within 
the section, for it is parallel to the tangent drawn through the 
vertex of the diameter remote from D (30. I Sup. and 30. 1 
Eu.)f which tangent falling wholly without the section {Def. 10. 
1 Sup.)9 if the right line so drawn from G, did not meet that 
diameter within the section, it would meet the tangent drawn 
through the vertex remote from D, contrary to the definition of 
parallel right lines ; therefore if DG were not a diameter, a 
I'ight Une drawn through G parallel to DR would enter the 
iM^tion and not be a tangent, contrary to the supposition. 
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And fhe diameter CO is conjugate to D6 {Bef. 14. 1 8up.)9 
and, if) in the ellipse, RL be parallel to DG, the proposition, as 
far as relates to the rectangle under DR and GL and the rectan- 
gle RPL is manifest. 

But if RL be not parallel to DG in fig. 1, let RL, in fig. 1 and 
% meet DG in K, and CO produced in X, and let ordinateg PB 
and FT be drawn to the diameters DG and CO (36. 1 Svfp). 

And because the rectangle DRG is equal to the rectangle 
€KH (46. 1 8wp.), DR is to CK, as HK is to GK (16. 6 Eu.\ 
therefore, because of the parallels, DR is to CX, as HP to GL 
(4. 6 and 16. 5 i?w.), and therefore the rectangle under DRand 
GL is equal to the rectangle under CX and HP or CT (16. 6 
Eu.)^ or, which is equal (44. 1 8up* and 17* 6 Eu.)f the square 
of CO. 

Part 2. The rectangle RPL is equal to the square of CZ. 

Because DR is to GL, as RP is to PL {Cor. % 14. 1 Sup. and 
£2. 6 Eu.)9 the rectangle under DR and GL is similar to the 
rectangle RPL, and is therefore to that rectangle, as the square 
of DR is to the square of RP (£2. 6 Eu.)f or which is equal (42. 
1 8up.)9 as the square of CO to the square of CZ ; whence, the 
rectangle under DR and GL being equal to the square of CO, 
by the preceding part, the rectangle RPL is equal to the squai*e 
of CZ(14. 5 Eu). 

Part 3. •''The rectangle XPK is equal to the square of CZ. 

Because the rectangle CHK is equal to the rectangle DHG 
(45. 1. 8up.), CH is to HG, as DH is to HK (16. 6 Eu.), and 
therefore, because of the parallels, XP is to PL, as RP is to 
PK {Cor. 2. 10. 6 and 11. 5 Eu.), and so the rectangle XPK is 
equal to the rectangle RPL (16. 6 Eu.), or, by the preceding 
part, to the square of CZ. 

Cor. 1. In ellipses and hyperboles, a right line joining the 
contacts of two parallel tangents is a diameter, the right line 
DG, joining the contacts of the parallel tangents DR and GL, 
being in the demonstration o( the 1st part of this prop, proved 
to be a diameter. 

Cor. 2. If the right line XPK touching an ellipse, or hy- 
perbola, meet two diameters CO and DG, and the rectangle 
XPK be equal to the square of the semidiameter CZ, conjugate 
to that which passes through the contact P ; the diameters CO 
and DG are conjugate ones. 

For if any other semidiameter, except CG, were conjugate to 
CO, the rectangle under XP, and a right line greater or less 
than PK, would be equal to the square of CZ [part S of this 
prop.), contrary to the supposition* 
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PROP. XLVIII. PROB. 

To draw a tangent to a given conick section, ^rom any point not 

within the same. 

Part 1. If the given point be in the section, having found, in 
the case of an ellipse or hyperbolay the focuses, and, in the case 
of a parabola, the focus and principal vertex, by 35. 1 Sup, th« 
tangent may be drawn by Cor. 1. 10. 1 Sup. 




Y^ 



Parf 2. But if the given point be without the section, not 
being in the asymptote of a liyperbola, for if it be, the tangent 
may be drawn by Cor. 6. 37. 1 Sup. Let that point be K, see 
fig. 1, 2, 3 and 4, and the given conick section PY ; ;through K 
draw the diameter KG {Cor. 35. 1 8up.)f meeting the section in 
G, or, if it be a second diameter, as in fig. 3, let its vertex be 
O ; in tte case of an etlipse or hyperbola, find the centre C (33. 
1 iSvp.), and to CK and CG take on the diameter KG, a third 
propcHiional CH, to flie part contrary to CK, when it is a second 
diameter of a hyperbola^ ae in fig. 3^ ofli«rwise, as in fig. 1 and 
d/ to the saftie part j in the caseof a iparabola,^ fig. 4, tdce GH 
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equal to KG ; in all tlie cases di-aw through H the right line 
PHQ ordinatelj applied to the diameter HK, meeting the sec- 
tion or sections in P and Q ; RP and KQ being joined touch 
the section or sections in P and Q; for if either of them, as KPf 
were not a tangent to the section, let a tangent VZ, drawn from 
P by part 1, meet the diameter HK in Z ; and in the case of an 
ellipse or hyperbola, CH, CG and CZ would be continually 
proportional (44. 1 Sup.), and therefore CG would have the 
same ratio to CK and CZ {Constr. and 11. 5 Eiu), which is 
absui^d (8. 5 Eu.) ; and in the case of a parabola, fig. 4, GZ 
would be equal to GH (44. 1 Sup.)^ or its equal by construction 
GR, which is also absurd (Jix. 9. 1 Eu). 

Scholium. It appears firom the construction of this problem^ 
that two tangents may be drawn to a conick section or opposite 
sections, from any point without it or them, as the case may be^ 
wliich is not in the asymptote of a hyperbola. 

PROP. XLFK. THEOR. 

Ji right line C^HJ^ passing through the concourse (K) of two right 
lines (TK and ^K) totaling a conick section or opposite secti^ms, 
and bisecting the right line C^RJf joining their contacts, is a 
diameter of the section. 



ct 
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For if KH be not a diameter^ let a diameter HZ be drawn, 
through H (Ckn*. S5. 1 Sup.), meeting the tangent PK in Z, and 
let QZ be drawn, meeting the section in D, through D let the 
right line DG be drawn parallel to PQ, meetings in the case of 
fig. 1, because D is not the vertex of the diameter HZ, and DG 
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is parallel to the secant PQ* the section again, as in L, and in 
the case of fig. 2, seeing that DG is parallel to PQ cutting the 
opposite sections, meeting flie oppoi^te section, as in L, and 
meeting in both cases^ ZH in X, and PK m G. 

And since PQ, see fig. 1 and 2, is bisected by the diameter 
HZ, it is ordinately applied to that diameter (3S. 1 8up.)f 
therefore DL, parallel to PQ, is ordinately applied to the same 
diameter, and is therefore bisected by it (31. 1 Sup.)9 and so 
DX is equal to LX ; and because of the equiangular triangles 
QHZ and DXZ, QH is to HZ, as DX is to XZ (4. 6 Eu.), and 
because of the equiangular triangles ZHP and ZXG, HZ is to 
HP, as XZ is to XG {by the sama), therefore, by equality, QH 
is to HP, as DX is to XG (2S. 5 En.) ; whence, QH being equal 
to HP, DX is eqnal to XG {Cor. 13. 5 Eu.) ; but DX is above 
proved to be equal to LX, therefore XG and XL are equal 
(« X, 1. 1. Eu.), part and wliole, which is absurd ; therefore no 
right line drawn through H, except KH is a diameter of the 
section, and of course KH is a diameter. 

Cor. 1. Hence a diameter of a conick section, passing thi*ough 
the concourse of two tangents, bisects tlie right line joining 
their contacts. 

For if the diameter divided it unequally, a right line drawn 
from the concourse to bisect it, being {by this m^osition), a 
diameter, there would be two diameters passi.i^ through the 
concourse of the tangents, and therefore two centres, which is 
absurd. 

Cor. S,. If two right lines, touching a conick section or 
opposite sections, meet each other ; their concourse is in the 
diameter of the section^ which bisects the right line joining their 
contacts. 

For the right line joining tiie contacts is not a diameter, for 
if it were^ the tangents would be parallel (30. 1 Swp.), if lUiere- 
fore the diameter, bisecting the right line joining the contacts^ 
did not pass through the concourse of tlie tangents, the diam- 
eter passing through the concourse of the tangents, would not 
bisect the right line joining tiie cont^ctsy contrary to the pre- 
ceding cm^Ufuy. 
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PROP. L. THEOR. 

If from a vertex (^ each of two amjvgate ^meters fCPandCO, 
see Jig. 1 and 2_), ordtnoles fPHand OTJ,bednnonto a third 
diameter fBOJ ; the square of the segment fCTJ, of the third 
diameter (DO J, between the centre and either ordinate in eUipsef, 
or between the centre and that drawn from the vertex of these- 
amd diameter in hyperbolas, is equal to the rectangle CDHO}^ 
under the segmentg of that third dianuter, between the ether or- 
dinate and its vertices. Jnd, in hypetiolas, the square of the 
segment fCB, seefg. SJ, of themrne third diameter between the 
centre and ordinate drawn from the vertex of the transverse di- 
ameter Cf^PJf is equal to the sum of the squares of the semidia- 
meter f CfiJ, to which the ordinates are drawn, and thesegment 
C.CTJ, of the same diameter, between the centre and the other 
ordinate. 




Thongh tiie vertex V of eitiier of the conjugate diameters dra» 
a tangent XPK (48. 1 Sup.), meeting the diam^r DO in K, 
and its coiyugate in X; and (in Jig. ll), becauseoftJie parallels 
PK and CO, PH and OT, the triangles PHK and OTC are equi- 
angular (Cor. 3. 9. 1 8up), and, because of the parallels CX 
end PH, the rectangles \FK and CHK are similar (2. 6 and 
Sef. 1. 6Eu.); therefore the rectangle Xl'K is to CH(v, as the 
square of PR is to the square of HK {ZS. 6 Jiu.), or, because of 
the equiangular triangles, as the square of CO is to the square 
of CT ; but the rectangle XPK is equal to the square of CO 
(47. 1 Sup.), therefore the square of CT is equal to the rectan- 
gle CHR (14. 5 £u.), or, which is equal (45. 1 Sup.), the rect- 
angle DBG under tibe segments of the diameter OG between 
the ordinate PB and its* vertices. Taking away these equals 
from the square of CG, the excess of the square of CG above 
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the rectangle DHG, or, which is equal (5. 2 Eu.), the square 
of CH, is equal to the excess of tlie square of CG above that of 
CT, or (5. 2 Eu.\ the rectangle DTG. 

And, in the case of fig. 2, the demonstration of the equality of 
the square of CT to the rectangle DHG, in the preceding para- 
graph, is applicable to this case.andits figure, without variation. 
Adding to these equals the square of CG, tlie rectangle DHG 
with the square of CG, or which is equal (6. 2 Eu.)^ &e square 
of CH, is equal to the squares of CG and CT together. 

Cor. Hence in the ellipse, the squares of the segments (CH 
and CT), of the diameter (DG)« to which ordinates are drawn 
from the vertices of two conjugate diameters, between the centre 
and ordinates, are together equal to the square of the semidiam- 
eter (CG) to which they are so drawn. For since the square of 
CH is, by this proposition, equal to the rectangle DTG, the 
square of CH within the square of CT, is equal to the rectangle 
DTG and the square of CT^ or which is equal (5. 2 Eu*), tiie 
square of CG. 



PROP. LI. THEOR. 



If from a vertex of each of two conjugate diameters fCP and CO, 
see Jig- ^ toihe preceding proposition Jtofa hyperbolaf ordinates 
CPHand OS) be drawn to two other conjugate diameters fCG 
and CRJ ; the segments (CH and C8J of the diameters, to 
which tiie ordinates are drawn, between the centre and the 
ordinates, are directly 9 a/nd the ordinates themselves (PHand 
OS J inversely, as the semidiameters (CQ and CRJ to which they 
are drawn. 



For the sum of the squares of CG and CT, or which is equal 
(50. 1 Sup.), the square of CH, is to the square of OT or CS, as 
the square of CG is to the square of CR (40. 1 Sup.), therefore 
CH is to CS, as CGis to CR (22. 6 Eu). 

And the rectangle DHG, or which is equal (50. \ Sup), the 
square of CT or OS, is to the square of PH, as the square of 
CG to the square of CR, (40. 1 Sup,), therefore OS is to PH^ as 
CG to CR (22. 6 Eu). 
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PROP. LIL THEOR. 



If one extreme ^D)fOfa right line CDPJf equal to Hue principal 
semiaxis ( CBJ of an ellipse^ he in the second aocis rMJ)r , and 
the segment thereof (BQ) between the aoceSn he equal to the 
difference of the semiaxes CCB and CM) ; its other extreme (Pj 
is in the perimeter of the ellipse^ 

Let fall the perpendiculars PH and 
PL on CB and CM. 

ecause of the equiangular triangles 
PHG and DL^% the square of PH is to A 
thesquare of GP or CM, as the square 
of DL, or, (47. 1 15ti.), the difference 
of tlie squares of DP and LP, or of CB 
and CH, or, (5. 2 Eu.), the rectangle 
AHB is to the square of DP or CB ; therefore the point P is iu 
the |)erimeter of the ellipse Cor. 3. 40. 1 Sup.). 

C(yr. Hence, if two unequal right lines AB and MN, of which 
AB is the gi'eater, bisect each other at right angles in C, and a 
right line DG be placed between AB and MN equal to the differ- 
ence of their halves CB and CM, and on DG produced, GP be 
taken equal to CM, and the right line DG;P be so moved through 
tlie four right angles, tliat the point D may be always in the 
right line MN, and G in AB ; the point P would describe an 
ellipse, whose transverse axis is AB, and second axis MN. 
And hence an ellipse is described, by means of an instrument, 
called an Elliptick Compass, as to any one viewing its structure, 
may hence easily appear. 



PROP. LIIL THEOR. 
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Ji parallelogram CI^'SIZJ, described about two conjugate diame- 
ters CR^ ond ROJf of an ellipse or hyperbda, by drarving 
through their verOces, Jour right lines, touching the ellipse or 
conjugate hyperbolas, is equal to the rectangle under the axes 
(AB and MJfJ. 
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Let C be the centi-e, and SPL produced if neGesaary, meec 
AB in K, and MN in X, let PH and PT be drawn, at right 
angles to the axes, and PD and CG at right angks to SPL. 

Then the right angled triangles {aee fig. 1), PHD and CGX, 
being, hecause of the parallelism of the sides forming the angles 
DPH and GCX, equiangular {Cor. 3. 9. 1 Sup.), PH is to PD, 
as CG is to CX (4. 6 £ii.), therefore the rectangle under PD 
and GC is equal to the rectangle under PH and CX (16. 6 JEu.), 
or to the rectangle TCX, or, which is equal (44. 1 Sup. and 17. 
6 £».), the square of CM ; and therefore CG, CM and PD are 
continually proportional (17. 6 £u.) ; therefore the square CG 
is to the square of CM as CG is to PD {Cor. 2. 20. 6 Bu.J, or, 
because of the equiangular b'iangles CGK. and DPK, as GK is 
to I'K, or, which is equal ( 1. 6 Eu.), as the rectangle GKP, or, 
because of the equiangular triangles CGR and PHK, the rect- 
angle CKH (4 and 16. 6 Eu.), or (46. 1 8up.), AKB to the 
square of PR, or, which is equal (41. 1 Sup.), as the square 
of CB to the square of CO j therefore CG is to CM'as CB is 
to CO (22. 6 Eu.), and so the rectangle under CO and CG, or. 
which is equal (35. l EuA, the parallelogram COLP, is equal 
to the rectangle under CB and CM (16. 6£i(.) ; whence the 
parallelogram LSIZ being fourfold the parallelogram COLP 
(23. 6 Eu,), and the rectangle under AB and MN fourfold that 
under CB and CM {by tfie same), tlie parallelogram LSIZ is 
equal to the rectangle under AB and MM. 

The reasoning of the preceding paragraph, applies to the case 
of fig. 2 without variation. 

Cor. 1. AU parallelograms, desciibed about conjugate diam- 
eters, of a given ellipse or h;perbola» by drawing tangents 
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through their vertices, are equal to each other, being each of 
them {by thisprop.), equal to the same rectangle. 

Cor. 2. All parallelograms, formed by joining the vertices 
of conjugate diameters of a given ellipse or hyperbola, are^ 
equal ; being halves of the parallelograms treated of in the pre- 
ening corollary. 



PROP. LIV. THEOR. 



The sum of the squares of any two conjugate diameters of an 
ellipse, is equal to the svm of tAe squares of the axes. . 

^nd if the angles contained by the asymptotes of a hyperbola be 
right, any two conjugate diameters are equal* But if the an- 
gles contained by the asymtotes be not right, any two conjugate 
diameters are unequal ; and the difference of the squares of any 
two conjugate diaifuters, is equal to the difference of the squares 
oftheaotes. 




Fart 1. Let CB and CM be 
semiaxes of an ellipse, AB and MN 
being the axes, and CP and CO 
t>vo other conjugate semidiameters, 
let PH and OT be perpendicular to Aj 
CB, and PD and OG to MN. 

Because the square of CB is 
equal to the squares of CH and CT 
together (Cor. 50. 1 Sup.), and the 
square o CM to the squares of CD 

and CG together • by the same), or to those of PH and OT ; 
the squares of CB and CM together are equal to the four squares 
of CH, CT, PH and OT, to which the squares of CP and CO 
are also equal (47. 1 En.), therefore the squares of CP and CO 
together are equal to those of CB and CM together ; but the 
squares of the diameters QP and RO together are fourfold the 
squares of CP and CO together {Cor. 4. 2 JBw.), and the squares 
of AB and MN together are fourfold the squares of CB and CM 
together {by the same) ; therefore the squai*es of QP and RO 
together are equal to the squares of AB and MN together (.flar. 
1, 5 Eu). 
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Part 2. Let CD and CK be the asymp- 
totes of a hyperbola, whose centre is C ; 
let CF be any semidiameter drawn to the 
hyperbola BP, and through its vertex P, 
let a tangent DPG be drawn (48. 1 Sup), ^ 

5s in D and G, I'D ^ 




meeting the asymptotes 
or PG is equal to the semidiameter conju- 
gate to CP {Cor. 2. 37. 1 Sup). But if 
the angle DCG be right, a circle described 
fi*om the centre P about the diameter DG 
would pass through C (Cor. 31. S Eu.), 
and of course the semidiameter CP would be equal to PD or 
PG, or, by Cor. 2. 37. i Sup, to the semidiameter conjugate to 
it, and so the diameter drawn fi-om P would be equal to its con- 
Jugate {Jlx. 6. 1 Eu). 

In this case, the hyperbola is said to be, Equilateral or Right- 
angled (see Def. 20. 1 Sup). 

Part 3. Det now the asymptotes CD and CK contain an 
acute angle, and let CP be any semidiameter ; draw the trans- 
verse semiaxis CB (35. 1 Sup.), through P and B draw the 
tangents DG and HK, meeting the asymtotes in D and G, H 
and K ; from P, D, B and H, let fall on the asymptote CK, the 
perpendiculars PQ, DO, BR and HL. 

Because the angle DCG is acute {Hyp.)^ it falls without a 
semicircle described about DG as a diametei*, for otlierwise the 
angle GCD would be right or obtuse (31. 3 and 16. 1 Au.), 
contrary to the supposition, therefore the siemidiameter CP of 
the hyperbola is gi-eater than PD or PG, and thei*efore than its 
conjugate semidiameter {Cor. 2. 37 and Def. 14. 1 Sup). 

And because DG and HK are bisected in P and B (37. 1 
Sup.), OG and LK are, because of the parallels, bisected in Q 
and U (2. 6 Eu.) ; and since the rectangle GCD is equal to the 
rectangle KCH (Cor. 4. 38. 1 Sup.), CK is to CG, as CD is to 
CH (16. 6 Eu.), or, because of the parallels, as CO is to CL 
(2. 6 Eu.) ; therefore the rectangle GCO is equal to the rectan- 

Sle KCL (16. 6 Eu.) ; but the rectangle GCO is equal to the 
ifference of the squares of CQand QG (6. 2 Eu.) or {Cor. 1 
and Schol. 6. 2 Eu.), to the difference of the squares of CP and 
FG ; and for the same reason tlie rectangle KCL is equal to the 
difference of the' squares of CR and RK, or of CB and BK ; 
therefore the difference of the squares of CP and PG, is equal 
to the diflference of the squares of CB and BK ; but FG and BK 
are equal to the semidiameters which are conjugate to the semi- 
diameters CP and CB {Cor. 2. 37. and Def. 14. j Sup.), there- 
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fore the differences of the squares of the semidiameters CP and 
CB9 and their conju,i;ates, are equal, and therefore the differ- 
ence of the squares of the diameter drawn from P, and its con- 
jugate, is equal to the difference of the squares of the axes. 

If the angle GCD were obtuse, the angle formed by Uie 
asymptotes, towards a hyperbola conjugate to the hyperbola 
BP, would be acute (13. 1 Eu.)^ and so the proof of the case 
here demonstrated, applies also to that case. 

Scholium. From the demonstration of the 3d part of this 
prop, it follows, that, in tlie case of the asymptotes of hyper- 
bolas, cutting each other at oblique angles, any diameter, 
terminated by the opposite hyperbolas, which are included 
within the acute angles, is greater than its conjugate. 

Cor. In ellipses, the sum, ^.nd in hyperbo>las, the differ- 
ence of the squares, of any two conjugate diameters, is equal 
to the sum or difference, as the case may be, of the squares 
of any other conjugate diameters, being each, by tiiis prop, 
equal to the sum or difiference of the squares of the axes. 

PROP. LV. THEOR. 

A right linCf drawn from the centre of an ellipse or hyperbolaf to 
a tangent to the section^ parallel to a right line, joining a focus 
and the contact, is eqiuil to the transverse semiaxis. 




Let CG, see both fig. be a right line, drawn from the centre 
C of an eUi))se or hyperbola, to a tangent DG, parallel to a 
riglvt line EP, joining a focus E to the contact P, AB bdlng the 
trjinsverse axis ; CG is equal to AC or CB. 

Having found the other focus F (35. I Sup ), draw to it PF, 
jotn FG, which produce to meet EF in H. Because then EH 
and CG are ^irallel {Hyp.), and EC and CF equal [Def. S and 
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5. 1 8up.]9 HG and GF are also equal [2. 6 Eu.] ; lEuid* because 
the tangent PG bisects the angle FPH [11. 1 -SPitp.], FG is to 
GH, as FP is to PH [3. 6 Eu.], therefore FP and PH 
are equal [Cor. 13. 5 Eu.]^ and so EH is equal to AB [1. 1 
Sup.] ; but, because the triangles CFG and EFH are equian- 
gular, and CF is the half of EF, CG is the half of EH or AB 
[]4. 6 and 16. 5 Eu.], and therefore equal to AC or CB. 

PROP. LVI. THEOR. 

The segment of a right line^ drawn through the focus of an ellipse 
or hyperbolaf intercepted by the section or hyperbolas^ is a third 
proportwnalj to the transverse axis, and the diameter, parallel 
to the right line so drawiu 




Let DG be the segment of a right line, drawn through the 
fbcus F of an ellipse or hyperbola, intercepted by the section or 
opposite hyperbolas, see fig. 1) 2 and 3, and PQ, a diameter 
parallel thereto, AB being the transverse axis ; DG is a third 
proportional to AB and P4^ 

Let C be the centre, and let a diameter be drawn bisecting 
DG in H [Cor. 35. 1 Sup.], tliis diameter is conjugate to PQ 
r32. 1 and Def. 12 and 14. 1, Sup.^, from D draw the ordinate 
D V to the diameter PQ [36. 1 Sup.^, this is parallel to CH 
[Def 12 and 14. 1 Sup. i, draw the tangent DL [48. 1 Sup.lp 
meeting PQ in L $ and because CL, drawn from the i^entre to 
the tangent, parallel to DF, joining the contact and a focus,, is 
equal to CB [55 1 Sup.], and DG is bisected in fi [constr.], 
and therefore DH or CR is equal to the half of DG, and CL, 
CP and CK are continually proportional [44. 1 Sup.], therefore 
AB^ PQ and DG, which are double to CL, CP and CK^ are 
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contiiraallj proporGonaU and so D 6 is a third proportional to 
AB and PQ. 

Cbr. Hence, tiie rectangle under the transverse axis, and a 
right line terminated both ways bj an ellipse, hyperbola or 
q^M>site hyperbolas, and, being produced if necessary, passing 
ttrough the focus, is equal to the square of the diameter parallel 
thereto [by this prop, and 17. 6 Eu.] ; and therefore, the trans- 
verse axis being constant, right lines so terminated are to each 
other, as the squares of the diameters, to which they are paral- 
lel '!• 6 and 11. 5 Eu.'Jf or in a duplicate ratio of those diameters 
[20. 6 Eu]. 



PROP. LVII. THEOR. 



Bight lines terminated bodi Huays by a conick section or opposite 
sectionSf and, being produced if necessary ^ passing through the 
focuSf are to each other, in the case of an ellipse or hyperbola^ in 
a ratio compounded of the ratios of the diameters, to which they 
are ordinately applied, and of tJieir parameters ; and, in the case 
of a parabola, in the ratio of the parameters of the diameters, to 
which they are so applied. 

In the case of an ellipse or hyperbola, these right lines are 
to eadi other, as the squares of the diameters to which they are 
parallel [Cor- 56 of this], and therefore, the rectangle under any 
diameter and its parameter, being equal the square of its coilju- 
jgate [Def. 15. 1 Sup. and 17. 6 EuX in a ratio compounded of 
the ratios of the diameters, whose oiwnates are parallel to these 
right lines, and their parameters [25. 6 Eu]. 

In the case of a parabola, these right lines are equal to the 
parameters of the diameters whose ordinates are parallel to 
them [59. 1 8up.], and are therefore to each other as these par- 
ameters [7. 5 Eu]. 

Cor. Hence these right lines are to each other) as the rect- 
angles under their segments, between the focus and the section 
or sections, since the^e rectangles are to each other, in the ratio 
specified in this proposition [8chol. 4S. 1. Sup]. 



CORICK SEOTDUra. 



PROP. LVm. THEOR. 



If tangeats, drawn through the extrtmes of the traniroergt aaia 
of an eliivse or hYperbola, meet a third tangent ; a circle, des- 
a^ed aiowt tlie segment of the third tangent, intercepted Ity the 
other tangents, as a diameter, passes through the focuses of the 
secHoa- 




Let t^ right lines AD and BGi touching an ellipse or 
hyperbola in the extremes) A and B of the ti-ansverse axis, meet 
a third tangent DG, a circle described about the segment UG of. 
the third tangent* intercepted between AD and BG, as a diam- 
eter, passes tibrough the focuses E and F. 

Let P be the point, in which DG touches the section, and 
CM, the second semiaxis ; the rectangle under AL) and BG is 
equal to the square of CM [47. 1 Sup.], or, which is equ^ 
[2. 1 Sup.], the rectangle AFB, therefore BG is to BP, as AF 
is to AD [l6. 6 Eu.], and these right lines are about equal 
angles FBG and FAD, both these angles being right ones* 
.therefore, the triangles FBG and FAD arc equiangular [6. 6 
£u.], therefore the angles FCB and DFA are equal ; but, 
because tiie angle FBG is right, the angles FGB and BFG are 
together equal to a right angle [S3. 1 Eu,], therefore the angles 
DFA and GFB are together equal to a right angle, and thei-e- 
foro the angle DFG is right, and of course the point F ia at the 
circumference of a circle, described about DG as a diameter 
[Cor 31. 3 Eu]. In like manner it may be proved, that £ is at 
the circumference of tlie same circle. 
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PROP. LIX. THEOR. 

Bight lineSf drawn from any point of an ellipse or hyperhoUit to 
the focuses contain a rectangle^ equal to the square of the semi' 
diameter, which is paralUl to a tangent, drawn through that 
point. 

Let PE and PF, sec figures to preceding prop, be right lines, 
drawn from a point P of an ellipse or hyperbola, to the focuses, 
and CO be a semidiameter, parallel to a tangent DG drawn 
through P ; the rectangle EPF is equal to the square of CO. 

Draw the transverse axis AB [35. 1 8up.\ and through its 
vertices A and B, draw tangents to tlie section AD and EG [48. 
1 Sup. ^ meeting DG in D and G : from either focus as F, 
let fall on DG, the perpendicular FH, which produce to meet 
EP inL; and, because the triangles FHP and LHP have the 
angles FPH and LPH^ual (11. 1 Sup.']^ the angles at H right, 
and PH common, FH is equal to HL, and PF to DL [26. 1 
En."] ; and the centre of a circle described about DG as a diam- 
eter is in DG [Def. 13. 1 Eu.\ and right linos drawn from that 
centre to F and L are equal [4. 1 Eii.'] ; since therefore that 
circle would pass through the focus E and F [58. 1 Sup.}^ it 
would also pass through the point L ; therefore, because of the 
eircle, the i^ectangle EPL or EPF is equal to the rectangle 
DPG[35 and 36. 3 £«.], or, which is equal [47. 1 iSfiip.], to the 
square of CO. 

PROP. LX. PROB. 

Jff from the focuses of an ellipse or hp^erhola, perpendiculars be let 
fall on any tangent ; a circle described about the transverse axis, 
as a diameter, passes through Hie points, in which the perpen- 
diculars meet the tangent. 

Let EK and FH, see figures to prop. 58, be perpendiculars 
let fall from the focuses E and F, of an ellipse or hyperbola, on 
a tangent DG, and AB be the transverse axis ; a circle describ- 
ed about AB, as a diameter, passes through the points K and 
H, in which the perpendiculars meet DG. 

Let C the centre, and P the point, in which DG touches the 
section ; join EP and PF, let the perpendicular FH prifduced 
meet £ P in L, and join CH. Because the angles FPH and LPH 
are equal [11, 1 Sup.'], PH common to the triangles FPH and 
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LPH, and the angles at H right, FH is equal to HL, and PF 
to PL [26. 1 Eu''\9 therefoi-e EL is equal to the transverse axis 
AB [l. 1 8up.^ ; and since FH and HL arc equal, and FC equal 
CE [Def. 3 and 5. 1 SupJi^ EL and CH are parallel [2. 6 Eu.] ; 
and since the triangles CFH and EFL are equiangular, and 
CF is the half of EF, CH is the half of EL or AB [4. 6 and 
16. 5 Eu»] ; therefore the point H is in the circumference of a 
circle* described about AB a;) a diameter. In like manner it 
may be proved, that the point K is in the same circumference. 

PROP. LXI. THEOR. 

The redangU under perpendiculanf let Jail from the focuses of an 
ellipse or hyperbola, on any tangent, is equal to the square of the 
second semiaxis. 

Let EK and FH, see figures to prop. 58, \e perpendiculars, 
let fall from the focuses E and F of an ellipse or hyperbola, on 
a tangent DG, and CM the second semiaxis, C being the 
centre, the rectangle under EK and FH is equal to the square 
of CM. 

Let AB be the transverse axis, join CH, which produce to 
meet KE in R ; because of the parallels FH and ER, the trian- 
gles CFH and CER are equiangular, and therefore, because 
of the equals EC and CF, the right lines CH and CR, and 
FH and ER are equal [26. 1 Eu.] ^ but a circle described about 
AB as a diameter, passes through the points H and K [60. 1 
8up.], and, because of the equals CH and CR, it passes also 
through R ; therefore, because of the circle described as above, 
the rectangle KER, or, ER and FH being equal, the rectangle 
under EK and FH, is equal to the rectangle AEB, or, which rs 
equal [2. 1 Sup.], to the square of CM. 
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PROP. LXII. THEOR. 



Ji perpendicvinr^ let fall from the focus of a parabola^ on a tangent, 
is a mean proportional, between the distances of tlie focus, from 
thepoint of contact, and from theprincipal vertex. 



Let F be tlie focus, and B the principal j^ 
vertex of a parabola, PK a tangent meet- 
ing the axis in K, P being the point of 
contact, and FH a perpendicular let fall 
from F on PK ; FH is a mean propor- 
tional between FP and FB. ^ 

Draw the ordinate PT to the axis 
(36. 1 8up.)9 through P draw PL parallel 
to KT, and join HB ; the angle FPK is 
equal to LPK (11. l' Sup.), or its alter- 
nate PKF, therefore FP is equal to FK 
(6. 1 Eu.) ; whence, FH being common to the triangles PFH, 
and RFH, and the angles at H right, PH is equal to HK 
{Cor. 7. 6 EuX and KT is bisected in B (44. 1 <Sfup.), therefore 
BH is paralRI to TP (2. 6 Eu.), and of course perpendicular 
to the axis, and therefoi-e, because of the I'ight angle FHK, 
FH Ls a mean proportional between FK or FP, and FB {Cor. 
2. 8. 6 Eu). 




PROP. LXIIL THEOR. 



Tlie square of a papendicular, let fall fmm a focus of a conick 
sectum, on a tangent to the section, is, in the case of an ellipse 
or hyperbola, to the rectangle, tinder the distances of the same 
focus from the contact, aiid the nearer principal vertex, as the 
distance of the same focus from tlie oilier principal vertex, to 
tlie distance of the other focus from the contact ; and, in the case 
of a parabola, in the ratio of equality. 
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Fig. 1. 



Fig. 2. 




Let FH9 see fig. I9 2 and S, be a perpendicular^ let fall from 
the focus F of a conick section, on a tangent PH, F being the 
point of contact, and B the principal vertex nearer to F ; and 
in the ellipse and hyperbola, fig. 1 and 2, let A be the other 
principal vertex, and E the other focus. The square of FH 
is to the rectangle AFB, in the case of the ellipse and hyperbola, 
as AF is to EP, and, in that of the parabola, in a ratio of 
equality. 

Let EE. in fig. 1 and 2, be a perpendicular, let fall from E 
on the tangent PH. The right angled triangles FHP and EKP, 
having the angles at P equal (11. 1 8up.B.ni 15. 1 Eiu), are 
similar, therefore the rectangles under FH and EK, and under 
FP and EP are similar; therefore the square of FH is to the 
square of FP, as the rectangle under FH and EK, or (61. 1 
Sup.ji the square of the second semiaxis, or (2. 1 <8^«p.), the 
rectangle AFB, is to the rectangle FPE (20. 6 and Cor. 3. 22. 
5 Em.), and, alternating, the square of FH is to the rectangle 
AFB, as the square of FP is to the rectangle FPE (16. 5 Eu.)^ 
or, FP being a common side, as FP is to PE (1. 6 Eu.\ or, 
as the rectangle PFB is to the rectangle under EP ana FB 
{hy the same), and, alternating, the square of FH is to the i-ect- 
angle PFB, as the rectangle AFB is to the rectangle under EP 
and FB, or, FB being a common side in the two last terms, as 
Ai^^istoEP(1.6 Eu). 

And since, in the case of a parabola, fig. 3,. FH is a mean 
proportional between FP and FB (62. 1. .Sittp.),the square of FH 
is equal to the rectangle PFB (17. 6 Eu.), and is therefore to 
that rectangle, in a ratio of equality. 

Cor. 1. Since, in the case of a parabola, fig. 3, the square 
of FH is equal to the rectangle BFP, and BF is a constant 
quantity, the square of FH is as FP ; or, the squares of perpen 
diculars^ let fall from the focus of a parabola on tangents, are 
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to each other, as the distances of the points of contact from the 
focus. 

Cor, 2. And since, in the ellipse and hyperbola, fig. 1 and 
2, the square of Fll is to rectangle PFB, as AP' is to EP, and 
AF and FB are constant quantities ; therefore the square of 
FH is in a ratio, compounded of the direct ratio of FP, and 

FP 

the inverse one of EP, (or as^p) ; or, the squares of perpen- 
diculars, let fall from a focus of an ellipse or hyperbola, on 
tangents, are to each other, in a ratio, compounded of the direct 
ratio of the distance of the same focus from the contact, and the 
invtsrse one of the distance of the other focus from the same 
contact. But, in the ellipse, because the sum of EP and PF is 
a constant quantity, (1. 1 Sup.), while FP is increased, EP is 
diminished, and the contrary ; therefore, in the ellipse, the 
square of FH is more varied, than in the ratio of FP : but, in 
the hyperbola, because the difference of EP and PF is a con- 
stant quantity (l. 1 Sup), EP and PF are increased or dimin- 
ished together ; therefore, in the hyperbola, the square of FH is 
less varied, than in tlie ratio of FP ; and therefore the perpen- 
dicular let fall from a focus on the tangent varies, in the ellipse, 
more, and in the hyperbola, less, than in the subduplicate ratio 
of the distance of the focus from the contact. 
See Cor* 6. 16. 1 Mwt Princip. 



PROP. LXIV. THEOR. 



If two right lines, touching a conick section or opposite sections, 
meet each other, and a right line, drawn from a point in one of 
the tangents, parallel to the other, meet tlie right line joining the 
contacts, and cut the section or sections in two points ; the square 
of the segment of the secant, between the tangent, and tlie right 
line joining the contacts, is equal to the rectangle under tlit 
segments of the same, between the tangent, aiui the section or 
secHons* 
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Let PK and QK, see allthc 
iig. of this prop, touching a 
conick section or opposite 
sections in P and Q, meet 
each other in K, and from any 
point J), in one of the tan-* 
gents PK, let a right line DH 
be drawn, parallel to the o- 
ther tangent QK, meeting the 
right line PQ joining the con- 
tactip in L, and the section or 
sections in G and H 5 the 
square of DL is equal to the 
rectangle GDH. ' 

For because the tangent PK meets the parallels DH and KQg 
the rectangle GDH is to the square of KQ, as the square of vfi 
is to the square of PK {Cor. 3. 14. 1 8up.)f or, because of the 
equiangular triangles PDL and PKQ, as the square of DL to 
the square of KQ (4 and 22. 6 Eu.) ; whence, the square of DL 
and the rectangle GDH, haying the same ratio to th« square of 
KQ, are equal (9. 5 Eu). 




41 



Stt BLEMBirrs OF G£<MMSTBT. ' SUPPIillllBiriV 



PROP. LXV. THEOR. 



^ two right lineBf touching a conick section or opposite sectiong^ 
meet each oth&Tp and from any point in one of the tangents^ two 
right lines be drawn^ one parallel to the other tangent^ to the 
right lines joining the contacts, and the other in any mannerf 
cutting in two points the section or sections ; the square of the 
right line drawn to that joining the oontactSf is to the rectangle 
under the segments of the secant, between the tangent and the 
section or sections, in the given ratio of the squares of the seg- 
ments of tangents, or rectangles under the segments of secants, 
parallel to these right lines, between their concourse, and the 
section or sections. 

• 

Let PK and QK, see all the fig. of the prec, prop, touching a 
conick section or opposite sections in P and Q, meet each othei* 
in K, and from any point R, in one of the tangents KPR, let 
two right lines RO and RST be drawn, one RO parallel to the 
other tangent QK, to the right QPO joining the contacts, and 
the other RST in any manner, cutting the section or sections in 
S and T ; the square of RO and the rectangle SRT are to each 
other, in the given ratio of the squares of the segments of tan- 
gents, or i-ectangles under the segments of secants, parallel to 
KO and RT, between their concourse, and the section or sec- 
tions. 

From any point D in the tangent PK, draw right lines DH 
and DZ parallel to RO and RT, cutting the section or sections 
in G and H, X and Z, and let DH parallel to RO, meet the 
i*ight litie joining the contacts in L ; the rectangle SRT is to the 
rectangle XDZ, as the square of PR is to the square of PD 
{Cor. 1. 14. 1 Sup.), or, because of the equiangular triangles 
PRO and PDL, as the square of RO is to the square of DL 
(4 and S2. 6 and 16. 5 J^.), or its equal (64. 1 Sup.), the rect- 
angle GDH ; thei-efore, by alternating and inverting, the 
square of RO is to the rectangle SRT, as the rectangle GDH 
iatothe rectangle XDZ (16. 5 and Theor. 3. 15. 5 Eu.), or in 
the given ratio of the squares of the segments of tangents, or 
rectangles under the segments of the secants, parallel to RO 
and RT, between their concourse and the section or sections 
(42. 1 Sup). 
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PROP. LXVI. THEOR. 

Jf through the concourse C^Jf of ^o right lines fPK and ^K), 
touching a conick section or opposite sections, there be drawn a 
right line, meeting the section or sections in two points, and the 
right line fP^J joining the contacts ; the right line so drawn 
is cut harmonically in the concourse of the tangents, the points in 
which it meets the section, and that, in whidi it meets the right 
line joining the contacts* 



St 




Case 1.^ Let tlie right line drawn tlirough K, see both fig* as 
KTS, not be a diameter, and through T and S let BT£ and NSO 
be drawn parallel to PQ, meeting the tangents in B and E^ 
N and O, and the section or sections in T and I, S and U, 
through K let the diameter KH be drawn {Cor^ 35. 1 8np.), 
meeting the right lines BE, PQ and NO in X, H and Z, and, 
because it bisects the right line PQ in H {Cor, 1. 49 1. 8up,), it 
llisects BE and NO in X and Z (4. 6 and 22. 5 Eu.), and be- 
cause TI and SU, terminated by 'the section or sections, are 
parallel to PQ, they are bisected in X and Z {Cor. 1. 32. 1 
Sup.) ; therefore the segments EI and TB and the segments OU 
and SN are equal, and the rectangles BTE and NSO severally 
equal to the rectangles TBI and 8NU. 

And because of the parallels BE and NO, the right line NS 
is to BT, as SO to TE, therefore the rectangles NSO and BTE 
are similar ; and therefore these rectangles, or the rectangles 
SNU and TBI are to each other, as the squares of NS and BT 
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(S2. 6 J^u.), or,, because of the equiangular triangles KNS and 
E.BT9 as the squares of KN and KB ; but the same rectangles 
8NU and TBI are to each other, as the squares of PN and PB 
(Cor. 1. 14. 1 Sup.) ; there ore the squares of KN and KB are 
to each other, as the squares of PN and PB (II. 5 Eu.), and 
therefore KN is to KB, as PN is to PB (22. 6 Eu.), and of 
course, because of the parallels, KS is to KT, as Y8 is to TY ; 
therefore the riglit line KS is cut harmonically in the points K, 
T, Y and S {Def. 24. 1 Sup). 

Ctise 2. When the right lines PK and QK (see fig. 1) 
touch the same section, and the right line KGD drawn 
through K, is a diameter, let it meet PQ in H, and the 
section or opposite sections in G and D ; the right lines GL and 
DR drawn through these points parallel to PQ are tangents 
{Cor. 1. 49. 1, 32. 1 and Def. 12. 1 Sup.) ; let them meet the tan- 

^nt KR in L and R ; and because of the parallels, KR is to 
^L, as DR to GL, or which is equal {Cor.' 2. 14. 1 Sup. and 22. 
6 Eu.), as PR to PL ; therefore, because of the parallels, ;KD is 
&G, as HD is to GH, and of course, the diameter drawn 
through ]^, is cut harmonically in the points K, G, H and D 
{Ji)ef. 24. 1 Sup). 

Cor. From the demonstration of this proposition, it follows, 
that a tangent (KR), which meets two parallel tangents (GL 
and DR) and the right line (DG) joining their contacts, is cut 
harmonically in the contact (P) and the points (R, L and K), in 
which it meets the tangents, and the right line KGD joining 
fbeir contacts. 

Schol. The reasoning in case 2 and the cor. applies to fig. 
9, 48, 1 Sup. 

PROP. LXVII. THEOR. 



M(tch of three tangents to a conick section or opposite sections^ which 
meets the other two, and the right line joining their contacts ^ is 
cut harmonicdlly, in the point of contact, and tlie points, in which 
it meets the other tangents f ana the right line joining their con- 
tacts f 

If two of the tangents be parallel, and the third meet the right 
line joining their contacts, the proposition is manifest from the 
]^cediug corollary. 
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But if the three right lines PK, 
QK and GH^ touching the conick 
section or opposite sections in P, 
Q and T, meet each other in K, 
6 and H, and PQ joining the 
contacts of two of them PK and 
QKy meet the third GH, produced 
if necessary, as in D ; DH is to 
DG,asTHtoTG. 

Through H, the intersection of 
the tangents TH and QH, let a 
right line HRS be drawn, parallel 
to thie other tangent RP, meeting the section or each section in 
R and S, and PQ in L | the square of HL is equal to the rect- 
angle RHS (64. 1 8up.) ; but, because of the parallels GP and 
HL, the square of DH is to tlie squai^e of DG, as the square of 
HL, or which is equal (64. 1 Sup.)^ the rectangle RHS is to the 
square of GP (4 and 22. 6 and 16. 5 Eu-), or, which is equal 
{Cor. 3. 14. 1 8up.)9 as the square of TH to the square of GT ; 
therefore DH is to DG, as TH is to TG (22. 6 Eu). 
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PROP. LXVIir. THEOR. 

If from any point of a conick section or opposite sections, right lines 
parallel to two adjacent sides of a quadrangle inscribed in the 
section or sections, meet the opposite sides of the quadrangle, pro^ 
duced if necessary 9 the rectangles under the segments of these right 
lines, between tlie point in the siction^ and tliose opposite sides, 
are to each other, in the case of an ellipse or hyperbola, as the 
squares of the semidiameters to which they are parallel, and, in 
the case of a parabola, as the parameters of the diameters, whxfse 
ordinates are parallel to t/ienu 




Part 1. Let the inscribed quadrangle be a trapezium ABCD^ 
flee fig. 1 and Q, having two of the opposite sides AD and BC 
parallel ; and from any point P in the section, let two right 
lines PK and PH be drawn, parallel to the adjacent 
sides AD and AB of the trapezium, meeting its opposite sides 
\n the i)oints K and L, G and H ; the rectangle KPL and GPH 
ai*e to each other, in the case of an ellipse or hyperbola, as the 
squares of the semidiameters to which PR und PH are parallel, 
and^ in the case of a parabola, as the parameters of the diame- 
ters, whose ordinates are parallel to these right lines. 

For let I^PL meet the section again in 0, and let QR be 
drawn, bisecting the parallels AD and BC, and meeting KL in 
^, it is a diameter of the section {Cor. 2. 32. 1 Sup.), and bisects 
in S, as well the right line PO terminated by the section {Cor. 
1. 32. 1 Sup.), as KL, terminated by the right lines KC and 
LB, and parallel to the bisected right lines ; therefore KP and 
OL are equal, and the rectangle^ KPL is equal to the i^ectangle 
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PLO ; and, because of the parallelograms, the rectangle 6PH' 
is equal to the rectangle ALB : therefore the rectangles KPL 
and GPH are to each other, as the rectangles PLO and ALB 
{Cor. 1. 7. 5 Ell.), or, which is equal (42. 1 Sup.)^ in the case 
of an ellipse or hyperbola* as the squares of the semidiametera 
which are parallel to PK and PH, and, in the case of a para- 
bola, as the parameters of the diameters, whose ordinates are 
parallel to these right lines. 

Part 2. Let now the inscribed quadrangle be a trapezium 
ABTD, none of whose sides are parallel ; and from a point P 
in the section, let two right lines P£ and PN be drawn parallel 
to AD and AB, meeting the opposite sides of the trapezium in 
the points £ and L, G and N ; the rectangles £PL and GPN 
are to each otiier, as the squares or parameters mentioned. 

Through B, draw BC parallel to AD, meeting the section 
ugain in C, and PN in H ; let CD beingjoined meet P£ in K, 
and through T, draw TF parallel to AU, meeting the sectioA 
again in F, and DC and AB in X and Z ; draw QR bisecting 
the parallels AD and BC, and meeting TF in Y, it is a diame^ 
ter of the section {Cor. 2. 32. 1 Sup.), and bisects in T as well 
the right line TF terminated by the section (Con 1. 32. 1 Sup.), 
as XZ terminated by the right lines AB and DC, and parallel 
to the bisected right lines, therefore TX and ZF are equal : 
and, because of the similar triangles DK£ and DXT, the right 
line KE is to XT or ZF, as DK is to DX, or, because of the 
parallels KL, DA and TF, as LA or PG is to AZ ; and, 
because of the similar triangles BUN and TZB, the right line 
BH or PL is to TZ, as NH is to ZB ; therefore the rectangle 
under K£ and PL is to the rectangle TZF, as the rectangle 
under PG and NH is to the rectangle AZB, (23. 6, 22. 5 and 
Drf* 13. 5 Eu.) ; therefore, by alternating, the rectangle under 
KE and PL is to the i*ectangle under PG and NH, as the rect- 
angle TZF to the rectangle AZB (l6. 5 Eu.), or, which is 
equal (14. 1 Sup and Case 1 of this prop.), as the rectangle KPL 
is to the rectangle GPH 5 therefore, by taking the differences of 
the homologous terms, in the case of fig. 1, and their sums, in 
that of fig. 2, the rectangle EPL is to the rectangle GPN, as 
the rectangle KPL is to the rectangle GPH (19 and 12. 5 Eu.), 
or, which is equal, bj case 1 of this prop, as the sq^uarea or par- 
ameters mentioned. 



PROP. LXIX. THEOR. 



ffrom any point, in a amidt section or opmtsite satiaas, four right 
liw^ be drawn, to the Jour sides of a qutMrangle intcrUted therein, 
in ^^.ven angles ; the rectangle under those drawn to any two 
opposite sides, is to the rectangle under those drawn to the other 
^ponte Hdes, in a given ratio. 




Let ABCD he a quadrangle, -xr 
inscribed in a conick section, 
and fi-om any point P of tlie sec- 
tion, to its four sides AB, EC, 
CD and DA, lot four right lines 
PQ. PR. PS and PT be drawn, 
making with these aiien given 
angles, the rectangles QPS and 
TPR, under the right lincR drawn 
tn tlie opposite sides, are to each 
other, in a given ratio. 

From the point P draw right 
lines PH and PK, parallel to two adjacent sides AD and AB 
ofthe quadrangle, and let them meet its opposite sides in the 
points G and U, R and L. And because, in the triangle PQU* 
the angle PQH is given {Hyp.), as also the angle PHQ, being 
the complement of the given angle DAB to two right angles, all 
the angles of the triangle PQH arc given (32. 1 Eu-), therefore 
tlic ratio of PQ to PH is given (4. 6 En.'] ; in like manner, in 
the triangle PGS, the ratio of PS to PG is given, and therefore 
also the ratio of the rectangle QPS to the rectangle GPH (23 
and 12. 6 and 22. 5 Eu). ' 

In like manner it may be shewn, that the ratio of (he rect- 
angle KPL to the rectangle TPR is given. But the ratio of 
the rectangle GPH to KPL is given (68, 33 and 35. l Swp)i 
Since then, the ratio of the rectangle QPS to GPH is given, 
' as also those of GPH to KPL and of KPL to TPR ; the ratio 
compounded of tliette given ratios, being that of the rectangle 
QPS to the rectangle TPR, is also given (12. 6 and 32. SEu). 
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PROP. LXX, THEOIL 



•A oonick sectwUf does not meet a conick section, of opposite sectionss 

in more points than four. 



For, if possible, let two co- 
nick sections CQD and CRD 
meet each other in more points 
than four, as in the points A, 
B, C, D and P ; let the quad- 
rangle ABCD be formed by 
connecting four of these points, 
and from the fifth point P let 
PH and PK be drawn, paral- 
lel to two adjacent sides AB 
and AD, meeting the opposite 
sides of the quadrangle in 6 
and H, K and L ,* let BR be 
drawn cutting in any manner 
the sections CQD and CRD in Q and R, and meeting PH in 
F ; and let QD and RD being joined, meet KL in S and T. 
Then since the rectangle KPL Ls to GPH, as the squares of the 
diameters parallel to KL and PH, or the parameters of the 
diameters whose ordinates are parallel thereto, as the case may 
be (68. 1 8up.)9 these squares or parameters are in the same 
ratio tb each other, in both the sections CQD and CRD (11. 5 
Eu) 5 but as well the rectangle SPL as the rectangle TPL is to 
the rectangle GPF, as the same squares or parameters (68. 1 
Sup.)^ therefore the rectangle SPL is to GPF, as TPL to the 
same GPF ( 11. 5 /^.w.), and so the rectangles SPL and TPL 
are equal (9. 5 Eu.), which is absurd (1. 2 Eu*), thei*efore the 
sections CQD and CRD cannot meet each other in more than 
four points. 



PROP. LXXL THEOR. 




Ijf ttvo cmick sections touch each other ^ they do not meet each oihir 
. in three other points, besides the point of oontaet* 
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Let two sections touch 
each other in the point A, 
they do not meet each other 
in three other points. 

For, if possible, let them 
meet each other in three 
other points B, C and D ; 
fhroiigh A let the common 
tangent to both sections GA 
be drawn (48. 1 and Def. 21. 
1 8up.)9 and let the points 
B, C and D be joined by 
three right lines ; and first, 
let none of them be parallel 
to GA; produce one of them 
BC to meet GA in G, and from D draw a right line HD par- 
allel to GA, meeting GBC in H, and the sections in K and L ; 
then each of the rectangles DHR and DHL is to the square of 
GA, as the rectangle CHB to the rectangle CGB (Car. 6. 14. 
1 Sup.) ; therefore the rectangles DHR and DHL are equal 
(11 and 9. 5 £u.), and so the points L and K coincide, and the sec- 
tions meet each other in hve points, contrary to the preceding 
proposition. Or if DH touch one section in D, and meet the 
other again in L, it may be shewn in the same manner, that 
the square of DH is equal to the rectangle DHL, which is 
absurd (2. 2 Eu). Or if DH touch both sections in D, because 
it is parallel to the tangent GA, DA being joined would be a 
diameter of each section {Cor. 1. 47. 1 8up.)^ and therefore, if 
from the common point B, there be inscribed in one of the sec- 
'tions a right line parallel to GA, and of course ordinately 
applied to the common diameter {Def. 12. 1 Sup.), and its 
other extreme would be also in the other section, and the ratio 
of the square of an ordinate drawn to tlie same diameter, from 
any other point C in one of tlie sections, to the square of an 
ordinate drawn from B to the same, is equal to the ratios of the 
rectangles under the abscissas (Cor. 2 40. 1 Sup^)^ and therefore 
C is also in the other section (Cor. 3. 40. 1 8up.)f and so the 
sections would meet each other in five points, which is absurd 
(70. 1 Sup). 

But if CD, joining two points common to each section, be 
parallel to the common tangent GA, it is ordinately applied to 
the diameter passing through the contact A {Def* 12. 1 Sup.)^ 
which diameter therefore bisects CD (31 1 Sup.)^ and therefore 
a right line AQ^ drawn from the contact A^ bisecting CD m 
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Q9 is a diameter of each section, for if a diameter of either drawn 
tbrouj^ A, (which would bisect CD by 31. 1 Sup.), were dif- 
ferent from AQ9 the ri^t line CD would be bisected in two 
points, which is absurd ; if therefore, from the point B, common 
to both sections, there be inscribed in one of the sections, a right 
line parallel to GA or CD, and of course ordinately applied to 
the common diameter AB (Def. 12. 1 Sup.), its other extreme 
would also be in the other section, and so the sections would 
meet in five points, which is absurd (70. 1 Sup). Therefore the 
sections do not meet in three points, besides the contact. 

Cor. A right line, ^passing through the contact of a tangent 
to a conick section, and bisecting a right line parallel to the 
tangent, and terminated by the section or opposite sections, is a 
diameter ; it being demonstrated in this proposition, that AQ» 
drawn from the contact A, of a tangent to a conick section^ and 
bisecting CD^ is a diameter. 



PROP. LXXII. THEOR. 



If two cofiicfc sections iondi each other in two points, they do not 

meet in any other point. 

Let two conick sections 
touch each other in A and B ; 
and first, let the common tan- 
gents, (48. 1 and Def. 21. 1 
Sup.) drawn through A and 
B meet each other in H, 
through the concourse of the 
tangents, draw HG bisecting 
the joined right line AB, 
this is a diameter of each 
section (49. 1 Sup.), and AB 
ordinately applied to it (32. 
1 Sup.)f if therefore these TF^J^ 

sections have any other common point as D, let DR be drawn 
ordinately applied to the common diameter, HG, it meets each 
section in the other extreme R, and so these sections meet in 
three other points B, D and R, besides their contact A, contra- 
ry to the preceding proposition, or if a point L in the diameter 
HG were common to each section, a right line LO drawn 
through L parallel to AB would touch each section in the point 
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L {Def. 12. \9t^.\ let this tangent meet the tangent HB in O ; 
andy BL being joined, the right line OQ drawn tiirougfa O and 
bisectinci^ BL is a common diameter of each section (49. 1 8up.)f 
and if therefore from the remaining common point A, a right 
line be drawn ordinately applied to this diameter its oihet 
extreme is in each section, contrary to the preceding propt as 
before ; there is therefore no point common to the sectionSf be* 
sides the contacts A and B. 

But if the common tangents through A and B do not meet^ 
being parallel, ,.AB being joined is a diameter of each section 
{Cor. 1. 47. 1 ^itp.) ; if therefore, they had another common 
point besides the contacts, a right line being drawn from this 
common point, ordinately applied to the common diameter, it 
may be shewn as above, that the sections would have a fourth 
common point, contrary to the preceding prop. ; and therefore, 
in every case, two sections, touching each other in two points|5| 
do not meet in any other point. 



PROP. LXXIII. THEOR. 



If a drde touch a oonick section or opposite sections in two points ; 
a right line joining the contacts is ordinately applied to an axis 
of ihe section. 

Aid if it be ordinatdy applied to the transverse axis of an ellipse 
or hyperbolaf or to the axis of a parabola, the drde is entirely 
witrdn the section ; but\f to the second axis of an ellipse or Ay- 
perhola, the drde is entirdy vnthout the ellipse^ or ivithout both 
hyperbolas. 
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Fart U When the circle touches in two points an ellipse or 
opposite hyperbolas, if the common tangents be parallel, a right 
line joining the contacts is a diameter both of the section and the 
circle {Cor. 1. 47. 1 Sup.), and since, because of the circle, this 
diameter is perpendicular to the tangents (18. 3 Eu.), it is an 
axis of the section {Cor. 2. 30. 1 8up.); if it be a transverse 
axis, the cij*cle falls entirely without the ellipse or both hyper- 
bolas, (Sb and 29. 1 Sup.), and if it be a second axis of an 
ellipse, the circle falls entirely within tiie ellipse (28. 1 Sup). 
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But if the circle GPDQ^ see both fig. touch the section or 
or opposite sections in the points P and Q, and the common 
tangents drawn through these points meet each other in K, PQ 
being joined is ordinately applied to the axis AB of the section. 

For through K let KH be drawn, bisecting PQ in H, and 
because of the circle, PK and QK are equal (Cor. 2. 36. 3 Eu.)f 
and KH is common to the two triangles KPH and KQH, these 
triangles are mutually equilateral, and therefoi*e KH is perpen- 
dicular to PQ (8. 1 Eu.), but K.H is a diameter of the section 
(49. 1 8up*)9 and because PQ, which is ordinately applied to it, 
cuts it at right angles, it is an axis {Ckn'. 2. 30. 1 and Def. 12. 
1 8up.)f whence appears the truth of the first part of the pro- 
position. 

Part 2. If the circle GPDQ touch the section in the points 
P and Q, and PQ be ordinately applied to an axis BH, which 
in the eUipse and hyperbola is transverse, the circle is entirely 
within the section. 

For BH is pei^;)endicular to PQ {Cor. 3. 11. 1 8upX therefore 
ilie centre of this circle is in the axis BH {by proof of h 3 Mu.}, 
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course the section, in the point Q (Cor. 16. 3 Eu. and Def. 21. 
1 Sup). 

, The proof is similar, when the terminated right line isordi- 
nately applied to the second axis of an ellipse or hyperbola. 



PROP. LXXIV. THEOR. 



Ift\joo cirdes CRPo^ndRP^ see figures to preceding prop. ) ^ touch 
an ellipse or hyperbola in the same point C^J* ^nd again touch 
the same ellipse or opposite hyperbolas in two other points (^ani 
R) ; the rectangle contained under the diameters of the drdeSf 
is equal to the square of the diam^ster of the sectunif which is 
conjugate to tlie diam^ter^ passing through the contact of the 
drdes. dnd if a drde touch a parabola in two points^ the 
square of its diameter 9 is equal to the redangle contained under 
tlie prindpal parameter 9 and the parameter of the diameter of 
the section passing through the contact. 



Part 1. Let AB and MN be the axes of the ellipse or h3rpeF« 
bolas, and C the centre, the right lines PQ and PR joining the 
contacts ai*e perpendicular to the axes (73. 1 and Cor. S. U. 
1 Sup.) ; through the point P in which both circles touch the 
section, draw the common tangent (48. 1 Atp.), meeting the 
axes in K and L, and* from P, draw PS perpendicular to KP, 
meeting the axes in O and S, the points and S are the centres 
of the circles (1 and 19. 3 Eu.)^ and, because the diameters 
of the section passing through the contacts are equal {Cor. 3. 
11. 1 and 31. 1 Sup. and 4. 1 JSu.), their conjugates are equal 
(Cor. 1. 53. 1 Sup. and 14. 6 Eu.] ; and the triangles LPS and 
OPK, being right angled at P, and having the angles at S and 
K equal, being each the complement of the angle SLK to a right 
angle, are equiangular, therefore SP is to PL, as 1*^. is to PO 
(4. 6 JBuO» and therefore the rectangle SPO und^r the semidi- 
ametersof the circles, is equal to the rectangle LPK (16 6 Eu.), 
or which is c^ual {47. 1 Sup.)9 the square of the semidiameter 
parallel to LP, which semidiameter is conjugate to that passing 
through P (JDef. 14. 1 ^iip.), therefore the rectangle under the 
diameters of the circles, is equal to the square of the diameter 
of the section, conjugate to the diameter passing through P 
(23. 6 and Jbc. 1. 5 Eu). . 



JBOOK !• COHICK SECTIOITS. 6S3 

Part 2. Let PBQ in fig. 2 be a parabola, and let the circle 
PQ touch it in i* and Q, PQ being joined is perpendicalar to 
the axis (73. 1 and Cor. 3. 11. 1 Sup.), through P draw the 
common tangent ft'k (48* 1 Sup.), meeting the axis in K, and 
from P, draw PO perpendicular to the tangent, meeting the 
axis in O, the jjoint O is the centre of tlie circle PQ (I and 19. 
3 Eu.) ; and the triangles OP'^^ and OHP, being right angled 
at P and H. and having tlic angle KOP common, are equiangu- 
lar, therefore KO is to OP, as OP is to OH (4. 6 Eu.), and 
therefore the square of OP is equal to the rectangle HOK (17. 
6 Eu.) ; but, because the rectangle under BEL and the principal 
parameter, or, KH being double to BH (44. 1 Sup.), the rect- 
angle under KH and half that parameter, is equal to the square 
of PH (23. 1 Sup^)^ or, which is equal [Cor. 1. 8. 6 and 17. 6 
Eu.)^ the rectangle KHO, therefore HO is equal to half the 
principal parameter ; and, because the rectangle under K.B 
and the pai"ameter of the diameter passing thi*ough P, or, KH 
beitig double to KB (44. 1 Sup')^ the rectangle under KH and 
halt' tlie parameter of tlie diameter passing through Pis equal 
to the square of PK (41. J Snp.)^ or, which is equal {Cor. I. 8. 
6 and 17. 6 Eu.)^ the rectangle OKH« therefore KO is equal to 
half the parameter of the diameter passing through P; whence, 
the square of the -semidiameter OP of the circle having been 
just proved equal to the rectangle HOK, the square of that 
semidlameter is equal to the rectangle under half the -principal 
parameter, and half the parameter of the diameter of the section 
passing tiiroi'gh P, and therefore the square of the diameter of 
the circle, is etpial to the rectangle under the principal parame- 
ter, and the ])arameter of the diameter of the section passing 
Jhroiigh P (ij3. 6 and ^ix. 1. 5 Eu). 



PROP. LXXV. THEOR. 



If from the vertex of the transverse axis of an eUipse or hyperholai 
or the axis of a parabbla9 there be put in the axis^ towards the 
intenor of the section, a right line equal to its parameter ; a 
circle described about this, as a diameter, falls entirely witiiin 
the section ; and if from tlie vertex of tlie Uss axis of an ellipse^ 
there be put in the axis, towards the interior of the sedwn, a 
right line equal to its parameter ; a circle described about this 
ajs a diameter, falls entirely without thesedioum 
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. Lft AB in fig. 1 and 3, be the transverse axis of an ellipse or 
hyperbola, or in fig. 2, the second axis of an ellipse, and BH 
in fig. 4, the axis of a parabola, B being in ever; case its ver- 
tex ; let there be taken on eacli of these axes, fiom B, towards 
the interior of the section, a right line BU, equal to its para- 
meter i a circle described about BD as a diameter, falls, in the 
case of fig. 1, 3 and 4, entirely within, and, in tliat of fig. 2, 
entirely without the section- 
Draw BG perpendicular to the axis, and equal to BD, and 
join DG ; and. in the ellipse and hyperbola, let AQG be drawn> 
from the vertex A of iJie axis AB, but, in the parabola, G(£ 
wrallel to the axi(« ; through any point E in the circle, draw 
EH parallel tn BG, meeting the section in L, and BD, DG and 
GQ in H, E. and Q. 

Because BI> and BG are equal, DH and HK arc equal [4. 6 
£u.], and because of the circle, the square of EU is equal to the 
rectangle BHD [3 and 35. 3 £i[.~], or BUR ; but, because of 
the s<!Ctiun, the square of BL is equal to the rectangle BUQ, 
for, in tlie case of fig. 1, 2 and 3, the rectangle AIIB is to the 
square of HL, as AB is to its parameter BG [Cor. 4.40. 1 Sfip.'] 
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or [4. 6 Eu.]^ as AH to HQ, or [1. 6 Eu.]^ as the rectangle 
AHB is to the rectangle BHQ, and therefore the s<|uare of HL 
and rectangle BHQ, to which the rectangle AH B has the same 
ratioy are equal [9. 5 Eu-] ; and, in the case of fig. 4, the square 
of HL is equal to the rectangle under BH and BG or H<^^ [23. 
1 f^up.^ ; but HK is less than HQ, unless when li is a vertex 
of the second axis of an ellipse, in which case HKisgi*eater 
than HQ ; therefore, in the cases of fig. I, 3 and 4, the re* tangle 
BHK is less than BHQ, and of course the square of Eii less 
than the square of HL, and the right line EH less than HL, 
and therefore tlie circle BED is entirely within the section. In 
like manner it may he shewn, in tlie case of the second uxis of 
an ellipse, fig. 2, that the circle is entirely without the section. 

Cor. 1. Hence, if from a vertex [B] of an axis [l^H] of a 
conick section, there he put in the axis, towards tho intiMior of 
the section, a right line fBO] in the case of a principal axis, 
not greater, and of a less axis of an ellipse, not less than half 
the parameter \ BD ] of the same axis ; that right line [BO is, 
in the former case, the least, and, in the latter the greatest, which 
can be drawn from the extreme [0] remote from the vertex, to 
the section. 

For, in the former case, because the circle described from 
the centre does not fall without the circle Ir ED, it is entirely 
within the section ; and since this circle, in the latte? rase, 
does not fall within the circle BED, it is entirely without the 
section ; whence the thing proposed is manifest. 

Cor, 2. From a point [O see next fig.], in the principal axis 
[BH] of a conick section, and within the section, whose distance 
from the nearer vertex [B] is greater t!»an hall' its parameter, to 
draw the least right line, which car* i^e drawn from that point 
to the section^ on the same side of the axis. 
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Fig. 1. 
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If the section be a parabola, let there be put in the axis, 
towards the vertex B, a right line OH, equal to hail the 
parameter of the axis; and, if the section be an ellipse or hyper- 
bola, let thet'e be put in the axis, from the centre C, such a 
right line CU, towards the vertex B, that CH may be to OH, 
as the axis AB isto itd parameter [Cor. 1. 10. 6 isru.], and, in 
every section, let there be drawn through H, a right line PHQ 
perjiendicular to the axis, meeting tlie section in P, OP being 
joined is the right line required* 

For through P, let a tangent to the section PK be drawn 
[48. 1 Sup.j, meeting the axis BH in K, then, in the case of 
a parabola, the square of PH is equal to the rectangle under 
BH arid the principal parameter [23. 1 Sup.]^ or, KH being 
double of BH [44. I 8up.], and HO equal to half the parame- 
ter, to the rectangle KHO, therefoi*e the ungle KPO is a right 
an^'t [17. 6 and Cor. 2. 8. 6 Eu.], and therefore OP the least 
riglit iiiie, which can be drawn from to the section on the 
same side of BH [Cor. 1. 7S. 1 Sup). 
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And, in the case of an ellipse or hyperbola, the rectangle AHD^ 
or which is equal [45. 1 8up.]^ CHK is to the square of PH, 



as AB to the principal parameter 



Cor, 40 4, 8up.\ or 



IConstrJjf as CH is to OH or [1. 6 Eu.]9 as the rectangle CHK 
is to the rectangle OHK, whence the square of PH and the 
rectangle OHK, to which the rectangle CHK has the same 
ratio, arc equal [9. 5 Eu,]^ and therefore the angle OPK. a 
right one [17. 6 and Cor* 2. 8. G JSu.], and of course, as in the 
former case, OP the least right line, which can be drawn from 
O to the section on the same side of the axis BH [Cor. 1. 73. 
1. Supl^ 

Cor. 3. And if, in the second axis [MN] of a hyperbola, 
there be given a point S at any distance from the centre, a 
right line may in like manner be drawn, the least of any which 
can be drawn to the same section ; namely, by taking CT to 
ST, as the axis MN is to its parameter, drawing to the section, 
TP perpendicular to CS, and joining SP. For PL being 
drawn touching the section iif P, and meeting the second axis 
is L ; the square of CM and CT together, or [45. 1 8up.]9 the 
rectangle CTL, is to the square of PT, as the second axis MN 
to its parameter [Cor. 4. 40. 1. Sup,]^ or [Ccwwfr.], as CT is to 
ST, or [1. 6. Etu]9 as the rectangle CTL is to the rectangle 
STL; whence, the square of PT and rectangle STL, to which 
the rectangle CTL has the same ratio are equal [9. 5 Eu^^j and 
the angle LPS a right one [17. 6 and Cor. 2. 8. 6 £m.], and 
therefore SP the least right line, which can be di*awn from S to 
the section BP, on the same side of the axis MN [ Cor. 1. 73. 1 Sup]. 

Cor. 4. In like manner may be drawn, from any point [Sj 
in the second axis of an ellipse, whose distance [SM] from its 
more remote vertex is less than half its parameter, the greatest 
right line which can be drawn from that point to the section on 
the same side of the axis ; namely, by taking CT to S'l', as 
the axis MN is to its parameter, drawing to the section, TP 
perpendicular to MN, and joining SP. For PL being drawn 
touching the section in P, and meeting the second axis in L ; 
the rectangle MTN, or [45. 1 Sup.]^ CTL is to the square of 
yT, as the second axis MN to its parameter [Cor. 4. 40. 1 Sup.)f 
or [Constr.]f as CT Ls to ST, or [U 6 JEit.], as the rectangle 
CTL is to the rectangle STL ; whence tlie square of PT and 
rectangle STL, to which the rectangle CTL has the same 
ratio, are. equal [9- 5 Eu.']^ and the angle LPS a right one [17. 
6 and Cor. a. 8. 6 JBw.], and therefore SP tlie greatest right line 
which can be drawn from 8 to the section on the same side of 
MN [Gor. I. 73. 1 ^»p]. 



PROP. LXXVI. THEOR. 

If from a paint in a amide section, there be drawn a right line 
ordinatdy applied to either axis, and from the point, wherein 
it again meets the sectimi or opposite sections, a diameter be 
drawn, and from thejlrst point, a right li7ie be drawn ordinate- 
ly apjdied to this diameter ; a drde, which touches the sectitm 
in the first point, and passes through the ptnnt, in which the 
last drawn ordinate again meets the section, has the same cur- 
vature as the section, in the point of contact. 
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From a point P in a conick JRmt.S. 

section, see fig. I, S and 3, re- ^ 

presenting the respective cases of P. 

an ellipse, hyperbola or parabo- CS^ 

la, let PQ (or PR in fig. 1 and 

£), be ordinately applied to an i[^ 

axis, meeting ttie section again 

in Q (or R in fig. 1 and 2), and 

from Q or R let the diameter 

QZ be drawn, (meeting the sec- 
tion again, in the cases of an el- 
lipse or hyperbola, in R or i)\ and 

from P, let a right line PZT be 
drawn, ordinately applied to the diameter QZ, and meeting the 
section again in T ; a circle PSTX, touching the section in P, 
and passing through T, has the same curvature as the section, 
in the point of contact P. 

First, let the axis to whicli the ordinate is drawn from P 
be the principal one BH, and thi'ougli P let the common tan- 
gent PK be drawn, meeting the axis BH in K, and through Q, 
let the right line (vK be drawn touching the section (48. 1 
8up.)f this meets the other tangent PK at K in tlie same axLs 
{Cor. 2. 49. 1 8up.)f and because tlie triangles PHK and 
QHK have the sides PH and HK and the included angle 
PHK, severally equal to QH and HK and the included angle 

' QHK, the right lines PK and QK are equal (4. 1 Eu). 

And first, the circle PXTS does not meet the section unless 

in the points P and T, and is, on one part of the right line PT, 

en tiiTly without, and, on the other part, entirely within the 

section. For it cannot meet it in the point Q, because it would 

then touch it in that point {Cor. 2. 73. 1 Svp.)^ and of course 

would not meet the section in a third point T (72. 1. Sup.)^ and 

for tlie same i*eason, in the case of fig. I aud 2, it cannot meet 

the section in the other vei-tex R of tlic diameter QR, for PR 

being joined is, on account of QP and QR being bisected by 

the axis BH, parallel to that axis (2. 6 £«.), and of course 

ordinately applied to the other axis. But, if possible, let this 

circle meet the section ; not only in the ])oints P and T, but 

also in a third ix)int, either tc.wards S with respect to the point 

T, as in D, or on the opposite side of T, as in d ; in cither 

case, tlii'ough that thiifl point, let a right line be drawn parallel 

to QK, meeting PK in G or g, and the section again in L or 1 ; 

or DGr or dg, being parallel to QK, is not a tangent to the 

section, unless, in the cases of fig. 1 and 2, it be drawn 
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tlimti.^h R (Canstr. 36. 1 Sup.) ; in which point, it has been just 
sliewii, this circle, cannot meet the section. Then, in the case 
(if the circle meeting the section in D, the rectangle DGL is 
to the st|iiare of i'G, as the square of QR to the square of PK 
(14. 1 Sitp.)n or in the i-atio of equality, and therefoi*e, because 
D is in a ciirlo wliich PK touches in P, the point L is in the 
same circhs for if the circle meet DGin any other jHiint between 
D and (■ except L, the rectangle under the segments of DG 
between G and the circle, would not be equal to the square of 
PG, coritrai-y to 36. 3 Eii, therefore the circle PXTS meets 
the section in tlii*ee iM)iiits T, D and L, besides the point of 
contact P, which is absurd (71. 1 Sup). A like absurdity 
would follow, if the circle were supposed to meet the section in 
d, as may be in like manner shewn, only using the small letters 
d, g and 1, for their respective capitals. Therefore the circle 
PXTS does not meet the section, unless in the points P and T ; 
and since it does not touch the section in T, for then PT would 
be ordinatcly applied to an axis, by jjart 1. 73. 1 Sup, contrary 
to the supi)osition, the arch of that circle is, on one part of the 
I'ight line PT, entirely without, and, on the other, entirely 
witiiin the section. 

The same reasoning is applicable to the case^ when the axis 
to which the oi*dinate PR is drawn, is» in the cases of fig. 1 
nnd 2, the second axis, the diameter Qll, to which the other 
ordinate from P is applied, being the saiue, as in the other 
case. 

If now any other circle, as PVD, be described, less than 
PXTS, touching tlie circle PXTS and the section in P, it 
w^oiild fall within the section on both parts of the iwint of con- 
tact P. For if that circle should pass through Q, it would 
touch t!ie section there {Cor. 2. 73. 1 Snp.)^ and of course 
would he entirely within the. section {75, 1 Sup.X, as therefore 
it would be, if the second point in which it met PQ were within 
the section ; but let it meet PQ without the section, as in V ; 
and, because the circle PVD is entirely within the circle PXTS, 
it necessarily falls, on one i)art of the right line PT, entirely 
witliin tlie section, namely, on tlic part X, since the point V on 
the part S is without the section ; and because V is without the 
section, the less circle being C(mtinued on the part X from P 
must meet the section somewhere bctwocn P and V on tiiat 
part, as in D ; threugh D, let a right line he drawn parallel 
to QK, meeting the section again in L and PK in G, and it 
may be shewn as above, that the rectangle DGL is equal to tlie 
square of PG, and of course that the point L is in the circle 
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PVD ; but this circle does not touch the section in L, because 
it touches it in P, and meets it in the points H and L (72. 1 
Sup.) ; since therefore the arch LV, on one part of the point L, 
is without the section, the arch LP, on the other part of the 
point L, is within the section, and is entirely within it, as other- 
wise the circle PVD would meet the section in anotlier point 
besides the points P, D and L contrary to prop. 71. 1 Sup. 
Therefore a circle less than PSTX, touching the section in P, 
falls on both parts of the point of contact P within the section. 

If now a circle PdY be described, greater than •X^TS, 
touching the circle PXTS and the section, -it would fall without 
the section, on both parts of the point of contact P. For he- 
cause it is entirely without the circle PXTS, it necessarily 
falls on^one part of the right line PT, namely, on the part S, 
entirely without the section ; let tiiis circle PdY, continued 
from the point P towards the other part X, meet the right line 
FT produced in Y, it meets the section, in the cases of the 
hyperbola and parabola, in fig. 2 and 3, when the curves are 
infinite, somewhere between P and Y on the part X, as in d ; 
Sind, in tlie ellipse, fig. I, if it does not meet the right line PR, 
which is ordinately applied to the less axis, within the, section, 
it falls entirely without the ellipse (73. 1 Sup.) ; let it then 
meet PK within the ellipse, as in O ; an^i since the point Y is 
without the ellipse, the arch Y meets the ellipse somewhei'e, as 
in d ; in every section, let a right line be drawn through d 
parallel to QK, meeting the section again in 1, ami PK. in g, 
and it may be shewn as above, that the point I is in the circle 
PdY, and since this circle touches the section in P, it does not 
touch it again in the point 1 or d (72. I Sup ) ; and. because the 
point Y is without the section, the arch Yd is. without the sec- 
tion, and of course the arch dOl within the same, and therefore 
the arch IP on the other part of the point 1 without the section; 
and' since the circle PdY does not meet the se^^tion unless in 
the points P, 1 and d (71. 1 Suv)9 the whole arch IP is without 
section : Therefore the circle PdY falls on both parts of th^ 
point P, without the section. 

Since then the circle PXTS, touching the section in the point 
P, falls on one part of that point, without, and )n the other 
part, within the section ; and any other circle touching the sec- 
tipn in P, falls on both parts of that point, either within or 
without the section, it follows, that no circle can pass between 
the section and the circle PXTS ; thei*efore this circle has the 
same curvature as the section in the point V {Def. 2^. 1 Sup). 
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PROP. LXXVII. THEOR. 



^ cirdef which touches a conick section^ and mis off ffxnn the 
diameter passing through the point of contactf towards the in- 
tenor of the section^ a segment equal to its parameters has the 
same curvature as the section^ in the point of contact. 




Case 1. Let the diameter 
passing through the contact 
be an axis. Let BDG be 
this axis, B its vertex, and L 
BD a segment taken there- 
on towards the interior of 
the section, equal to the 
parameter oPthe axis. A 
circle BHD, described a- B 
bout BD as a diameter, has 
the same curvature as the 
section, in the point B. 

Let firs^ BGD be the 
principal axis of a conick 
section, let tlie right line 
BL, drawn through B, 
touch the circle and section 

in B {Hyp. and Uef 21.1 8up.) ; the circle BHD is entirely 
within the section {75. 1 Snp)^ and therefore a circle, touching 
the section in B, and cutting off from the axis BG,. a segment 
less than BD, falls entirely within the section. But if a circle 
BRG cut off fr*om the axis, a segment BG gi'eater than its 
parameter B«i., and, in the case of a transverse axLs of an 
ellipse^ less thiin that axis, let its centre be 0, and since OB is 
greater than half the parametcBof the axis ; from let there 
be drawn to the section the least possible right lines 01 and OK 
on each side of the axis {Cor. Q.75. 1 Sup. 19 which are each 
of them less than B {by the same) ; therefore a circle described 
from the centre at the distance OB would meet 01 and OK 
without the section, as in 11 and S ; and, because. the same 
circle meets iha axis witliin the section in G, the arch GR 
necessarily meets tlie section sor.iewhei'e between G and 
R, as in X ; and, in like uoanner it may be proved that 
the arch GS meets the section between O and S, as in Z; 



and since this circle does not meet the section, unless in the 
points B, X and Z (71. 1 ^up.)9 the arches BRX and BSZ are 
entirely witiiout the section^ and therefore the circle BRGS falls 
on both parts of the point of contact B, without the section ; 
sinc« therefore any circle whatever, touching the section in the 
point B, whether less or greater than the circle BHD, falls, on 
both parts of the jioint of contact B, either within the circle 
BHD, or without the section, there can no circle pass between 
the section and the circle BHD ; therefore this circle has the 
same curvature as the section in the point B {Def. 22. 1 Sup). 

The demonstration 4s entirely the same, when B is the vertex 
of the less axis of an eliipse« by substituting^ca^er for less, 
greatest for least^, without for within9 and the contrary ; and"^ 
citing Cor. 4. 75» 1 Sup, instead of Cor. 2. 75. 1 Sup. 



BI^BHBIITS or SBtnOTBT. 




Case 3. Let now, in an ellipse or. hyperbola, the fliametep 
panning tlii-ough the contart P, see both fig. not be an axis, let 
PX be the segment taken thereon, towards the interior of the 
secrion, eniial to its parameter, and PS\ the circle, touch- 
ing the section in V, and passing through X ; the circle 
PSX has the wame cunature as the section, in the point P. 

Fr<»m V, let I'H he drawn, ordinately applied to the trans- 
Terse axis ABf meeting the section agfun in Q, through Q, let 
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the diameter QCR of the section be drawn, to which let PZ be 
ordinately applied, meeting the section again in T ; let the right 
line PG be the common tangent of the circle and section, touch- 
ing both in P {ffyp. and i9ef. 21. 1 Sup.)^ and let the diameter 
CR be drawn parallel to P6, meeting PT in T, and the diai^- 
 cter CL conjugate to CQ, meeting PG in G, to which let the 
ordinate PD be drawn, and let PX be bisected in V : and be- 
cause the semidiametei*s CP and CQ are equal (4. 1 £tt.), their 
conjugates CK and CL are equal {Cor. 1. 53. 1 Sup. and 14. 6 
Jfftt.)> a«d, because PV is half the parameter PX, the rectangle 
VPC is equal to the square of CK or CL (Def. 15. 1 Sup. and 
17. 6 Eu.)f or, which is equal (44. 1 Sup. and 17. 6 M.), the 
rectangle DCG, or, which is equal (ZP and YP being, because 
of the parallelograms ZD and YG, equal to CD and CG, by 
34. 1 Eu.), the rectangle ZPY ; whence the rectangles VPC and 
ZPY being equal, their doubles, the rectangles XPC and TPY 
are equal {^x. 6. 1 Eu.), therefore, YC being parallel to the 
tangent PG {Constr.)^ the point T is in the circle PSX, for if 
the circle PSX did not meet the right line PZ in T, the i-ect- 
angle under the segments of the right line PZ, between P, and 
the points, in which it meets the circle again, and YC, would 
not be equal to the rectangle XPC, contrary to Theor. at 5. 4 
Eu, therefore the circle PSX has the same curvature as the 
section, in the point P {76. 1 Sup). 

Case S. Let now, in a par- 
abola, the diameter passing 
through the contact Pj not be 
the axis, PX the segment 
thereof equal to its parame- 
ter, and PSX the circle touch- 
ing the section in P, and pass- 
ing through X. 

Let there be drawn from P, 
to the axis BH, a right line 
PH, ordinately applied to it, 
meeting the parabola again in 
Q, and through Q let the di- 
ameter QZ be drawn, to 
which fifim the point 1% let 
PZ be drawn, oindinately ap- 
plied to it, meeting the para- 
bola again in T, from Q let the ordinate QD be drawn to the 
diameter PX, meeting PZ. in 0. 
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Because tlie parameters of the diameters PD and QZ are 
Cfjual (Cor. 4. 11. 1 Sup-), and the abscissas PD and QZ are 
equal {Cor. 44. 1 Sup.)^ the ordinates PZ and QD are equfd 
(40. 1 Sup. and Cor. 1. 46. 1 Eu.) ; but, bex^ause the triangles 
POD and QOZ arc equiangular, and their sides PD and (^Z 
equal, PO is equal to OZ (4. 6 and 14. 5 Eu.) ; whence, PT 
being bisected in Z (31. 1 Sup.), PO is a fourth partoFPT, and 
the rectangle TPO is equal to the i^quara of PZ or QD, op, 
which is equal (40. 1 Sup.), to the rectangle XPD ; whence, 
QD being parallel to a right line touching the circle and section 
in P (Def. 12. I Sup.), the point T is in the cii-clePSX, for 
otherwise the rectangle under the segments of the right line 
PZ, between P, and the points, in which it meets the cii-cle 
again, and QD, would not be equal to the rectangle XPD, cori- 
trarv to Theor. at 5. 4 Ku, therefore the circle PS X. has the 
same curvatui*e as the section, in the point P (76. 1 Sup). 



PROP. LXXVIII. THEOR. 



If two ellipses have a common axis, ttvo hyperbolas a common 
transverse axis^ or two parabolas a common aocis and principal 
vertex ; coincident ordinates to the common axis^ are to each 
otlier, in a given ratio ; being, in ellipses, as the other axes ; in 
hypa'bolas, as the respective second axes ; and, in parabolas, in a 
subduplicate ratio of the pri^icipal parameters of the parabolas. 

JInd the areas of segments cut off by such ordinates subtended by 
the same segment of the common axis^ or, in ellipses, by the 
whole common axis, are to each other, in the same^ ratio. 
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Let AB in fig. 1 and 2, be an axis of an ellipse or hyperbola, 
which in the hyperbola is a transverse one, CM and CTthe 
halves of other axes of the sections BP and BQ ; in fig. S, let 
BH and B be the common axis and principal vertex of the 
parabolas BP and BQ, the right lines. HP and HQ being in 
every fig. coincident ordinates to the sgiiis HB ; these ordlriates 
are to each other in fig. 1 and 2, j^ the axes, oi" which CM 
and CT are the halves, and in fig. sickn a snbduplicate ratio of 
the principal parameters of the paraboAa^. 

And the areas HBP and HBQ, andt)n fig. 1, APB and.jAQB, 
are to each other in the same ratio. ; v ^ 
. Part 1. In fig. 1 and 2, tlie square pf HP is to the rectangle 
AHB, as tiie square of CM is to the ftquarc CB (23. 1 Sup.)^ 
and the rectangle AHB is to the squama of HQ, as the square 
of CB to the square of CT (23. 1 Sup. and Theor. 3. 15. 5 Eu.) ; 
therefore, by ordinate equality, the square of HP is to the square 
of HQ, as the square or CM is to the square of CT (22. 5 Eu.), 
and of course HP to HQ, as CM to CT (22. 6 Eu.), or as the 
axes, of which CM and CT are the haly^^. 

In fig. 3, the square of HP is equ^A to the rectangle under 
BH and the principal parameter of the parabola BP (23. 1 Sup.), 
and the square of HQ is equal to the" rectangle under BH and 
the principal parameter of the parabola HQ (by the same) ; 
therefore the square of HP is to the square of HQ, as the prin- 
cipal parameter of tlic parabola BP is to the principal parameter 
of the parabola BQ (Cor. 1. 7. 5 and 1. 6 Eu ), and therefore HP is 
to HQ in a subduplicate ratio of these parameters (Cor. 1. 20. 6 
Eu). 

Part 2. Bisect in every fig. HB in D, from D, draw DG 
parallel to HQ, meeting tlie section QB in K, and a right line 
QG drawn through Q, parallel to HB, in G, and from B, draw 
BL parallel to HQ, meeting a riglit line drawn througli K, par- 
allel to HB in L, and let LK produced meetHQ in R ; and 
there is circumscribed about the figure IIQB formed by the 
section QB and the riglit lines QU and HB, the fectilineal 
figure HQGKLB, knd inscribed in the same figure HQB, the 
rectilineal figure HRKD, arid the diflrei»cnce between the inscribe 
ed and circumscribed figures is tlic rectangles QK and KB, 
which together are equal to the rectangle under HD and HQ ; 
and if HI) and DB be bisected, and figures be in like manner 
inscribed in and circumscribed about the figure HQB, it may 
the same way be proved, that the difference between tlic inscrib- 
ed and circumscribed figui^es, is equal to the rectangle under 
HQ and the half of HD ; and in like manner, if the bisections be 
continued ever so often^ it may be shewn, that the difference 
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between the incribed and circumscribed figures is always equal 
to the rectangle under HQ and one of the parts into which HB 
is divided ; and since, by repeated bisections, the parts into 
which HB is divided become at length less than any given right 
line {Cor- Theor. at 7. 5 £w.), therefore the difference between 
the 'inscribed and circnfnscribed figures, and therefore between 
either and the figure H<|B, becomes at length le^ than any- 
given surface ; in like'^manner, if figures be thus inscribed in 
and circumscribed about'^^e figure HPB, it may be shewn, that 
the difference between iBither the inscribed or circumscribed 
figures and HPB, becomes at length less than any given surface; 
and since, the I'ectanglfes,' as QD, KB, &c. which constitute 
figures so circumscribed about HQB and HPB, have for their 
common attitude the pdi^ into which HB is divided, having for 
the bases of any two coiresponding or partly coincident ones» 
right lines intercc])ted between HB and the sections PB and 
QB, which right lines are to each other, as the right lines HP 
and HQ, {hy part 1), these rectangles are to each other, in the 
same ratio (1. 6 Eu.)^ and therefoi-e the sums of all the rectan- 
gles, w^hich constitute' the circumscribed figui*es, are to each 
other, in the same ratio (12. 5 Eu) ; whence the figures so cir- 
cumscribed about the figure HPB and HQB, by repeated bisec- 
tions of HB, approaching nearer and neat*er to equality with 
those figures, so as at length to differ from them by magnitudes 
less than any given ones, and always retaining the same ratio 
to each other, namely, tliat of HP to HQ, or, in fig, 1 and 2, of 
the other axes, or, in fig. 3, a subduplirate one of the principal 
parameters of the sections, the ai'cas HPB and HQB are to each 
other in the same ratio (TAeor. 2. S3. 6 Eu). In like manner, in 
fig. 1, the areas APH and AQH may be proved to be in the same 
ratio ; as are therefore the areas APB and AQB (12. 5 B^). 

Cor. I. Since tlic same conclusion would follow, if, in the 
case of fig. 1, one of the figures as AQB were a circle, for, in 
that case the ratio of the square of HQ to the i*ectangle AHB 
would be that of equality (3 and 35. 3 Eu.)^ and therefoi*c equal 
to that of the square of CT to the square of CB, it follows, that 
the area of an ellipse is to that of a circle described about the 
greater axis as a diameter, as the less axis is to the greater, and 
to the area of a circle so described about tiie l^ss axis, as the 
greater axis is to the less. 

Cot. 2. In this proposition, from the supposition^ thdt right 
lines drawn from HB, perpendicularly to the curves PB and 
QB, ai'e in a constant ratio, it is demonstrated, that the areas 
HPB and HQB are in tiie same ratio ; therefore;! *^ if^ in twe 
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figures, bounded each by two right lines at right angles to 
^^ each other^ and a curve, the right lines considered as bases of 
^' each be equaU and all perpendiculars to the equal bases, 
'^ intercepted between tiiose equal bases and the curve, be in a 
'' constant ratio/ the areas of the figures are in the same ratio/' 

Cor. 3. ^' And, the same things being supposed, except that 
'^ the right lines intercepted between the bases and the curve, 
^ sind in a constant ratio to each other, instead of bein^ perpen- 
'' dicular to the bases, form any equal angles whatever with 
<* tfiem towards the curves, the areas of the figures would be 
^* still in the same constant ratio ;" the sanpie reasoning apply- 
ing except that the parallelograms, instead of being right 
angled, are oblique angled, equiangular and equilatersd paraU 
lelograms being equ a by Cor. 3. 34. 1 Eu. 

Cor, 4. " And if, instead of the right lines, intercepted 
^' between the bases and the curve, and in a constant ratio to 
** each other, forming equal angles with the bases towards the 
*^ curves, in both figures ; the equal angles in one figure, be 
^' complements of the equal angles in tlie other, to two right 
** angles, the areas of the figures would be still in the same 
^' constant ratio ;'' for since the acute angles of oblique angled 
parallelograms, are complements of their obtuse ones to two 
right angles (29. 1 Em.), the parallel >g:*a)ns jsed i»i the proof 
would be still equiangular, and therefore the same reasoning 
would in this case also apply. 
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PROP. LXXIX. THEOR. 

Ahyperhdick sector rC9B)^formed bga hifperboHck arch C&B), 
and two semidiameters C^^Qand CffJ drawn to its extremes 
(G and H)^ is eqnal to the hyperbolldi trapezium rMGH.YJ 
formed by the same arch^ by two right lines (QMand HJ>rj, 
drawn from its extremes C^ o,nd ff}, to one asymptote (CTJf 
parallel to the other (C3)^ and the segment (MJS ) of the 
asymptote^ to which the parallels are drawn, between those 
parallels. 

And any Uvo suifi, sectors CCDft and CEK)^ or trapeziums 
CLDGMand .l^H^O), of which the segments (Ch and CM, 
CJV and CO) of the asymptotef to whicli parallels are so drawn 
from the extremes of the hyperbolick arches, between those par- 
aUeSf and the centre, are in the same ratio to each other in both, 
are equal. 

Part 1. TThe triangles CMG and CNH 
are equal {Cor. 2. 38. 1 8u;p. and 16 and 15. 6 
J^), taking from each the common triangle 
CMI, the triangle CI6 is equal to the tra^ie- 
sium MIHN, to each of which adding the 
space I6H, the sector CGH is equal to the 
hyperbolick trapezium MGHN, 

Part 2. Let now right lines DL, GM, 
HN and KO drawn from the extremes of the 
hyperbolick arches DG and ^K parallel to 
one asymptote CS, meet the other CT in L, 
M, N and 0, and CL be to CM, as CN to 
CO ; the sectors CDG and CHK aiHj equal. 

For, drawing the right lines Gil and OR, and producing 
fhem to meet the asymptotes in Q and R, S and T, because 
NH, MG and CQ are parallel, NR is to HR as CM to QG 
{Cor. 2. 10. 6 and 16. 5 Eu.), therefore because of the equal* 
QG and HR (37. 1 8iip.\ the right lines CM and NR are equal 
{Theor. 3. 15. 5 and 14. 5 Eu.) ; and in like manner, because of 
the parallels OK, LO and CS, and the equals SD and KT, the 
right lines CL and OT are equal ; whence NR is to OT, as CM 
is to CL {Cor. 1. 7. 6 Eu.), or, which is equal, {Hyp.), as CO is 
to CN, or, which is equal {Cor. 2. 33. 1 Sup. and 16. 6 Eu.), as 
NH is to OK ; whence, the angles RNH and TOK being equal 
{Hyp. and 29. 1 En^, the angles NRH and 0T-< are equal 
(6. 6 En.), and thereibrc the right lines RHQ and TKS are 
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parallel (28. 1 Bu). Let then the semidiameter be drawn bisect- 
ing DK in Z; and meeting the hyperbola and GH in P and X^ 
and because PZ bisects GH and all other right lines terminated 
by the hyperbola and parallel to DK {Cor. U 32. 1 Sup,)^ and 
the angles' formed bf thdde right lines with PZ towards O, are 
complements of the angles foHnM by the same right lines with 
PZ towards K to two right angles (13. 1 j&u.), the areas PDZ 
and PRZ are equal {Cor. 4. 7S. 1 Sup.) ^ for a like reason, the 
areas PGX and PHX are equal, tod therefore their differences^ 
the areas XZDG and XZKH ar^ equal, which with the trian- 
gles CXG and CXH, which are equal (38. 1 Eu.)f being taken 
from the triangles CZD and CZK, which are also equal (fty the 
same)f the residues^ namely the hyperlolick sectors CGD and 
CHK, are equal. 

And since the hyperbolick trapeziums LDGM and NHKO 
are severally equal to the equal hyperbolick sectors CGU and 
CHK {by part 1), they are equal to each other. 

Cor. Hence, if in an asymptote CT of a hyperbola, there be 
taken from the centre C any number of parts CL, CM, CN, &c» 
continually proportional, and right lines LD, MG, NH, &c. be 
drawn parallel to the other asymptote CSi ; the sectors CDG^ 
CGH, &c. as also the trapeziums LDGM^ MGHN^ &c. are aU 
equal to each other. 
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If u triangle C^^J hang formed by a right line CP^ inscribe 
in a paraboUh ond tangents fPK and ([KJ to thejlguref drawn 
from ite extremest the ihscribed right line be bisected fas in HJ, 
and its parts be again Msectedf and so on; and diameters being" 
drawn through all the bisecting points G, ff, ^c. an inscribSt 

. fynre be formed by joimng the eoctremes fP and ^J, of tiie 
iitscribed right line, andthe vertices (M^ D, A'cJ of these &amr 
eters by tQM Hnejf and a drcufhscribed ^figure, by drawing 
Ufngents tkiintgh thei^ vertices; the inscnb&i area^ is always 
dmMe the area, contained between the circumscribed figure, and 

V tfie same triangle. 
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First, let the inscribed figare be the triangle PDQ, O and R 
being the points in which the tangent through D meets PK and 
QK, the circumscribed figure is the trapezium PORQ, and the 
area without it, the triangle OKR; and, because HD is a diam- 
eter, it passes through &e point K {Cor. 2. 49. 1 8vp.)n and 
because KH is double to KD (44. 1 8up.)f the triangles KDO 
and RHP being equiangular, HP is double to DO (4. 6 and 
16. 5 Etu) ; for a like reason, QH is double to RD, therefore 
QP is double to RO, and the triangle QDP double to RRO 
(!• 6 Eu). 

Again, if PH be bisected in 6, and through G, the right line 
OMG be drawn parallel to KH, meeting PD in L, because of 
the parallels MG and DH, the diameter MG bisects PD in L 
(2. 6 Eu,)f and therefore passes through O {Cor* 2. 49. 1 Swp.)^ 
whence, because of the equals LM and MO, the triangle DMP 
is double the triangle lOU (l. 6 Ein.) ; in like manner, the 
triangle DXQ may be proved to be double to TRZ, but DMP 
and DXQ are added to the former inscribed figure, and 10 U 
and YRZ are added to the area which is without the circum-*^. 
scribed figure ; therefore the inscribed figure PMDXQis double 
the figure UITZR between the circumscribed figure and the 
triangle PKQ ; and in like manner, if the number of the sides of 
the inscribed and circumscribed figures, be ever so much 
increased, whatever is added to the area without the circnm- 
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scribed figure, its double is always added to the inscribed 
figure, and therefore the inscribed figure is always double the 
area, which is without the circumscribed figure, and within the 
triangle PKQ. 

Cor. I. Hence it is manifest, that no figure can be incribed 
in the parabolick siegment PDQ, as in this proposition; which is 
double the area PKQD without the parabolick segment and 
within the triangle PKQ. 

Cor. 2. It is also manifest, that no figure can be circum- 
scribed about the parabolick segment PDQ, as in the proposi- 
tion, so tliat the area without it, and within the triangle PKQ 
would be half the parabolick segment PDQ. 

Cor. 3. In the parabolick segment PDQ, a, figure may be 
inscribed as in this proposition, which would want of it by a 
space less than any given one. 

For the triangle DHQ is half of the triangle RHP, and 
DHQ of KHQ (1. 6 Eu.)^ and therefoi-e PDQ of PKQ, there- 
fore the triangle PDQ is more than half the parabolick segment 
PDQ ; and, in like manner, if, in the remaining segments, the 
triangles PMD and DXQ be inscribed, they would take away 
more than half of these segments, and if, in the remaining 
segments, this be continually done, the same would silwaya 
happen ; wherefore the inscribed figure would at length want 
of the parabolick segment by a space less than any given one 
(TAeor. at 7. 5 Eu). 

Cor. 4. About the parabolick segment PDQ, a figure may 
be circumscribed, as in this proposition, which would ^ke from 
the area PKQD, without the parabolick segment PDQ, and 
within the triangle PKQ, a space less than any given one. 

In the area PKQD, let the triangle OKR be inscribed, whose 
base OR is parallel to the right line PQ joining the contacts, 
and because KD and DH are equal (44. 1 8up.)9 KR and 
RQ as also KO and OP are equal {2. 6 Eu.) ; therefore the 
triangle OKR is half the triangles KDP and KDQ together, 
(38. 1 Eu.)f and of (course more than half the area PKQD ; and, 
in like manner, if in the remaining segments PODM, and 
QRDX, the triangles OIU and RYZ be inscribed, they would 
take away more than the halves of these segments ; and if this 
be continually done, the same would always happen ; therefore 
the circumscribed figure would at length take away from th^ 
area PKQD^ a space less than any given one {Theor. at 7- 5 
Eu). 
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PROP. LXXXI. THEOR. 



Aparabolick segment CPJ^^f sujig. to prec. prop.) formed hy ft 
parabolick ardh and a right line joining Hi* extremes^ is two 
thirds oj a circumscribing parallelogram (PBT^^)^ formed by 
its base (JP^Jf a tangent CBTj to the parabola paralld 
thereto^ and diameters (PB and ^TJ drawn from its ejctremes 
fP and qj. 



Let the tangents PK and QK be drawn (48. 1 8np.)f and 
through their concourse K. a diameter RH, which bisects PQ 
in H (Cor. 1. 49^ 1 S'up.)^ and through its vertex D, a tangent 
ODRy the diameter KH passes through the contact D (32. 1 
and Def 12. 1 Sujk)^ and because of KH double to DH (44. 1 
8up.)f the triangle PKQ is equal to the parallelogram PBTQ ; 
but the paraholick segment PDQ is double the area PKQD, for 
if it exceeded the double of that area, by any space S, then, by 
Cor. 3 of the preceding, a figure may be inscribed in the seg- 
ment PDQ, which would want of that segment by a space less 
than 8, therefore this figure would be greater than double the 
area PK.QD, contrary to Cor. I of the preceding, tiierefore the 
segment PDQ does not exceed double the area P&QD. 

Neither is it less than double this area ; for if it were, and 
therefore the area PRQD were greater than half the s^^ment 
PDQ, by any space S, then, by Cor. 4 of the precedingy a figure 
may be circumscribed about this segment, within the triangle 
PKQ, which would take away from the area PKQD« a space 
less than S ; therefore^ the area without this figure^ and within 
the triangle PKQ, would exceed half the segment PUQ, con- 
trary to Cor. 2 of the preceding ; since then the s^^ent PDQ 
is neither greater nor less liian double the area rKQD, it is 
double that area, and is therefore to the triangle PKQ* or its 
equal, the parallelogram PBTQ, as two is to three, and is of 
course two thirds of that parallelogram. 

Cor. Since the parabolick areas DBP and DTQ are together 
one third part of the parallelogram BQ, and the triangle BPD 
is one half of the parallelogram BH ; it follows, that the para- 
bolick area BPD is two thirds, and the segmeut DMP one third 
of the triangle BPD. See Newt Princip. Cor. 5. Lem, 11th 
Book I. 
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PROP. LXXXII. THEOR. 

If a right line C^^9 ^^ both figOf "^iettifig a conick section or 
opposite sections in two points (8 and TJ9 meet tv*o tangents 
to the section C PK and ((Kjf and the right line (F(l) joining 
the contacts ; the rectangles C8DT and SQTj, under the 
segments of the secant, between the tangents, and the section, are 
to each other, as the squares of its segments (DH. and GUJ, 
hetween the tangents, and the right line joining the contacts. 



Fig* 



I. 



Fig. 2. 




Through the point D 9 in which the secant meets one of the 
tangents KQ, let a right line DR be drawn, parallel to the 
other tangent PK, meeting the right line joining the cc^ntacts 
in R; then is the rectangle SDT to the square of DR, as the 
rectangle SGT to the square of PG (65. 1 Sup.) ; thei*efore9 by 
alternating, the rectangle SDT is to the rectangle SGT, as the 
square of DR is to the square of PG (16. 5 Eu.), or, (because 
of the equiangular triangles HDR and HGP), as the square of 
GH is to the square of DH (4 and 22. 6 and 16. 5 Eu). 

If the tangents, which the secant meets, he parallel to each 
other, the proposition is manifest from Cor. 5. 14* 1 Sup. 
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PROP. LXXXIII. THEOR- 

IJ two right lines CJ^ti and Off, or DL andKLJ, meeting each 
other, and cutting a conick section or opposite sections in two 
points f meet a tani!;ent CKD ) to the same : the squares of the 
segments fGP and DP, or KP and DP) of tlie tangent, be- 
tween its concourses with the secants, ana the contact, are to 
each oilier^ in a ratio compounded of (he direct ratio of the rect* 
angles fOGq and RDf^, or TKU and RD8), under the seg- 
ments of the secants, between the tangent and section, and the 
inverse mie of the rectangles r^HOand 8HR, or ULC and 
SLR J under the segments of these secants^ betweeen their con- 
course and the section* 

Case I, When a riglit line as GZ, 
drawn through the point G, in which 
one of the secants meets tlie tangent, 
parallel to the other secant DH, 
meets the section, as in X and Z. 

Having drawn GZ parallel to DH, 
hecause of the parallel secants GZ 
and DL, the square of GP is to the ^ 
square of PO, as the rectangle XGZ 
is to the rectangle RDS (Cor. 1. 14. 
1 Sup.) ; hut the ratio of the rect- m 
angle QGZ to the rectangle RDS is 
compounded of the ratio of the rect- 
angle XGZ to the rectangle SHR, K Gr 
or, {Cor. 4. 14. 1 Sup.), of the ratio of 
the rectangle OGQ to the rectangle QHO, and of the ratio of 
the same SHR to RDS (Def. 13. 5 Eu.) ; therefore the ratio of 
the square of GP to the square of PD is compounded of the 
ratio of the rectangle OGQ to QHO, and the ratio of the 
rectangle SHR to RDS, or, which is equal {Car. 5 23. 6 Eu.), 
of the ratio of tJie rectangle OGQ to RDS, and the ratio of SHR 
to QHO. 

Case Q. When the secants KL and DL and th® tangent RD 
ai*e so posited, that a right line drawn from the point k, in 
which one of the secants KL meets the tangent, parallel to the 
other secant DL, would not meet the section. 

Thi'ough any point X in the section between P and T, draw 
GZ pardlel to DL, meeting PK in G) and the section again 
in Z ; the ratio of the square of KP to the square of PD, is 
compounded of the ratios of the square of KP to the square of 
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GP, and of the square of GP to the square of PD (Def. 13. 5 
Eu.) ; but the square of KP is to the square of GP, as the rect- 
angle TKU is to the rectangle OGQ {Ctrr. 1. 14. 1 8up.), and 
the square of GP is to the square PD, in a ratio compounded of 
the ratios of OGQ to RDS and of SHR to QHO {by easel); 
therefore the square of KP is to the square of PD, in a ratio 
compounded of the ratios of the rectangle TKU to OGQ, of 
OGQ to RDS and of SHR to QHO ; and the ratio compounded 
of the ratios of TKU to OGQ and OGQ to RDS, is equal to the 
ratio of TKU to RDS {Def 13. 5 Eu.), and the ratio of SHR to 
QHO to that of SLR to ULT (14. 1 Sup); therefore the square 
of KP is to the square of PD, in a ratio, compounded of the 
ratios of the rectangle TKU to RDS and of SLR to ULT. 
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PROP. LXXXIV. THEOB. 



The diagonals of any quadrangle C-SBCB, see jig. 1 andZ},form- 
ed by foiir right tines, touching a amick section or t^posite «ee- 
tims, intersect each other, in the same point, as do right Une* 
(E(i nini UFJ joining the opposite contacts. 



Fig. 2. 




Let K be the intersecti'oD of the right lines EG and HF, 
joining the opposite contarts ; and if the diagonals of the qnad- 
ranjcle ABCD, do not intersect each other in K, letoneoftiiem, 
as AC, if possible, meet the right lines EG and HF elsewhere, 
as in L and M, and let K and be the points, in which AC 
meets the section. 

Because. AC meets the tangents E A and GC in A and C, ^nd 
the right line EGJoining their contacts in L, the square of AL is 
to the square (^LC, as the i-ectangle N AO is to the rectangle OCN 
(82. 1 Sup.) i and because AC meets the tangents BA and PC 
in A and C, and the right line HF joining their contacts in M^ 
the square of AM is to the square of MC, as the rectangle NAO 
is to the rectangle OCN {by the same) ; whence, the ratios of 
the squares of AL and LC and of the squares of AM and MC, 
being each equal to the ratio of the rectangle NAO to the rect- 
angle OCN, are equal to each other (II. 5 Eu), and therefore 
AL is to LC as AM to MC ( >S. 6 Eu.), which is absurd v8. 5 
En.) : therefore a right line drawn from A to C passes through 
the point K. 

In like manner it may he proved, that a right line drawn from 
D to B passes through the point K : therrfore the diagonals of 
the quadrangle ABCD iuter&ect each other in K. 
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PROP. LXXXV. PROB. 




To describe a ixmick section^ of which a diameter C^^)9 its ver- 
tices9 or if it have hut one9 that one, and an ordinate (HKJ to 
the same mameter^ are given. 

Case 1. Let D and G 
be the vertices of the di- 
ameter DG9 and HK 
meet D6 between D and 
G9 the section being of 
course an ellipse. 

Bisect DG in C9 and 
draw CP parallel to HR, 
taking CP so, that its 
square may be to the 
square of HK, as the 
square of CG is to tlie rectangle DHG {Cor. 3. 23. 6) ; P is in 
the ellipse (Cor. 3. 40. 1 8up,) ; through P, draw PO parallel 
to CG, on CP produced, take PL a third proportional to CP 
and CG (11.6 Eu^), so is the rectangle CPL equal to the square 
of CG(17. 6 jEJu.) ; bisect CL in Q, and draw QR perpendi- 
cular to CL, meeting PO in R ; from the centre R, aescribe a 
circle through C and L, meeting PO in the points S and O i 
CG and CS being joined are the axes. 

For SO touches the section of which CP and CG are conju- 
gate diameters [Def* 14. 1 Su'p.)^ and, because of the circle, the 
rectangle SPO is equal to tlie rectangle CPL (35. 3 Eu.), or to 
the square of CG, therefore CS and CO are conjugate diame- 
ters {CWm 2. 47. 1 Sup.)f and, because SO is a diameter of the 
circle, the angle SCO is a right one (31.3 Eu.)^ and therefore 
the conjugate diameters CS and CO ai'e the axes {Def. 14. 1 and 
Cor. 2. 30. 1 Sup.) ; from P draw PT at right angles to CO, and 
take CB a mean proportional between CT and CO (13. 6 Eti.), 
and CA equal to CB ; A and B are the vertices of the axis, CO 
(44. 1 Sup.) ; and by letting fall a perpendicular fn)m P on CS, 
And proceeding in like manner, the vertices M and N of the 
other axis may be found ; divide AB in E and F, so that the 
rectangles AEB and AFB may be each equal to the square of 
CM {Cor. 2. 6. 2 Eu.), the points E and F are the focuses (2. 1 
Sup.), which being founds describe the ellipse (Post. 1. 1 Sup)* 
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Case 2. Let now, the points 
D and G being the vertices of 
the diameter DG, the ordinate 
BR meet DG produced, the 
secticm being of course a hyper- 
bola 

As in preceding case, bisect 
DG in C, take C:P parallel to 
Hk, and whose square maybe 
to the square of UK, as the 
square of CG is to the rectangle DHG (Ow. 3. 23. 6 JBiu), P id^ 
a vertex of the diameter parallel to HK (40. 1 Sup.)^ and there- 
foi-e in a hyperbola conjugate to that to be described ; through 
F draw PO paraUel to CG^ on CP from P towards C take PL 
a third proportional to CP and CG (11. 6 £u.), so is the rect- 
angle CPL equal to the square of CG (17. 6 Eu.) ; bisect CL 
in Hf and draw \^K perpendicular to CL, meeting PO in R; 
from tlie centre R, describe a circle through C and L, meeting 
PO in S and O ; CS and CO being drawn are the axes. 

For PO touches the section, of which CP and CG are con- 
jugate diameters (Uef. 14. 1 Sup.)^ and, because of the circle, 
the rectangle SPO is equal to the rectangle CPL (36. 3 jBu.), 
or, to the square of CG ; therefore CS and CO are conjugate 
diameters {Cor. £• 47. 1 Sup.)^ and, because SO is a diameter rf 
the circle, the angle SCO is a right one (31. 3 Eu.)^ and there- 
foi'e tlie conjugate diameters CS and CO are the axes (JDff. 14. 1 
and Cot. 2. 30. 1 Sup.) ; from P, draw PT at right an^es to 
AB, and take CA and CB, each a mean proportional between 
CO and CT ; A and B are the vertices of the axis CO (44. 1 
8up.) ; in like manner the vertic^ M and N of the other axis 
may be found. In AB, produced both ways, take two points 
£ and F, so that the rectangles AEB and AFB may be each 
equal to the square of CM (Oor. 3. 6. 2 tu.)^ the points £ and 
F ai'e the focuses (£. 1 Sup.)^ which being found, describe the 
hyperbola or opposite hyperbolas (Fast. 2. 1 Suji). 
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Cote 3. Let tiie diameter DG, the section 
being a ]iarabolft, have but one vertex D { 
talie OR on the part of DG opposite to H, 
equal to a fourth part of a third proportion- ;{( 
al to'DH and H.K. (ll and 9. 6 £u.), 
through D, draw DL parallel to HK, make O 
file angle LDF equal to LDR, and DF equal 
to DR, and through K, draw RQ perpendi- 
cular tu DR ; describe a parabola from the 
focus F, with the directrix RQ (PotU 3. I 
Sap.), which is the required section. 

For the parameter of its diameter RDG ia equal to four 
times DR or DF (B^. 16. 1 Sup), and the right line DL touch- 
es it in D (10. 1 8v,p.) ; therefore HK being parallel to DL is 
ordinately applied to the diameter DG [Def. IS. l Sup.) ; and 
since the square of HK is opial to the rectangle under UH and 
four times DR or the parameter of tiie diameter DG (Co?utr. 
and 17> 6 Sk), the point K is in the parabola described (40. 1 
Sup.)f and therefore what was required is done. 

PROP. LXXXVL THEOR. ' 

If a nde of any triangle be paralld to the diameters of a ptaabda, 
tht sipiarts of the other sides are to each other, as the param- 
eters of the diameters, -whose ordinates are parallet to those 
sides. 

Let XTZ be a triangle, 
whose side XZ ia parallel 
to the diameters of -the para- TC 
bola DG, and let DH and /\ 
GK. be the diameters, whose / \ 
ordinates are parallel to X 
XY and YZ ; the square of 
XY b to the square of YZ, 
as the Mrameter of the di- 
ameter DH is to the ptu^m> 
eter of the diameter GK. 

Through D and G the ver- 
tices of the diameters DH 
and GK, draw right lines D L 
and GL touching the parabola (48. 1 Sup.), they are parallel to 
XY and YZ {Hyp. and Def. 12. 1 8up.) ; let DK be drawn 
ordinatelj applied to the diameter GK (36. I 8up.), and DL 
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and 6K produced, meet in O ; GK is equal to GO (44. 1 8up.), 
and therefore, because of the parallels DK and LG, the ri^t 
line DL is equal to LO (2. 6 Eu.) ; but since the triangles XTZ 
and OLG9 having their sides mutually parallel, are equiangular 
(Cor, 3. 9. I iS^itp.), the square of XY is to the square of YZ, as 
the square of OL, or its equal DL, to the square of LG (4. 6 
Eu.)9 or, which is equal (42. 1 8up.)9 as the parameter of the 
diameter DH to that of the diameter GK. 

Cor. 1. Since it appears from this proposition, that the 
squares of the sides X Y and YZ are to each other, as the squares 
of the segments DL and LG of the tangents parallel, to them^ 
between their concourse L, and the contacts D and G, therefore^ 
by 14. 1 Sup. and 9. 5 Eu. the squares of the sides XY.and YZ 
are to each other, as the squares of the segments of tangents, 
or rectangles under the segments of secants, parallel to them, 
between their concourse and tlie section. 

Cor. 2. If a right line (GQ) touch a parabola, and from a 
point (Q) in the tangent, a right line (QS) be drawn, meeting 
the diameter (GT) drawn through the contact, and cutting the 
parabola in two points ; the square of the segment (QT) of the 
secant, between the tangent and the diameter, is equal to the 
rectangle (RQS) under the segments of the secant, between the 
-tangent and the section. 

For, by the preceding corollary, the square of QT is to the 
square of QG, as the rectangle RQS is to the same square of 
QG ; therefoi*e the square of QT and rectangle RQS are equal 
(9. 5 Eu). 



PROP. LXXXVIL PROB, 



Thr(mgh three given paintSf which are not in the same right line, 
to describe a parabola^ having its diameters parallel to a right 
line given by position^ which is not parallel to a right line 
joining two of the given points. 



\ 
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Let D, G and H lie the three 
given points, and X the right line 
given by position; join GIf, and 
througli D, draw DK parallel to 
X ; then if GH be bisected in R, it 
is ordinatelj applied to the diame- 
ter D K ( 32. 1 8up.\ and the problem 
is performed as in case d. 85. 1 
^ Slip. ; if not, bisect GH in O, 
through O draw OQ parallel to X, 0{ 
and on the part of GH, to which 
the point U is, if R be between G 
and H, and on tlie contrary part, 
if not, take OQ to DR, as the rect- 
angle GOH, or square of GO is to 
the rectangle GRH {Cor. 2. 2S. 6 
Eu.) ; with the diameter QO, ver- 
tex Q» and ordinate GO, describe 
a parabola (85. 1 Sup.), and the 
thing required is done. 

For, because DK is to QO, as 
the rectangle GKH is to the rect- 
angle GOH, the point D is in the 
described parabola (21. 1 Sup^), 
and its diameters QO and DR are 
by construction parallel to X. 




PROP. LXXXVIII. PROB. 



Four paints in a parabola being given, to describe iL 

Case 1. Let D, H, G and T be the four given points, and 
first, let the four right lines joining these points in continuation 
form a trapezium of which no two sides are parallel to each 
other, let two opposite sides GH and TD meet each other in L, 
and in the right line LG take LR, so that its square may be to 
the square of LU, as the rectangle HLG is to the rectangle 
DLT {Cor. 3. 23. 6 Eu.), and, having drawn DR, describe a 
parabola through the points D, H and G, whose diameters are 
parallel to DK i87. 1 Siip.) ; this passes through the point T. 

For since the rectangle DLT is to the rectangle HLG, as the 
aquare of DL is to the square of LR (Constr. and Theor. 3. 15. 
5 Bu.), and the rectangle DLT is greater than the square of 
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DL (3. 2 Eu.)^ the rectangle HLG is greater than the square 
of LK (14. 5 -Ell.), therefore LD does not touch the section, for 
if it did, the square of LK would be equal to the rectangle HLO 
(Car. 2. 86. 1 Sup.)9 contrary to what has been just proved, 
therefore it cuts it in another point, and if not in T, let it, if 
possible, do it in S, and since the rectangle DLS is to the rect- 
angle HLG, as the square of LD is to the square of LK (Cor. 
1. 96, 1 Sup.)9 or, which is equal (Coti^fr.), as the rectangle DLT 
is to the rectangle HLG, the rectangles DLS and DLT, having 
the same ratio to the rectangle HLG, are equal (9. 5 Eu-), am 
SL and TL equal, whidh is absurd {.Ax. 9. 1 Eu.), the point 
S being to the same part of L, as the points D and T are^ because 
L is without the parabola ; therefore the parabola meets the 
right line LD in the point T. But because the segment LK 
may be taken in the right line LHG, on either part of the point 
L, two parabolas may be described, which would satisfy the 
problem. 

Case 2. Let D, H, G and R be the four given points, and let 
HG and DR, being joined, be parallel ; a right line UO bisect- 
ing these parallels is a diameter of the parabola passing by these 
four points {Car. 2. 32. 1 Sup.) ; let a parabola be described 
through the points G, H and D, whose diameters are parallel to 
UO (87. 1 8up.)9 and since HG is ordinately applied to the 
diameter UO (32. 1 Sup.)^ DU which is parallel to HG is an 
ordinate to the same diameter {Def, 12. 1 8up.)f whence RU 
being equal to DU, the point R is in the parabola (31. 1 8up.), 
which therefore passes tlirough this point. It is manifest, that^ 
in this case, there is but one position of the diameters of the 
parabola which passes through these points, and therefore, that 
only one can do so. 

Cor. From the construction in this proposition, appears a 
method, of finding the position of the diameters of a parabo- 
la^ trom four points being given in it. 
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PROP. LXXXIX. PROB. 

Five paints, C*^, B, C, D and E) in a conitk section being given, 

to describe it. 

Join AC and BD intersecting 
each other in R, and through tiie 
fifth point E, draw EG and EL 
parallel to AC and BD, meeting 
them in 6 and H. Take Y a fourth 

Proportional to 6E, GB and GD 
12. 6 Eu.), and on GE, take GK, 
having to Y, the ratio of the rect- 
angles CRA and BRD toeacii oth- 
et (Cor. 2. 33. 6 Eu.), and the rect- 
angle EGK has to the rectangle 
under Y and GE, or, which is equal 
{Constr. and 16. 6 Eu.), the rectangle BGD, the same ratio, as 
GK has to Y (1. 6 Eu.), or which is equal {Constr.), as the 
rectangle CRA has to BRD ; in like manner take the point L, 
so that LHE may be to C HA, as BRD is to CRA; but the 
points E and K, or E and L ought to be on the same or differ- 
ent parts of the points G and H, according as the points B and 
D, or A and C are on the same or different parts of the same 
points G and H. 

It is manifest from 14. 1 Sup, that the points K alid L are in 
the section passing through the points A, B, C, D and E ; let 
then a right line lU be drawn, bisecting the right lines BD and 
LE ; lU is a diameter of the section (Cor. 2. 32. 1 Sup.) ; let 
. another diameter TN be drawn bisecting the parallels CA 
and KE in T and N ; if these diameters be parallel, the section 
is a parabola, in which four points A, B, C and D being given, 
let it be described through these points (88. 1 Sup.), and what 
was required is done. 

But £r the diameters lU and TN meet each other, as in Q, the 
section is an ellipse or hyperbola, whose centre is Q. Let TA 
be the greater of the two TA and NE, and take a space X, 
which has the same ratio to the difference of the squares of QN 
and QT, as the square of TA has to the excess of the squai*e of 
TA above the square of NE {Cor. 2. 47. 1 and Cor. 3. 23. 6 
jBw.) ; take the points and P in TN produced if necessary, so 
that the square of QO or QP may, in the ellipse, be equal to the 
sum, and in the hyperbola, to the difference of X and the square 
of QT {Cor. 1 and 2. 47. 1 Eu»), and X is in both cases equal to 
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the difference of the sqaares of QP and QTy the semidiamcter 
QP being greater than QT in the ellipfle, and less in tiie hyper- 
bola. An ellipse or hyperbola* as the case may be, desmbed 
with the diameter PO, its vertices being P and O, and the ordi- 
nate TA or NE (85. 1 8tqf.)^ is the section required. 

For since X, or its equal, the difference of the squares of QP 
and QT, is to the difference of the squares of QN and QT (QT 
belonging to the greater ordinate TA, being less than QN in Hie 
ellipse, and greater in the hyperbola, as is manifest from Hie 
.constant ratio of the squares of the ordinates to the rectangles 
under the abscissas), as the square of TA is to the excess of Hie 
square of TA above that of NE {Constr.), by converting, or com- 
paring the antecedents with the excesses of the antecedents 
above the consequents, the difference of the squares of QP and 
Ql , or which is equal {8choL 6. 2 Eu.), the rectangle PTO, is 
to ihe difference of the squares of QP and QN, or {8dioL 6. 2 
Eu.)9 the rectangle PNO, as the square of TA is to the excess 
of the square of TA above the diff*erence of the squares of TA 
and NE, or the square of NE {SchoL 18. 5 £%.), since flien the 
squares of TA and NE have the same ratio to each other, as 
flie rectangles PI O and PNO, a conick section described wiA 
flie diameter PO and ordinate TA, would pass through E, or 
with the ordinate NE, would pass through A (Ccr. 3. 40. 1 iS^)« 
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• PROP. XC. PROS. 

FwT points C^9 09 C o,ni DJ in a conick sectum hdnif ^eOf a/ni 
a right line CE^J touching it, being given by poiition, to 
describe the section* 

Let CB and DA be drawn^ meeting 
EF in £ and F ; if CB and DA be par- 
allel let there be taken in EF, a point G, 
so that the square of EG may be to the 
square of GF, as the rectangle AED to 
the rectangle BFC {Cor. 3. 23. 6 and 
Cknr, 1. 10. 6 Eu.)^ G is the point of con- 
tact [Cor. 1. 14. 1 Sup.) ; but if the right 
lines DA and CB meet each other, as in 
H, take in EF^ a point G, so that the 
square of EG may be to the square of 
GFy in a ratio compounded of the ratios 
of the rectangle AEp to the rectangle BFC, and of the rectangle 
CHB to the rectangle DHA, G Ls the point of contact (83. 1 
Sup.) 

if the segment EG of the tangent, between the contact, and 
the secant \niich is most remote from it, be less than the segment 
EF of the same, between the secants, the point of contact should 
be taken on the part of F, which is towards E ; but if the seg- 
ment of the tangent, between the contact, and secant most re- 
mote from it, be greater than the segment of the same, between 
the secants, the point of contact should be taken on the part of 
flie point F, which is remote from E. Describe a conick section 
passing through the five points A^ B, C^ D $ind G (89. 1 Sup.), 
and what was required is done. 
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s PROP. XCL PROB. 

Three paints f ^, B and CJ in a tonick section being given, and 
two right lines fl^B and FG) touching it, being given by pasi- 
tion, to describe the section. 

Through two of the 
given points A and B, 
draw a right line, meet- 
ing the given tangents 
in D and G ; and thro' 
A and C, a right line, 
meeting the same tan- 
gents in £ and F : in 
GD and FE, take the 
points H and R, so 
that the square of DH 
may be to the square 
of GH, as the rectan- 
gle ADB is to the rect- 
angle AGB ( Cor. 3 23. 
6 and Cor. 1. 10 6 Eu.)^ and the square of EK to the square of 
Ffv, as the rectangle CEA is to the rectangle AFC {by the 
same) ; but the points H and K may be taken either between 
the points D and G, E and F, or without the same ; draw KH 
meeting the tangents in L and M ; the points L and M are the 
points of contact. 

For if L and M be supposed to be the contacts, placed some- 
where in the tangents, and througli any of the four points F, G, 
D and E, as E, in one of the tangents DE, a right line EN be 
drawn parallel to the other tangent FG, meeting the sex^tion in 
N and 0, and in EN be taken EQ, a mean proportional between 
EO and EN (13. 6 Eu,) ; the rectangle OEN or (17. 6 Eu.), the 
squai*e of EQ, is to the square of LF. as the rectangle CEA is 
to the rectangle AFC {Cor. 6. 14. 1 Sup.)^ or, which is equal 
{Constr.% as the square of KE is to the square of KF, therefore 
QE is to LF. as KE is to KF (22. 6 Eu.), and alternating. QE 
to KE, as LF to KF (16. 5 Eu.), whence, the angles QEK and 
LFK being equal (29. 1 Eu.), the angles KQE and KLF aro 
equal (6. 6. Eu.)^ therefore, the angles LQE and QLF being 
together equal to two right angles (29. 1 En.)9 the angles KLF 
and QLF are together equal to two right angles, and so the 
right lines KL and LQ, and therefore the points K, L and Q 
are in the same right line, (14. 1 Eu.) ; and for a like reason^ the 
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tangents meeting in B, and the rectangle OEN, or {Comtr. and 
17. 6 Eu.)9 the square of EQ being to the square of EM, as the 
square of RL is to the square of RM (14. 1 Sup.), the points 
L, Q and M are in a right line ; since then the point Q is in the 
right line joining K to either L or M, the points K, L and M 
are in a right line, and so the point K in the right line joining 
L and M. In like manner, H being taken in the right line GD, 
by a similar law, as K in the right line EF, the point H may be 
shewn to be in the right line joining the points L and M.— 
Therefore the contacts L and M are in the right line joining the 
poiTits K and H ; which contacts being given, let a section be 
described through them and the three given points (89. 1 8up.)f 
and what was required is done. 

PROP. XCII. PROB. 

Two points fJ and B) in a conick section being given, and three 
right lines CCD, EF and GHJ touching it, being given by posi- 
tion, to describe the section. 

Through the given points A 
and B, draw a right line, meeting 
the given tangents in D, M and 
ii, and take therein the point K, 
so that the square of RL may be 
to the square of KD, as the rect- 
angle BLA is to the rectangle I^ 
ADB {Cor. 3. 23. 6 and Cor. 1.10. 
6 Eu.) ; also the point N so, that 
the square of DN may be to the 
square of MN, as the rectangle 
ADB is to the rectangle BMA 
{by the same). 

From K draw KG to the in- 
tersection G of the tangents EF 
and HG, meeting CD in R, and 
the section in S and T, in KG 
take the point Q, so that RQ may 
be to QG as KR is to KG (Cor. L 10. 6 En.) ; draw QN, which 
produce to meet the section in C and H ; draw KG, wliich pro- 
duce to meet FG in E ; the points C, E and H are the points 
of contact, through which three points and the two given ones 
A and B, describe the section (89. 1 8up.), and what was re- 
quired is done*. 
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For since the square of DN is to the square of MN^ as the 
rectangle ADB is to the rectangle BMA {Constr.)^ the pcMnt N 
is in the right line joining the contacts of the tangents CD and 
GH (82. 1 8vp.)f and since the square of KL is to the square of 
KD9 as the rectangle BLA is to the rectangle ADB {Constr.)^ 
the point K is in the right line joining the contacts of the tan- 
gente CD and EL (82. 1 Sup.) ; but, because the square of RQ 
is to the square of QG, as the square of RR is to the square of 
KG {Constr. and 22. 6 Eu.), or which is equal, because of the 
tangents CD and EL, as the rectangle SRT is to the rectangle 
TGS (82. 1 8up.)9 the point Q is in the right line joining 
the contacts of the tangents CD and GH (by the mme)^ 
but the point N is above proved to be in the right line joining 
the same contacts ; therefore NQ, being drawn and produced 
as necessary, determines the contacts C and H ; and since the 
point K is above shewn to be in the right line joining the con- 
tacts of the tangents CD and EL, and C is shewn to be the 
contact of the tangent CD, the right line KC being drawn, and 
produced as necessary to meet the tangent EL, determines the 
contact E ; and so five points A, C^ E5 B and H in the sectioH 
are given^ as mentioned above. 



PROP. XCIIL PROB. 



w9 point C^J ^^ o> conick section being given, and four right tines 
(BCf CD J BE and EBj touching it, being given by position^ 
to describe the section. 



Let BCDE be a quadrangle form- 
ed by the four given tangents, draw 
its diagonals BD and EC intersect- 
ing each other in F, join AF, and 
produce it as necessary, to meet two 
of the tangents as BC and ED in 
H and G ; take a right lihe X to 
which AH is in the same ratio, as 
the square of FH is to the square of 
FG {Cor. 2. 23. 6 Eu.), and divide 
GH in K^ so that RH may be to 
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EG, as AG is to X (Cor. 1. 10. 6 Eu.) ; the rectangle AHK is 
to tiie rectangle AuK in a ratio compoanded of the ratios' of 
AH to AG and of HK to QK (25. 6 3a.), or, AG being to X, 
as HK is to GK {Comtr.), of the ratios of AH to AG and of AG 
to X, or {Def. 13. 5 En.), as AH is to X, or which is equal 
( Ccnstr.), as the square of FH is to the s<[uare of FG. 

Since then the point F is in the right line joining the contacts 
of the tangents ED and BC (84, 1 Sup.), and the rectangle 
KHA is to the rectangle AGK» as the square of FH is to the 
square of FG ; the points G and H being in the tangents, and 
the point A in the section, the point K is also in the section ^82. 
1 Sup.) ; whence, two points A and K in the section being given, 
and three right lines touching it, being given by position, the 
section may be described (92. 1 Sup). 
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PROP. XCIV. PROB. 



Five right lines CniB^ BC, CD, BE and EA) touching a conidc 
section, being given by position, to describe the section. 

LetABCDE,be 

the quinquelateral 
figure contained by 
the tangents, let 
AB be called the 
first side, EC the 
second side, and so 
on; letBCDMbe 
the quadrangle con - 
tained by the four 
first sides, and let 
its diagonals meet 
in F ; the first side 
AB of the quin- 
quelateral figure 'U' 
being now omitted, 
let CDEN be the 
quadrangle formed 
by its otiier sides, 
of which quadran- 
gle let the diago- 
nals meet in G ; let FG be drawn and produced to meet the se- 
cond and fourth sides BC and D£ in the points T and R. 

Proceed thus round the figure, leaving out successively the 
sides BC, CD and D£, and drawing the diagonals of the quad- 
rangles, intersecting each other in H, 1 and K ; and let GH^ 
HI, IK and KF be drawn, and produced to meet the tangents 
in the points U and S, T and Q, U and B, Q and S. Through 
the points Q, R, S, T and U describe a conick section (89. 1 
Sup.), and wnat was i*equired is done* 

For since both F and G ai-e in the right line joining the con- 
tacts of the tangents BC and ED (84. 1 Sup.), the intersection^ 
T and R of the right line FG with the tangents BC and ED are 
the points of contact of these tangents ; in like manner it may 
be proved, that the points S, U and Q ai*e the points of contact 
in the tangents CD, EA and AB ; therefore the conick section 
described through the points Q, R, S, T and U touches the sides 
of the quinquelateral figure in these points, and of course what 
was required is done. 
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SUPPtEMENT 

TO THE FIRST SIX BOOKS OF 

EUCLID'S ELEMENTS OF GEOMETRY. 



BOOK n. 
ON SOLIDS. 

BEFIHITlOirs. 

I. Jt iottdf is tbat which has letiglh^ breadth and tfiickneas» 
£• The bounds of a soUdf are surfaces. 

3. A right line is said to be perpendiadar to a plaint when 
k is perpenmcular to ail right lines, which «an be drawn in thai 
plaittf froni the point whereon it insists. 

4. One plain is said to he perpeudiadar to another^ when alt 
right lines drawn in the one» perpendicular to the line of common 
section^ are perpendicular to the other« 

5. The indtnation of a right line to a plain^ is tte acuta 
angle^ contained under the same right line^ and a right line, 
joining the points, wherein it, and a perpendicular, let nil from 
any point therein o^ the plain, meet the same plain. 

6. The inclination of one plain to another, is the acute Mgle^ 
contained under two right lines drawn in the same jd^ns, per* 
pendicular to the line ^ common section, froi)i the same point 
therein. 

7. Parallel plains, are such, as being ever so much produced 
in any direction whatever, do not meet. 

B. Ji solid angle, is ttiat, which is made by the meeting of 
more than two plain angles, which are not in the same plain, in 
the same point. 

9. d pyramid, is a solid figure, contained b^ plains, whicb 
are constituted between a plain, and a pinnt wittMNit it i9i Wbidi^ 
they meet. 
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10. A prisiHr is a solid figure, contained by plain figures, of 
which, two which ai-e opposite, are equal, similar ahd paratlel 
to each other, and the others, parallelograms. 

11. Ji paralielopipedf is a solid figure, contained by six quad- 
rilateral figures, whereof eveiy opposite two ai-c parallel. 

12. Ji spherCf is a solid bounded by one curve surface^ every 
where equally distant from a point witliin it. 

13. That pointis called its centre. 

14. Jl diameter of a sphere^ is a right line passing its centre, 
and terminated both ways by its surface. 

15. w9 radius or semidiameter of a sphere, is a light line drawn 
from the centre to any part of its surface. 

16. When a sphere is supposed to be formeil by the revolu- 
tion of a semicircle about its diameter, which remains unmoved, 
the diameter, about which the semicircle revolves, is called, 
the axis of the sphere. 

17. A cone, is a solid, bounded by a circle, and a surface, in 
which, any right line, drawn fi^ni the circumference of the cir- 
cle, to a point without it, wholly lies. 

18. That point is called the vertex of the cone. 

19. The cuTle is called the base of the cone. 

£0. A right line, joining the vertex to tlic centre of the base, 
is callcfd the axis of the cone. 

21. The curve surface, intercepted between the circ4inrifer- 
ence of the base and the vertex, is called, the cmiical surface. 

22. Two conical surfaces, so meeting in a common vertex, 
that all right lines passing through tlie common vertex, and 
coinciding with the surface of one of them, coincide also #ith 
the surface of the other, are called, opposite surfaces' 

23. d right cane, is one, whose axis is perpendiailar to its 
base. 

24. Jtn oblique cone, is one, whose axis is not perpcndicalar 
to its base. 

^ 25. Ji cylinder, Is a solid, bounded by two equal and parallel 
circles, and a surface in which any right line connecting the 
circumferences of t'.e circles, and pariUlei to the I'ight line join- 
ing their centres, wholly lies. 

26. One of the circles, on which the cylinder is supposed to 
stand, is called its base. 

9,7. The right line, joining the centivs of the equal and par- 
allel circles, is called the aocis of the cylinder. 

28. The curve surface, between the cireumfercnr^ of the 
circles, is called the cylindrical surface. 
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29. Jt right cylinder, is one \irhose axis is perpendicular to 
the base. 

30. ^n oblique cylinder, is one, whose axis is not perpendicu- 
lar to the base. 

31. A tetrahedronf is a solid figure^ contained by four equal 
and equilateral triangles. 

32. . A cube or hexahedron, is a solid figure contained by six 
equal squares. 

3"^. An qctohedron, is a solid figuro^ contained by eight equal 
and equilateral triangles. 

34. A dodecahedron, is a solid figure, contained l>y twelve 
regular pertagons. 

35. An icosihedron, is a solid figure, contained by twenty 
equal and equilateral triangles. 



POSTULATE. 



That;1)y any right line, apd any point without it, a plain may 
passy and be produced at pleasure. 

Cor, tience a plain may pass by any three points, or by any 
two right lines meeting each other, and therefore, by all the 
angles and side's of any I'ectiiineal ti'iangle. 



PROP. I. THEOK. 



Tfte common section f JSFJ of two plains C^B and CDJ^ is a 

right line. 



For if EF be not a right line, drawing the 
right lines EGF and EHF on the plains AB 
and CD, these right lines would contain a _« 
space, which is absurd {^x. 10. 1 Eu). — **^ 
Therefore the common section of the plains 
AB and CD is a right line. 
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PROP. II. TIIEOR. 



J right line C^FJ, -AfkuA i» perpendtadar to two ri^ht Una 
( JIB and CD) mating each qthtr at the anumtm atxtton (EJ, 
if pt!i7>efwltaitor to f Af plai« jMiMiiif by (Ae Mme r^Al line*. 




On EA and EB take EG and EH equal 
(o each other, and on EC and ED take EK. ^ 
and Et rqu^ to rack other ; draw GK and 
LH, and through E, in the plain pansine bjr 
AB and CD. draw any right line MX 
mreting GK and LH in M end N ; and let 
FG, FM, FK, F^ and FH be drawn. 

Because EG in equal to EH (Cofufr.), 
EK to EI< (by ^ same), and the angle 
KEG to LEH (15. 1 £w.).thc angles EGK 
and EHU and the right linei* GK. and HL 
arc equal (4. 1 En,), and since in the right angled triangles 
FEG and FEB, the right lines GE and EH are equal/ and F£ 
common, FG and FH are cquat (4. 1 £u.) ,- in like manner FK 
andF L maybe proved equal; therefore, the triangles GFK and 
HFIj being mutually equilateral, tlie anglcx FGE and FHLaro 
equal (8. 1 fiu.) ; and since EG is equal to KH (Cimifr.), tlie 
angle GEM to HEN (id. l Ev.), and tl>e angles EGM and 
£HN have been proved equal, EM and EN, us also GM and 
UN areeqnal (26. 1 £«.), wlience, FG and FH having been 
above proved equal, aa also tlie angles FGM and FHN, the 
right line FM is equal to FN (4. 1 Eu.) ; tlicrcrorc, EM havinjf 
been already shewn to be equal to EN, and EF being common 
to the two triangles EMF and ENF, the angles FEM and FEN 
are equal (B. 1 En.), and thererore EF is pcrjiendicular to MN 
(OeJ. 20. 1 En). • In like manner EF might he shewn to be per- 
pendicular to any riglit line drawn througli E in the plain pass- 
ing by A3 and CD, it is therefore perpendicular to the same 
plain \iief. 3. S. Sup). 
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PROP. III. THE OR. 

Three right lines (AB^ AC and JIDJ9 which are perpendicu^nr to 
the same right line C^^Jf ^^ ^^ 'a^'^ J^^'^^ C^Of ore in the 
ULmeflain* 

For if one of them, as AD, be not in 
the plftin passing by the two others AB 
and AC, let some other right line AF 
be the common section of the plains 
passing by AB and AC, and by AE and 
AD ^ and since AE is perpendicular to 
to AB and AC (Ajip.), it is perpendicu- 
lar to tlie plain passing by them (2. 2. 
ftnp.) I therefore EAF is a right angle 

(Def. 2. 8 Bup.)f and therefore ef|ual to EAD, which is also a 
right angle (ffiQi.), whole and part, which is absurd [Ax. 9. lEu.)^ 
therefore the ri^t lines AB» AC and AD are in the same plain. 

PROP. IV. THEOR. 

Two right Une$ C^B and CD J 9 which are perpendicular to the 
sawepUdn (EFJ^ are parallel to each other* 

Draw in the plain EF, the right 
line. BD9 and in the same plaui» 
draw DG perpendicular to BD, 
and equal to AB, and let BG, AG 
and AD be joined. 

Because in the triangles BAD 
and BGDt tlie sides AB and DG 
are emal {Con$tr.\ BD common, 
and die angles AbD and BDG 
equal, being both of tliem right an* 
gles {Hfip. Jkf. 3. 2. 8up. and Constr.)^ AD ard BO are equal 
(4. 1 Eiu)t whence, the triangles A61I and AOD !ia\ iP!^ £ilso 
AB equid to DG, and AG common, the aii^^ie aDG is cqua! to 
tbe angle ABG (8. 1 £ii.), and therefoi^e a right one ; whence 
the rijpit lines DC, DA and DB, being each of them peqiendi- 
ciilar to DG, are in the same plain (3. 2 bup.)^ in which plain 
is also AB {Cor. Post B. 2 Snp.) ; since then AB and CO are 
in the same plain, and tlie angles ABD and CDB right angles 
(ITjfp. and Bef. 3, 2. Aip.}, AB and CD are parallel to each 
other (28. 1 JKu), 
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PROP. V. THEOR. 

If one r^l^Bf see fg. to free. prop.J, of two parallel right lines 
(AB and CD J 9 be perpendicular to a plain C^^J» the other 
(CD) is perpendicular to the same plain. 

Draw in the plain EF, flie right line BD, and in the same 
plain^ DG perpendicular to BD^ and equal to AB, and let B6, 
AG and AD be joined. 

Because in the triangles BAD and BGD, the Bides'AB and 
DG are equal (Co7i3^r.)9 BD common, and the angles ABD and 
BDG ecjualy being each of them right, AD and BG are equal 
(4. 1 Eu.)9 whence the triangles AGB and AGD having also 
AB and DG equal, and AG common, the angle ADG is equal 
to ABG (8. 1 Eu.)9 and therefoi*e a right one ; therefore DG 
being perpendicular to BD and AD, isper))endicular to the plain 
passing by them (2. 2. 8up.)9 in which plain Is DC, since AB 
and DC are in tlie same plain {Hyp. and i)ef. 34. 1 En.), there- 
fore DG is perpendicular to DC {DeJ, 3. 2 Sup.) ; but AB and 
CD being parallels {nyp.\ and the angle ABD right {Hyp, and 
Def. 3. 2 8up.), the angle CDB is also right (£9. 1 Ku.) ; tliei-e- 
fore CD being |)cr[)ehdicular .to both BD and DG, is perpeiidi* 
cular to the plain EF in which they are (2. 2 Sup). 

PROP. VI. PROB. 

On a given plain (AB), from a given point (CJ not therein, 

to let fall a perpendicular^ 



Having drawn DE at pleasure in 
the plain AB, let fall thereon fi-om 
the i)oint C, the perpendicular CF J^ 
(12. 1 Eu.), in the plain AB by F 
draw GH perpendicular to DE (11. 
1 .Eu.), and let fall thereon from the 
point C the perpendicular CK, (12. 
1 Eu.\, which is the i)er|icndicular re- _^__________.^__ 

quired. IB IBC 

For tlirough K having drawn LM parallel to DE (31. 1 Eu.)^ 
because DF is perpendicular to FC and FK (Constr.), it is per- 
pendicular to the plain passing by them (2. 2 iSifp.)* In which 




BOOK TI. S0£IB9« S79 

plain is CK (Cor. Post. B. 2, 2. fifiip.) ; whence LK, being par- 
allel to DF (C^wwfr), is perpendicular to the same plain '5. 2 
Sny.)^ and thcrerore the angle CKL is a right angle [Def. 3. 2 
Snj).); whence, the angle CKH being also a right angle 
Cntistr.)^ CK is perpendicular to the plain passing by KL and 
KU (2. 2 Sup.), or to the plain AB. 

PROP. VII. PROB. 

To a given plain (JiBJ, at a given point therein (CJ, to erect a 

perpendicular. 



T 



»> 



iE 




From any point D without the plain AB, 
let DE be di*awn perpendicular to it (6. 2 
8up.)9 and tlu*ough C draw CF parallel A.^ 
to £D (31. 1 Eu.) ; and because ED 
is perpendicular to the plain AB (Constr.)^ 
CF9 which is parallel to it^ is perpendi- 
cular to. the same plain (5. 2 Sup.), and 
therefore what was required is done. 

PROP. VIII. THEOR. 

From the same paint in a plain, there cannot be two right lines at 
right angles to the plain, ou. the same side of it : and there can 
be but one perpendicular to a plain from a point above it. 

Fory if it be possible, let two right lines 
CD and CE be at right angles the same 
plain AB, from the same point C in the 
plain, and on the same sidc^ 
a plain pass by CD and 
2 Sup.), the common section 
ilic plain AB is a right line passing by 
(1.2 Sup.) ; let FCG be their common sec- 
tion, thci*efore the riglit lines CD, CE and FCG are in the samo 
plain I and because CD is perpendicular to the plain AB {ffyp.). 
It is perpendicular to every right line drawn tiirough C in that 
plain {Def. 3. 2 Sup.), and therefore to tlie right line FCG, 
therefore tlie angle DCG is a right angle ; for a like reason 
ECG is a right angle ; tlierefore the angles ECG and DCG arc 
equal, part and whole, which is absurd. And from a point 



tide of it ; and let '^ r W • / 

CE {Cor. Post. B. / V  L 

fmn of which with ^/ jj 7^ 

line passins: by C L— — — — — 'B 
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above a pliuii) there can be but one perpendicular to the plaia, 
for ir tliei-n could be two, thej^ would be parallel tu each other 

(5* 3 8tip,)t which in absurd. 



PROP. IX. THEOB. 



Jfa right line fJBJ be perpendiadar to a plain fCD), aUthc 
plmns drawn tha-eby are perpetuHcular to the tame ^aith 



Let EF be a plain pasiiing by AB, 
and ko. tlic common ruction thereof 
with the plain CD, fi-om any point 
■wlicrclii 11 in the plain KF, let 
HK be drawn iwrpi-ndicular to E6 
(11. 1 Kv.), wliicli, the angles ABH 
and'^^KUB being each of tlieoi right 
angles, is pai-allel to AB (SB. 1 JSu.), 
and tliti-ctiii-e perpendicular to the 
pliiih 01* {Hyp. ^ 3. 2 Sup.) ; the like 
nuighthoprovcdofany right line drawn 
in tl>o plain EFperjwndicular to the common section ECti 
fore the plain ^i perpendicular to the plain CD (_J)ef. 4. S 
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, there- 
8up,}i 



the like might bo proved of any other plain pasNing bj AB. 

Cor. If from tlie point (B), wherein a perpendicular (AB) to 
a plain (CD) meets it, a perpendicular (BG) be drawn to any 
right line (DL) in tlie satnc plain ; a i-ight line (AG), joining an;' 
IHtiiit (A) in the i»erpciidicular to tlie plain, to the point (G) 
where the pcrjicndicufai- to the right lino meets it, is peniendi- 
cula^tdllic same right line (DL). 

Ill tlie right line DL take equals GD and GL, and join BD, 
BL, AD and AL ; the triangles BGD and BGL rigtit angled 
at G, having BG and GD Bcvcrally eipial to BG and GL, 
the right lines BD mid BL arc equal (4. 1. £ii.); whence, tbfe 
triangles ABU and ABL having AB common, and the angles 
at' B right {Jfyjt. and Def. 3. 2 8up.), AD and AL are equal 
(4. 1 £u.); whence, the triangles AGD luid AGLhavinvAG 
common, and GD equal to GL, the angles AGD and AGL ore 
e^ual (B. 1 Eu.), and therefore right {Vef. 20. 1 En). 
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PROP. X. THEOR. 

Jf two plains C^B and CBJ, intersecting each other , he perpendi' 
cular to a third (ADC) ; their common section (DBJ m perpen- 
dicular to the same plain. 

If DB be not perpendicular to the plain 
ADCy draw fi*om the point D in the plain 
AB9 the right line DE perpendicular to AD 
(11. 1 EuJ) ; and in the plain CB, from the 

f^oint D, draw DF |)erpendicular to CD 
hf the iame) ; and because the plain AB is 
|)ei«pendicular to the plain ADC, and DE is 
llrawn in the plain AB, perpendicular to AD 
their common section^ OE is perpendicular 
-to the plain ADC (De/*. 4. S 8up)> In like manner DF may be 
proved to be perpendicular to the plain ADC. Therefore two 
right lines DE and DF are at right angles to the same plaia 
ADC, on the same side of it» at the same point D^ which ia 
absurd (8. 2. Sup.) . Therefore there cannot be any right line 
perpendicular to the plain ADC at the point D, except hV^ ; 
therefore DB is perpendicular to the plain ADC. 

Pr6p XI. THEOR. 

Two right lines CAB and CDJ9 parallel to the same right line 
(EFJf which is not in the same plain with them, are parallel to 
each other. 

From do J point G in EF, let two 
perpendiculars 6H and GK to EF 
be drawn (11. 1 Eu.), one in the 
plain passing by EF and AB, and 
the other in that passing by EF and 
CD, meeting AB and CD in H and 
K ; and EF being perpendicular to 
GH and GK {Constr.), is perpendi- 
cular to the plain passing by them (2. 2 Sup.) ; whence AB and 
CD being parallel to EF, are pwr^ndicular to the same plailt 
{5. 2 Sup.)^ and therefore parallel to each other (4. S. Sup). 
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PROP. XII. THEOR. 



/'• two right lines (AB and AC)^ ^meting each other (as in JiJ, he 
parallel to two others (^/^A' and DFJ, likewise meeting each 
other fas in DJ, though not in the same plain with Uiem; the 
first two and the last two contain equal angles. 



Let AB and BE be taken equal to each 
other, and also AC and DF, and letBC, EF, 
BE, AD and CF be drawn. And since AB 
and DE are equal and parallel, BE and AD 
are equal and parallel (33. 1 Eu.); in like 
manner CF may be shewn to be equal and 
parallel to AD ; therefore BE and CF are 
equal and parallel to ojir^ otlier {Jix. 1. 1 and 
30. 1 Eu.)9 and therefore BC and EF are 
equal (33. 1 Eu.\ ; whence the triangles ABC 
and D^^ being mutu^iij rquiiateral, the an- 
gles BAC and Jb^ui? are equal (8. 1 Eu). 




PROP. XIII. THEOR. 

Flains (JiB and CDJ, to which the same right line C^^) isptr- 

peiidicular, are parallel* 



For if not, let them, being produced, 
meet, and let their common section be the 
right line GH, to any point wherein as 
K, having drawn EK and FK,theant^1cs 
KEF and KFE ai-e each of them right 
angles [Hyp. and Def. 3. 2 Sup.)^ and so 
two angles of the triangle KEF are equal 
to two right angles, which is absurd (17. 
1 Eu.) ; therefore the plains AB and CD 
being pi-oduced, do not meet each other, 
and are therefore parallel {Def. 7. 2 Sup). 
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PROP. XIV. THEOR. 



If two right lines C^^ o,^ ^^Jp meeling each other, he parallel to 
two others (DE and DFj, which meet eacli other 9 but are not in 
the same plain with the former two; the plain (BC), passing 
by the former two, is parallel to that (EFJ, passing by the 
others* 




'From Ay let fall Hie perpendicular AG 
on the plain KF (6. 2 Sup.), and from 
the point G» wherein it meets the same, 
draw GH parallel to D£ and GK to 
DF (31. 1 Eu.) ; and since AB and GH 
are each of them parallel to DE» they 
are parallel to each other (11. 2 Sup,), 
and therefore the angle AGU bein.^ a 
ri,«^ht angle {Constr. and Def, 5. 2 Sup.), 
GAB is a right angle (29. 1 Eu.) ; in like 

manner might GAC be shewn to be a riglit angle ; tlierefore 
GA being perpendicular to AB and AC, is perpendicular to the 
plain BC passing by them (2. 2 Sup.) ; whence, tlic ri(;ht line 
AG being likewise perpendicular to the plain EF {Constr.), tiie 
plains BC and EF ai^e parallel (IS. 2 Sup). 

Cor. Hence it aj)poars how a plain may be found, passing 
thi-ougli any given point, as l), parallel to a given plain BC j 
namely^ by di*awing in the given plain two right lines AB and 
AC, from any point therein A, and drawing i'r.nw the given jKunt 
D, two right lines DE and DF parallel t(» AB and AC- (31. 1 
En). The plain pas,siiig by the right lines DE and Uh {Post. 
to B. 2 Sup.), is parallel to the givoii jiliun BC (14. 2 Sup.), as 
wa3 required to be found. 
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PROP. XV. THEOB. 



If hooparaUd plains (JB and CD J be eat by a third ("EFJ j their 
common $ectums fEO and HFJ are paralM. 



For if not, let them, being produced, meet, 
as ill K., and since the plains A B and CD, be- 
itig pi-wluccd, coincide with these right lines 
GE and Ftf {Def. 4 and 7. 1 Eu.), these 
plains being produced meet also in ^, which 
IS aUiiuri {Hyp. and Def. 7. S Sap.)i theretore 
the common sections GG and FH being pro> 
duced towards G and H do not meet ; in like 
manner it may be shewn, that they do not 
meet towards G and K, therefore they do not 
meet beiii^ produced eitlter way, and are 
tlicrelbre parallel {Def. 34. 1 Eu). 
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PROP. XVI. THEOR. 



Parallel plains fas JO, CD and EF), cut right Hwa ffU 6B 
ami KLJ pntporHoMdly. 




Let the right line GU meet the par- 
allel pliiins in M, N and 0, and K.L the 
same plains in F, Q and R ; MN is to 
NO, asl*<iistoQR. 

Join MI* and OR, also MR meeting 
the plain CD in S, and join SN and 
S(^ ; and because the parallel plains CD 
and LF ara cut by the plain MRO, the 

common st>ctions hs and OR are parallel (15.2 Sup.)^ in lik« 
manner, sincetlie parallel plains AB and Cl> are cut by the plain 
MFR, Uic common sectionji MP and S(,t itre parallel [h/ the 
,v«mc) : whence, in the triangle MOll, the right line NS being 
rarallcl to OR, MN is to NO, aa MHlo SR (2. 6 Eu.) ; in like 
inaiiiier, in the triangle MPR, SQ being parallel to MP, MS is 
to UR, HH Fti to QR {by the same) ; whence, the ratios of MN to 
K 0, and of PQ to QR, being each (x^ual to that of MS to SR, 
ai e 6C[iial to eacb other (11.5 £u). 
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PROP. XVII. THEOR. 

Of three plain angles forming a solid angle^ arty two whatever are 

greater than the third. 

Let the solid angle A be formed by three 
plain angles BAG, CAD and DAB. Any 
two of them are greater than the third. 

If the angles BAG, CAD and DAB be 
equal, it is evident that any two o^' them are 
greater than the third ; if not, let BAG be 
that angle which is not less than either of the 
other two* and is greater than one of them BAD, and from the 
angle BAC take BAE equal to BAD (23. \ Eu.)^ 1;ake AD and 
AE equal to each other, through E draw the riglit line BEG 
meeting AB and AC in B and G, and draw DB and DC ; and 
because in the triangles BAD and BAE, the side AD is equal to 
AE {Constr.)f AB common, and the included angles BAD and 
BAE equal {Cmstr.j^ BD is equal to BE (4. 1 Eu.) ; but BD 
and DC together are gi*eater than BC (20. 1 Em.), taking from 
each the equals BD and BE, there remains DC greater than EC 
{Jx. 5. 1 Eu.) ; whence, AD and AC being severally equal to 
AE and AC, the angle DAG is greater than the angle EAC 
(25. 1 Eu.), to which adding the equal angles BAD and BE A, 
the angles BAD and DAG together, are greater than BAE and 
EAC together* or than the whole angle BAC (j3^. 4. 1 Eu.) ; 
and the angle BAG, being not less than either of the other two, 
h with either of them, greater than the other. 
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PROP. XVIir. THEOR. 




The plain angles, whidi constitute any sdid angle, are together less 

than Jour right angles. 

Let A be a solid angle, contained by any 

number of plain angles BAG, CAD, DAE, 

EAF and FAB, these ai-e togetlier less 

than four right angles. 

Let the plains which contain the solid 

angle A be cut by another plain BCDEF ; 

and of the three plain angles which contain 

the solid angle at B, the angles ABF and 

ABC are together greater than the third 

CBF (17. 2 Sup.) ; for the same reason, of the three plain angles 

^hich contain each of the solid angles at C, D, E and F, the 

two which are at the bases of the ti'iangles having their com^ 

mon vertex at A, arc together greater than the third, which is 

one of the angles of the figure BCDEF ; therefore all the angles 
at the bases of tlie triangles having tlieir common vertex at A 
sere together greater than all the angles of the figui-e BCDEF ; 

but all the angles of the figure BCDEF arc equal to twice as 
many riglit angles, except four, as the figui'e has sides (Cor. !• 
S2. 1 En.)f therefore all the angles at the bases of tlie triangles 
having their common vertex at A aiH; greater than twice as many 
riglit angles, except four, as the figure has sides ; and all the 
angles of these triangles are equal to twice as many right angles 
as the figure has sides (32. 1 tlu.)f therefore the angles of these 
triangles wliichare at their common vertex A, being those which 
contain the solid angle A, are less than four right angles : 

Cor. From this proposition it follows, that there can be no 
more than five solids contained by equilateral and equiangular 
plain figures, or as they are usually called, regular solids, name- 
ly, three contained by ecpii lateral triangles, one by squares, and 
one by regular pentagons. 

For a solid angle cannot be contained by two plain angles, 
three at least are rc([uired. 

And since tlic three angles of an equilateral triangle are equal 
to two right angles (32. 1 Eu.), six sucii angles ai^e equal to four 
light angles, and therefoi'c cannot constitute a solid angle (bij 
this prop.) ; and since six angles of an equilateral triangle are 
equal to four right angles, Ihicc, four, or ii\e such angles^ are 
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less than four rij^ht angles, and can therefore constitute a solid 
an)2;ley as is manifest from this proposition; but three such angles 
form the angle pf a tetrahedron or equilateral pyramid, see Def. 
31. £ Sup. ; four such angles form the angle of an octohedron, 
see Def. 33. 2 Sup. ; and five such angles form the angle of an 
icosihedi*on9 see Def. 35. £ Sup. 

Three angles of a squai*c form the angle of a cube or hexahe- 
dron, see Def. 3£. £ Sup. ; four such angles are equal to four 
right angles, and therefore cannot constitute a solid angle. 

And since the five angles of a regular pentagon are equal to 
SIX right angles [Cor. 1. 32. 1 En.), any one of its angles is ecjual 
to a right angle and a fifth of a right angle, and therefore three 
such angles are equal to three right angles and three fifths, and 
three such angles form the angle of a dodecahedron, see Def. 34. 
£. Sup. ; but four such angles are equal to four right angles and 
four fiftlis, and therefore cannot form a solid angle {by this propy 

And since six angles of an equilateral triangle, or four angles 
of a square, are equal to four right angles, and four angles of a 
regular pentagon ai'e greater than four right angles, therefore 
more than six angles of an equilateral triangle, or than four of 
a square, or than four of a regular pentagon, are greaterthan 
four right angles, and therefoi*e cannot constitute a solid angle 
{by this prop). 

And since the six angles of a regular hexagon are equal to 
eight right angles (Cor. 1. 3£. 1 £it.), three such angles are equal 
to four right angles, and thei-efoi'e cannot constitute a solid 
angle {by this prop) ; neither therefore can any greater number. 

And since three angles of a regular hexagon are equal to four 
right angles, three angles of a regular heptagon, or of any I'egu- 
lar polygon of more than six sides, are greater than four angles, 
as also easily follows from Cor. 1. 32. 1 Eu., therefore all regu- 
lar polygons of more than five sides are incapable of forming a 
solid angle, and therefore there can be no more regular solids 
than the five mentioned in tliis corollary* 

• SdioL — It is manifestly supposed in this proposition, that 
when the solid angle is contained by more than three plain angles, 
any of the legs of the plaiii angles which form the solid angiomas 
AC^ Calls without the plain passing by the two adjacent legs AB 
and AD. 
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PROP. XIX. THEOR. 

Tht section of a plain uilk the mrjace of a sphere fADBSJf is t 
circle, whose centre is m the diameter of the sphere which « per- 
pendicular to llie pUdn. 
Part 1. ir the section pass 
through the cc-nti-e C of tlie 
sphppe, as the section AFBG, 
(he proposition is manifest, 
since all rif^ht lines, as CB and 
CG, drawn from the centre C 
to the surface of thesphere, and 
therelorc to the perimeter of 
tlie section, are equal (iJef. 12. 
a 8up.), which section is tliere- 
foie a cu-cle [Def. 10. 1 Eu). 

Fart 2. But if the section 
do not pass tlii-ougli the centre 
of the sphere, as tlie section 
HLKM, let CO be a perpeniliculat- drawn from the centre C tt 
the plain HLKM (6. 2 Sup.) ; through O draw, in the plain 
II LK, ai>y two right lines whatever HK and LM, meeting the 
section HLKM in the points H and K, L and M, and draw 
CM and Ck ; and hecausc the triangles COK. and COM havt 
the angles at O right ( Constr. and Def, 3, 2 Sup.), the sides CK 
and CM etiual to each other {Def, 12. 2 Sup.), and CO common 
to both, the sides OK and OM are equal (Cor. T. 6 Eu.) ; in like 
manner, may all right lines drawn from O to the perimeter at 
the section HLKM be pi-oved equal to each otjier, which sectjon 
"Utliercforc a circle {Def^ 10. I hii.), whose centre is in the di- 
ameter of tlie sphere DK, which is perpendicular to the ulain 
HLKM. 

Car, From tliis proposition it apjicars, how the centre of a 
given sphere may be found, namely, by finding tlie centre O of 
any circle BLK formed by the intersection of a plain with its 
surface (l. 3 Eu), di-awing tltrougb that centre a perpendicular 
to the plain (7. 3 Sttp-), to meet tlie surface of the sphere both 
ways as in D and K. and bisecting DE in C ; the |>oint C is the 
centre of tlie sphere. 

If the centre of tlic sphere be in DE, 'tis plain, C must be that 
centre; if the centre werti in any point without DE, right lines 
being drawn, in the plain passing by DE and that )K)int from 
thbt point to and the intersections of the same plain with the 
circle HLK, a like absurdity might be shewn to follow, as in !« 
3ii«. 
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PROP. XX. THEOR. 



Jiny platHf passing through tlu vertex of a contf and cutting the 
drcumference of its base, cuts the opposite surfaces m two right 
lines, and in tliem only* 

For if firom the points in which this plain cuts the cirCuitiler' 
ence of the base» two right lines be drawn to the vertex, they are 
in the cutting plain {Bef. 4 and 7. 1 Eu.y and in the conical 
surface {Def 17.2 Sup.)9 and, being produced beyond the ver- 
tex, in the opposite surface (Def. 22. 2 8vp.) ; therefore the plain 
passing through the vertex cuts the opposite surfaces in these two 
tight lines ; and since the intersection of this plain with tlie base^ 
which is a right line (1. 2 i^up.), cannot cut tlie circumference of 
the base in more than two points, that plain cannot cut Uie coni«' 
cal surface in more than these two right lines. 

Cor. The intersection of a plain, parsing through the vertas* 
of a cone, with the conical surface and base^ is a triangle. 
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PROP. XXI. THEOR. 

jjf either of the apposite snrfficeB of a cone be cut by a plain poraiW 
to the Mse, the section is tlu dreumference 0/ a eirdt vhose ecH- 
tre is in the axis of the cone. 

Let ABO be a cone, wlinse vertex is A, 
anil iti base the circle BELDL, of wliicb C 
ia tlie centre ; AC is its axis {Oef. 20. 2 
Bup.) ; let EdFH be tlie section of a plain 
parallel to tlie baae, with one of the oppo- 
site surfaces ; EGFH is a circle, whose 
centre is in the axis AOC. 

Let tlie cone be cnf by any two plains 
paasing by the nxis AC, m.niiig the tri- 
angles ARIt aiid AKi, ,^ur. W. 2 8np.), 
and let these trian^ics, produced if neces- 
sary, meet tlic luuin EGFH in the right 
lines E jr andGOH ; because of the par- 
allel plains, the right lines EF and BD, aa 
also GH and KL, are parallel (15. 2 
8up^ ; therefore, the triangles AOF and -at 
ACD, as also AOH and ACL, are equi- 
angular, and therefore the ratios of CD to 
OF, and of CL to OH, are each of them equal to that of AC to 
A0(4. 6 and 16. 5£u.), and therefore to each other (11. 5 Eu,) j 
whence, CD andCL being, on account of the circular base of the 
cone, equal, OF and OH are equal (14. 3 Eu). In like manner 
it may be shewn, that any other two right lines, drawn from O 
to the section EGFH are equal ; since therefore all right lines 
drawn from to that section are equal, that section is the cir- 
cumference of a circle whose centre is 0, and therefore in the 
axis AC of the cone. 

Cor, Hence it follows, that any diameter of such a section 
passes through the axis of the cone ; and any right line, drawn 
in the plain of such a section, through the axis of tlie cone, is a - 
diameter of the section. 
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PROP. XXII. THEOR. 

If an oblique cone be cut by a plain passing by the axis and at right 
angles to the basCf and be cut b^y another plain perpendicular to 
iheformer^ and cutting off from the triangle^ whichisthe section 
of the former with the cone^ a triangle similar to that triangle, 
but placed subcontrarily, namely 9 so that the equal angles be at 
different right lines formed by the section of the first plain with 
tlie conical surface; the section of the conical surface by the latter 
plain^ is the circumference of a circle, whereof ilie intersection of 
the two drawn plains is a diameter. 

Let ABC be a cone, A its 
vertex, BC its base, and tlie 
triangle ABC the section with 
the cone, of a plain passing by 
the axis and at right angles to 
the base {Cor. 20. 2 8up.) ; 
let DEFG be the section with 
the rone, of a plain perpendi- 
cular to the plain ABC, and 
cutting off from the triangle 
ABC a triangle AFD similar 
to ABC, but placed subconti*a- 
rily, namely, so that the angle 
AFD be equal to the angle 
ABC ; the section DEFG is a 
ciiTle, of which the intersec- 
tion DF of the plains ABC 
and DEF is a diameter. 

Let the riglit line HK he the 
intersection of the plain DEF 
with the plain of the base ; 
from any point E in the sec- 
tion DEFG, draw ERG parallel to HK, meeting T)F in R. and 
through R, in the plain ABC, draw LM parallel to BC; the 
plain passing by ERG and LRM is parallel to the base BC 
(14. 2 8np.)f and therefore its intersection with the surface of 
the cone is a circle M'hose diameter is LM (21. 2 and Cor. 21. 2 
Sup,) : and because both the base and the ])lain DEF are perpen- 
dicular to the plain ABC {Hiip,\ their intersection HK is |)er- 
pendiculartothe same plain produced as necessary (10. 2 -Sm;^), 
and therefore ER, which is par.illel to HK (Cfww/r.), is perpen- 
dicular to the plain ABC (5. 2 8up ), and thei*cfore to botli the 
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rljBTbt lines LM and OF (Def. 3. £ Sup.) ; whence, because of ttie 
circle LEM. tlie nquai-e of EK is equal to the rectangle LRM 
(S and S5, 3 Eu.) 5 but the angle MFR is equal to the angle ABC 
(»i/p.)» or its equal (29, 1 Eu.), DLR, and the angles FRM and 
DRL are equal (15. 1 Eip.), therefore the triangles FRM and 
DRL are equiangular (32. 1 Eu.)^ and FR is t<i RM, as LR to 
RD (4. 6 fill.), and therefore the rectangle DRF is equal to the 
rectangle LRM ( » 6, 6 Eu.)^ or to the square of ER, Therefore 
the point E is in the circumference of a circle described about 
the diameter DF in the plain DEF, for if RE met the circum-r 
fpfonre of a circle so described, in any other point on the part 
£ of DF, tlie rectangle DRF would not be equal to the segment 
of re; between OF and the circle, contrary to 3 and 35. 3 Ea. 
In like manner any other point in the section DEFG may be 
proved to be in the circumference of a circle described about the 
diameter DF in the plain DEF, which section is therefore the 
(cir^'Miference of a circle, where4)f DF is a diameter. 

Scholium. A section Qf this kind is called, a suhcotUnry $tG^ 
Hon 

CkfTf From this proposition, the preceding, and Def. 17. 2 
6u|i., it follows, that any circle formed by a plain parallel to the 
base of a cone, or by a subcontrary section, may be considered 
gs the base of a cone having the same vertex, as th^ original one* 

PROP. XXIII. THEOR, 

^the intersection of a plain not parallel to the base of a conCf wiih 
the conical surface, be the circumference of a circle f the section is a 
subcontrary one. 

Let the intersection DEFG, s«e fig. to the preceding proposi- 
tion, of a plahi, not parallel to the base BC of a cone, with the 
conical surface, . be the circunifei'ence of a circle ; the section 
P£)FO is a sqbcontrary one. 

Let the conical surface be cut by two plains parallel to the 
base, making the circles LEMG and NOPQ, and intersecting 
the plain DEFG in the right lines EG and OQ. which are par- 
allel (15. 2 Sup ) ; draw diameters LM and NP, of the ci]*cles 
LEM and NOP, peqiendicular to the right lines EG and OQ, 
and mi'eting them, in the pointii R and S ; the right lines EG 
and O..^ ai*e bisected in R and S (3. 3 Ji^u.), and LM and NP ai'e 
parallel, for if any other right line drawn through S in the plain 
JJOP, except NP, were parallel to LM, the angle made by that 
jtar^el with S(^ would not be equal to the angle LRG, contrai-y 



to 12. S Sup. ; and the diameters LM and NP pass by the axis 
of the cone {Cor. 21. 2 Sup.); therefore the plain ANLBCMP 
passes by the axis of tlie cone ; let the right line DF be the inter- 
section of this plain with the plain of the circle-DKFG ; since 
therefore DF passes through the points R and S,'^an«i therefore 
bisects the parallels EG and OQ, it is a <liaineter of the cii*cle 
DEFG, for if any other fight line, bisecting one of them not 
passing through the centre, weT*e a diameter, it would bisect it 
perpendicularly (3. 3 JBIi&,)« and would therefore, because of the 
parallels, be perpendicular to tiie other (29. 1 Eu.)f and therefore 
would hisett that other (3, 3 Eu.)9 which would of course be 
bisected in two points, which is absurd ; and that DF is a diam- 
eter appears also from Cor. £. 32. I Sup., and it is perpendicu- 
lar to the right lines EG and OQ (3. 3 Eu.) ; since therefore EG 
is perpendicular to the right lines LRM and DRF, it is perpen- 
dicular to the plain ABC passing by Uiem (2. 2 Sup.), and 
therefore the plains DEFG and LEMG and of course the plain 
of the base, are perpendicular to the plain ABC passing by the 
axis (9. 2 Stip.) ; but because of the circles LEM and DEF, 
each of the rectangles LRM and DRF are equal to the square of 
£R(3 and 35. 3 Eu^), and therefore to each other, therefore DR 
8 to LR, as RM is to RF ( i6. 6 Eu.), and the angles DRL and 
FRM are equal (15. 1 Eu»U therefore the triangles DRL and 
MRF ai-e equiangular (6. 6 Eu.), and the angle MFR is equal 
to DLR, or its equal (29. 1 Eu.), ABC ; therefore the section 
DEFG is a subcontrary section (^SchoL 22. 2 Sup). 

Cor. Hence the section made, by a plain witli a conical sur- 
face, which is neitlier a subcontrai*y section, nor made by a 
plain, which is pai*alle) to the base, is not the circumference of a 
circle 
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PROP. XXIV. TBEOR. 

if a cone be cut by a plain neither passing through its vertex^ nor 
paraUd to its basef nor placed subcontrarily ; the section is an 
dUpsCf hyperbola or parabola ; the intersection of that plain with 
a plain passing by tlhe axis of the cone^ and a right line drawn 
through the centre of its basCf perpendicular to the common section 
of that plain with the base of the conCf being a diameter of the 
section ; the section being an ellipse ; when this diameter meets 
the conical surface of the cane twice ; a hyperbda^ when it meets 
the apposite conical surfaces ; and a parabola^ when being parallel 
to a right line drawn from the vertex of the cone to the circum- 
ference of its base, it meets only one of the conical surfaces, and 
but once. 

Let a cone ABC, sec fig. 1, 2 and 3, be cut by a plain PEP, 
neither passing tlirougb its vertex, nor parallel to its base, nor 
placed subcontrarily ;let HK be tbecomnaon section of this pi j» in 
with the plain of the base, D the centre of the base, DG a ru, t 
line, drawn througli D perpendicular to HK, ABC the tria»i£^u- 
lar section of the cone with the plain passing by the axis aud 
DG, and EG tlie intersection of the plains f'EF and ARC ; tlie 
section PEF is an ellipse, hyperbola or parabola, of which EG 
is a diameter ; tlie section being an ellipse, wlien the diameter 
EG meets the conical surface of the cone ABC twice, as in E 
and L in fig. 1 ; a hyperbola, when it meets the opposite conical 
surfaces, as in E and L in fig. 2 ; and a parabola, when the 
diameter EG, being parallel to a right line AC, drawn from the 
vertex A of the cone, to tlie tircumfeience of its base, meets only 
one of the conical surfaces, as in E in Rs;. 3, and but once. 



laetfrst EG meet the conical sur- 
face of the cone ABC in E and L, 
and let there be taken in the section 
any point P, and draw PO ])arallel 
toHK meeting EL in 0, and thro* 
O draw MN parallel to BC ; the 
plain passing by MN aud PO is 
parallel to that passing by BC and 
HK (14. 2 Snp.);t\iciv\\)rQ t!ie sec- 
tion by the plain POM is a circle 
whose diameter is MX (fll. 2 and 
Cor. 21. 2 Sup.), and Ixcansclhe 
angle BCH is a right angle (/%.), 
'MOP is a right angle (12-2 Sup.), 



Fig. 1. 




therefore the sqiinre of PO ise<|iia1 to the rectaTiKteM0N(3and 
35. 3 Eu). In like manner, ifmiyothrr jMint T be tfiken in the 
section PEL, and TQ he drawu to £L iiamllel to HK or PO, 
and Uirough Q, RS he drawn parallel to BC, it may be shewn, 
that the square of TQ is equal to the rectangle RQ.S ; therefore 
the square of PO is to the sqnareof TQ, as the rectangle EOL 
is to the rectangle KQL {Cor. l. 7. 5 Eu.) ; but, because of the 
equiwigular triangles EMO and ERQ. LON and LQS. MO is 
to RQ, as EO is to Eg, and ON is to <jS, as OL to QL (4. 6 
and 16. 5 Eu.), therefore the ratios of the rectonglc MON to 
thf rectangle RQS, and of the rectangle EOL to tne rectangle 
EQL, being compounded of these equal ration (SS. 6 Eiu), are 
equal (22. 5 Eiu) ; therefore the square of PO is to the square of 
TQ, as file rectangle EOL is to the rectangle EQL (11. 5 Eu). 
Let an ellipse be described with the diameter EL, its verticeH 
being E, and L, and tlie ordinate PO (85. 1 Sup.), and because 
the square of TQ is to the square of PO, as the rectangle EQL 
is tlie rectangle EOL, the jioiiit T is in the ellipse {Car. 3. 40, 1 
8vp.): in like manner it may be shewn that any other i>ointin 
the »;ection PEL is in tlie ellipse; and since the section, being 
nellhrr a subcimtrary one, nor parallel to the base of tlie cone 
{Uyp.), is not a circle (Cor. 23. 2 Sup-), it is an ellipse, 
of which EL is a diameter. 

Seamdly. het KG priMluced meet 
the opposite conical surface in L, let 
H and K be the points in which UK 
mcetH the circunifei'eiice of the base of 
the cone, from any point P in the 
section HEK, draw PO parallel to 
HK. meeting EG in 0, aiid through 
O draw MN parallrl !o BC ; as be- 
fore, the plain by PO and MO is par- 
allel to that by UG and B G, or to the 
base of the cone, and tlie angle POM 
equal to HGB, and therefore a right 
angle, therefore the square of PO in 
equal to the rectangle MON (3 and 35. 
3 Eu.)i in like manner it may bo 
pi-oved, that the square of£IG iHecjual 
to the rectangle BGC ; therefore the 
aquare of PO is to tlie square of II G, 
as the rectangle MON is to the rect- 
angle BGC ,Cor I. 7. S Ev.) ; but, 
hecausa Qf tha cc^uian^lar trianglcp 
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MOE and BGE. LON and LOG. MO is to BG, as EO is to 
EG, and ON to GC, as LO to LG ; therefore tlie ratios of the 
rectangle MON to BGC and of EOL to EGL, beins compounded 
of these equal ratios (23. 6 En.), are equal ('JS, 5 Eu] ; there- 
fore the squaiv of I'O is to the square of HG, as the rectangle 
EOL is to the rcctanjjle EGL fll. 5 En). Let a hyperbola be 
described with the diameter EL, its vertices being E and L. and 
the ordinate HG (85. I Snp.), and, because the square of PO is 
to the square of HG, as the rectangle EOL is to the rectangle 
EGL, the point P is in the hyperbola {Cor. 3. 40. 1); inriike 
manner it may be shewn, that any other point in thie' section 
HEK. is in the hyperbola, and therefore that section is a hyper- 
bola, of which EL is a diameter- 

Thirdly. Let EG be parallel to a 
right line AC drawn from the vertex A 
of the cone to tbe circumference of its 
base, let H and K he the points in which 
BK meets that circumference, from any 
point P in the section HEK draw PO 
parallel to HK, meeting EG in 0, and 
through draw MN parallel to BC ; 
as before, the plain by PO and MN is 
parallel to that by UG and BC, or to 
the base of the cone, and the angle 
POM equal to HGB, and therefore a 
right angle, therefore the s(|uare of PO 
is equal to the rectangle MON (3 and 
35. 3 Eu). In like manner it may be 
sIiewD, that the square of HG is equal to the rectangle BGC ; 
therefore the square of PO is to the square of HG, as the rect- 
angle MON is to the rectangle BGC {Cor. l, 7. 5 Eh.), or, be- 
cause of tiie equals ON and GC (34. t Eu.), as MO is to B6 
- fl. 6 Eu.), or, which is, because of the equiangular triangles 
MOE and BGE, equal (4. 6 and 16. 5 Eu.), as EO is to EG. 
liCt a parabola he dcsci-ibed with the diameter EG, its vertex 
being E, and ordinate HG (83. 1 ^ip-), and because the square 
of PO is to the square of HG. as EO is to EG, tlie point P is in; 
the parabola (Cor. 3. 40. I 8iip.); in like manner it may be 
shewn, tliat any other point in the section HEK is in the p&va- 
bola, and therefore tltat section is a parabola, of which EG is a 
diameter. 

Sdwliitm. From the five preceding propositions it appears, 
that the figures formed by tlif intersection of a plain with a coni- 
cal surface, are the same, as tltose defined hi Def. 1  I Sup. 
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ELEMENTS OF SPHERICAL TRIGONOMETRY. 



Note. — In svbsequent citations, Sph. 2V. denotes, Spherical 
Trigonometry, 



DEFimTIONS. 



1. Ji great drde of a sphere, is one^ whose plain passe$ 
througli the centre of the sphere. 

2. The pole of a circle of a sphere, is a point in the surface 
of the sphere, from wliich all right lines drawn to the circumfer- 
ence of the circle are equal* 

3. J3t spherical angle, is an angle on the surface pf a sphere, 
contained by the arches of two great circles which meet each 
other I and is the same, as that which the plains of these circles 
make with each other ; being the angle contained by two right 
lines, drawn in the plains of these circles, perpendicular to the 
line of common section* from the same point therein. 

4. 4 spherical triangle, is a figure on the surface of a sphere^ 
comprehended by the arches of three great circles* 
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PROP. I. THEOR. 



Mi gratl tiretea of the same sphere are equal; andoat/ twii of them 
bUect each otiier. 



Their radiuses being equal, as being ench of them equal to the 
radius of the sphere, the cirrlcs are equal (Cor. 2- 24. 3 Eu). ' 

And since any two nf tUem have the same centre, namely, th6 
centre of the sphei-e, their common section is a diameter ofboth» 
aird therefore, bisects both {24. 3 Eu), 

Cor, 1. The arches of two great circles of a sphere, being 
less than semicircles, dn not contain a space ; for, by-tliis pro- 
jwsition, they only meet in opposite pointe of the circles. 

Cor. 2. Two semicircles, meeting each other in oppoRite 
points, form equal angles at these opposite points, as is manifest 
from Dcf. 3, Spli. Tr. tlie plains of the cii-cles forming these 
angles being the same. 

PROP. II. THEOF. 

Tlie arcli of a great drde, between the dramference of atwther 
great drde, and itapoU, is a quadrant. 

Let DG be an arch of a 
great circle, between the cir- 
cumference of anotJier great 
circle AGB, anil its pole D ; 
the arch DG is a quadrant. 

Let the circle, of which DG 
is an arch, meet tlie circle 
AGB again in F, and let FG 
be the common section of the 
plains of these circles, which, 
because the circles bisect each 
other (I. Sph. I'r.), passes 
through the centre C ; Join 
UFand DG, which are equal 
{Hyp. and Uef. 3 Svh. Tr.). 
the'i-efoi-e the arrlics 1)F and DG are equal (28. 3 Eii.) ; whence, 
FDG being a seinir ircio ( I Sph. Tr,) ; the angle DG is a quad- 
rant (Ikf.3. PL Tr). 

Cor. i. The point [Dl, wherein a right line [CD], drawn 
from the centi-e (_Cj of a sphere, jici-jiGiidicular to the plain of a 
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great circle [AGB], meets the sui utce of the spliere^ is a pole of 
the ^trcle. 

Tp any points G and B in the circumference AGE, draw CG, 
CB/;DG and UB, and because, in Ihe triangles DCG and DCB, 
the sfde BC is common, the angles at C equal, being right 
(Hyp. and Def. 3. 2 Sup.)^ and C6 equal to CB {Def. 10. 1 Etu), 
DG and Db are equal (4. 1 Eu.) ; in like manner it may bo 
pi'oved, that all right lines drawn from D to tlie circumtcrenoe 
of the circle AGB are equal ; therefore D is the pole of that 
circle {Dtf. 2. Sph. Tr). 

Car. 2. A right line [DC], drawn from the pole [D] of any 
great circle [AGB] to the centi*e [C J of tlie sphere^ is jierpendi- 
Qularto the plain of that circle. 

Having drawn any two diameters ACB and FCG of the circle 
AGB, and joined DA and DB, because in the triangles DCA 
and DCB, DA is equal to DB {Hyp. and Dtf. 2 Hnh. fr.), AC 
to CB {Def. 10. 1 Eu.)9 and DC common, the angles DCA and 
DCB are equal (8. I Eu.)^ and so DC perpendicular to AB 
{I)ef. 20. 1 Eu.) ; in like manner it may be pi*oved, that DC is 
l)erpendicular to FG ; it is therefore perpendicular to tlie plain 
passing by AB and FG (2. 2 Sup.), or the plain of tlie circle AGB. 

Cor^ 3. The |M>int [DJ, wherein a right line [OO] driiwn from 
the centre [O] of a leiss circle [JHMKJ of a sphere, peqiendicular 
to the plain of tlie ciixie, meets the surface of the sphei'c, isji pole 
of the circle. 

Riglit lines heing supposed to he drawn from the points and 
D, to any two ]H)ints M and K in the circumference HMK, tlic 
demonstration is similar to that in the 1st cor. to this pi*op. 

Cor. 4. A right line [DO], drawn from the pole [D] of any 
less gircle [JBIMK], to its centre [O], is perpendicular to the 
plain of the circle. 

Any two diameters HOK and LOM of the circle HMK being 
drawn, and right lines being supiKiscd to be drawn from D to If 
and K, the demonstration is similar to that in the 2d cor. to tliis 
proposition. 

Cor. 5. Every circle of a sphere has two poles, one to each 
side of its plain, namely, the ^extremities of tlie diameter of the 
sphere, which is jwrjiendicular to the plain. 

Cor. 6 A great circle, which is at right angles to another 
great circle, passes through its ]M>les ; for a rigiit line, drawn 
through the centime of the sphere, at right atigles to the latter 
circle, is in the plain of the former {Def. 3. 2 Sup. and Def 3. 
Sph. Tr.) 5 whence, the jpoles of the latter being in tliat right 
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line (Car. 1 to thisprop.), the former circle passes through these 
poles. 

Cor» 7. A great circle, which passes through the poles of 
another, is at right angles to that other ; for right lines drawn 
from these poles to the centre of the sphere, are perpendicular to 
tlie plain of the latter circle (Car. 2 oj this prop.)^ and therefore 
make right angles with a n^iit line, drawn from that centre, 
in the r^in of the ^.^acr circle, perpendicular to the common 
SIC +ion of the plains of the two circles (Def. 3. 2 8up.), which 
angles art .hv: measures of those, which these circles make with 
eacauiiier {Def* S Sph. Tr). 

PROP. UL THEOK. 



IJ two great circles (^DG^ and DBf see Jig. to prec prop.)f meeting 
a third (GBJ^ intersect eadi other in the pole C^J of that tMrd ; 
the segment (OBJ of the third drde between the other twOf is 
the mea>nre of the spherical angle, which the same two circles 
make with eacli other. 

From the centre C of the sphei*e draw CD, CG and CB, and 
since D is the pole of the circle GB (Hyp.), the arches DG and 
DB are quadrants (2. Sph. Tr.), and therefore the angles DCG 
and DCB are right angles {Cor. 1. SS.6Eu.), and of course the 
angle GCB, and therefore the arch GB, which is the measure 
of it, is the measure of the spherical angle GDB (Def* 3 Sph. 
Tr). 

Cor. If two arches of great circles [DG and DB], drawn 
from the same point [D], be each of them quadrants, their inter- 
section [D] is the pole of the great circle [GB], which passes 
through their-other extremes [G and B]. 

For, CD, CG and CB being drawn from the centre C of the 
sphere ; because the arches DG and DB ai-e quadrants, the 
angles DCG and DCB are right angles, thei-eforc DC is per^ 
pendicular to the plain GCB, being the plain of the circle AGB 
(2. 2 Sup.), of which circle therefore D is the pole (Cor. 1. a 
Sph. Tr). 

PROP. IV. THEOR. 

If one great drde of a sphere meet another, the adjacent angles are 

together equal to two right angles. 
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PROP. V. THEOR. 

If two great cirdes of a sphere intersect each other. Hie opposite 

angles are equal. 

This proposition and the preceding, are demonsti^ated in like 
manner, as tlie corresponding pi-opcrties of right lines, in the 1 3tli 
and 15th prop, of the 1st book of Euclid's Elements. 

PROP. VI. THEOR. 

winy side of a spherical triangle is less than a semicircle. 

For if any side of a spherical triangle were equal to a semi- 
circle, it would meet another side at both extremes (l Sph. Tr.)m 
and would therefore leave no space for a thii-d side; a like absur- 
dity, would follow^ if any side were supposed to be greater than 
a semicircle. 

PROP VII. THEOR. 

The angles (CAB and CBJiJ, at the base CAB) of an isosceles 

splierical triaiigle (ABC)^ are equah 

Let D be the centre of the 
sphere; join DA, DB and DC, 
and from any point E in the 
right line DC drawn to the ver- 
tex C of the triangle, let fall 
perpendiculars EF and EG on 
those DA and DB drawn to the 
cxti'emes A and B of its base ; 
from F and G, in the plain 
DAB, draw FH and GH at 
right angles to DA and DB, 
meeting each other in H, and join EH. 

Because the angles DFE and DFH are right anG:1c8(Mn5fr.), 
the angle EFH is the angle which the plains DAB and DAC 
make with each other, being the measure of the spherical ^r\«^]o 
CAB (])ef. 3. Sph. Tr.) ; for the same reason, the angle EGH 
is the measure of the splierical angle CBx\. 

And because DF is pri)endicuiar to each of tlic ri.srht linos 
EFandFH {Constr.), it is pcrpendiculai* to the plain EFH (C?. 
a Sup.), therefore every plain passing by DF, and tlicrefoixi the 
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plain DAB, is perpendicular to the plain EFH (9. £ Sup.) ; for 
the same reason, the plain DAB is peniendicular to the plain 
£GH ; therefore the common section EH of the plains EFH 
and EGH is perpendicular to the plain DAB (10. 2 8iip.), and 
of course the angles EHF and EHG are right angles [Def. 
S. 2 Sup). 
And since the arches CA and CB are equal {Byp.), the an- 

f;les EDF and £DG, of which these arches are the measures 
Def. 2 PL Tr.), are also equal ; whence, the triangles DEF and 
DEG having the angles at F and G right, and DE cohroon, 
£F is equal to EG (26. 1 £ie.) ; whence, the triangles EFH and 
EGH having the angles at H right, and EH common^ the angles 
EFH and EGH are equal {Cor. 7. 6 Eu); but it has been a^ve 
shewn, that the angles EFH and EGH are the measures of the 
spherical angles CAB and CBA, therefore the spherical angles 
CAB and CBA, at the base of the isosceles triangle ABC, are 
equal* 

PROP. VIII. THEOR. 

If two affglcs (CSB and CBJ, see jig. to theprec. prop^J, of a 
splierical triangle J ABC J ^ be equcd^ tlie sides fC^attdl CdJ, 
opposite to thenif are equal. 

The same construction, as in thci preceding proposition, con- 
sidering the side AB of the spherical triangle between the equal 
angles, as base, remaining, the angles EFH and EGH, may, 
as in that proposition, be shewn to be the measures of the spher- 
ical angles CAB and CBA, which spherical angles being ecpial 
{Hyp.)9 the angles EFH and EGH are equal, and the angles 
EHF and EHG may, as in the same proposition, be shewn to be 
rights whence, the triangles HEF and HEG having EH com- 
mon, EF is equal to EG (26. 1 Eu.) ; and therefore the triangles 
FED and GED having the angles at F and G right {Constr.), 
and DE common, the angles FDE arid GDE arc equal {Cor. 
7. 6 Eu.) ; and therefore the arches AC and BC, which are the 
measures of tliem {Vef. 2, FL Tr.), are also equal. 
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PROP. K. THEOIL 

Jhy two sides fas JIB and BC^ see figure to the seventh propo* 
sifi^njf of a splierical triangle (ABC J, are togetlier greater 
than the third (AC.) 

Let n be the centre of the sphere, and join DA, DB and DC. 

Of the three plain angles which contain the solid angle D, the 
two ADB and BDC are together greater than the third ADC 
(17. 2 8up.)f and the sides AB, BC and AC of the spherical 
triangle ABC are the measures of the angles ADB, BDC and 
ADC {Bef. 2 PL Tr), therefore the sides AB and BC of the 
spherical ti*iangle ABC are together greater than the third AC. 



PROP. X. THEOR. 

In any spherical triangle (ACB) the greater fACB) of two une- 
qmi angles fACB and CAB) is subtended hy the greater side 
(AB) ; and the greater (AB) of two nneqiudsuks (AB and 
CBJ is subtended by the greater angle (ACB). 

Part 1. From the greater angle ACB 
take a part ACD equal to the less A, and 
the side CD is equal to AD (8. 8ph. Tr.) ; 
adding to each DB, the whole AB is equal 
to CD and DB together, but CD and DB 
together are greater than CB (9. 8ph Tr.)f 
therefore AB is greater than CB. 

Part S. If AB be greater than BC, the 
angle ACB Ib greater than the angle A ; for the angle ACB is 
not equal to A, for if it were, the side AB would be equal to BC 
(8. Sph. Tr.)^ contrary to the supposition ; and the angle ACB 
is not less than A, for if it were AB would be less timn BC 
(by part 1), which is also contrary to the supposition; therefore 
tlie angle ACB being neither equal to xyor less than A,. is greater' 
Imii iib 
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PROP. XL THEOR. 

Tlie three sides C*^^* ^^^ o,nd ACJ^ of a spherical triangle (ABC J, 

are together less tlian a whole circle. 



<3>- 



Produce AB and AC ^ r* 

to meet each other in D ; ^^"""^ P^^^^v. 

the arches ABD and 

ACD are each of them a 

semici.rcles ( 1 Siph. IV.) ; 

but in the trianj^Ie BDC, 

the side BC is Jess than 

BD and DC to.^ether 

(9. Sfh. Tr.'). adding to each the ai-ches AB and AC, the three 

sides AB, BC and AC of the triangle ABC, are together less 

than the two arches ABD and ACD \jix. 4. 1 Eu.\ or, which is 

equal, than a whole circle, 

Oilwrwise^ see jig. to prop. 7. 

Let D he the centre of the sphere, on which the triangle ABC 
is formed ; join DA, DB and DC ; and, because the thi*ee plain 
angles ADB, BDCand ADC, wliich contain the solid angle D, 
are together less than four right angles (18, 2 Sup.), the three 
sides AB, BC and AC, wbich are the measures of them i^DeJ. 2 
VU Tr.)^ are together less than a whole circle. 

PROP. XII. THEOR. 

In any spherical triangle (ABC^ see fig. to prec. prop^Jf accord- 
ing as the sum oft/ielegs (.iCand CBJ, are equal to, or greater 
or less tlmUf a semicirde9 the sum of the angles fA and ABC) at 
the base, are equal to, or greater or less tlian, two right angles- 

Let AB and AC be produceo lo meet in D. 

P^ari 1. If AC and CB be together equal to a semicircle of 
to ACD, taking fi-om each the common arch AC, the arches CB 
and CD are equal {Ax. S. 1 J5?*.), therefore the angle CBD is^ 
equal to the angle CDB (7. 8ph. Tr.)f or, which is equal {Cor. 
2. 1 Sph. Tr.)9 CAB ; adding to each the angle CBA, the two 
angles at the base CAB and CBA together are equal to the 
angles CBD and CBA together, or which is equal (4. Sph. Tr.)^ 
lo two right angles. 
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Part 2. If AC and CB to^ther^ be ereater than a semicir- 
cle, or than ACD, CB is greater than CD ; and therefore the 
angle D or A is greater than the angle CSD (10. 8ph. Tr.) ; 
adding to each CBA, the angles CAB and CBA together, are 
greater than ^BD and CBA together, or than two right angles. 

Part 3. In like manner, if AC and CB together, be lens than 
a semicircle, it may be shewn, that the angle D or A is less 
than CBD, and of course, tlie angles A and CBA together, less 
than CBD and CBA together, or tiian two right angles. 

Chr. It follows, that, according as the sum of the sides [AC 
and CB j is equal to, or greater or less than, a semicircle, either 
angle at the base [as A] is equal to* or greater or less th%p^ the 
exterdal angle [CfiDJ at the other extreme of the base. 
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KIBMBSTS OF 



PROP. XIII. THEOR. 



If a spherical triangle (DEF), he formed by great circles^ joining 
the poles (^F, D and EJ, of the sides (AB^ EC and JQICJ^ of an- 
other spherical triangle (ABC) ; tlie sides of tlve former triangle 
(DEFJi are complements of the measures of the opposite angles 
of the latter, to semicircles; and the measures of the angles of 
the former^ are complements oftlie opposite sides of the latter, to 
semicircles* 




Let AB, produced as necessary, meet 
DF and EF in G and H ; BC meet DP 
and DE in M and N ; and AC meet ED 
andEF inK and L. 

Because F is the pole of the arch GAH 
(Hyp.), an arch drawn from F to B is a 
quadrant (2 Sph. Tr,)^ and, because D is 
the pole of the arch MCN {Hyp.), an arch 
drawn from D to B is a quadrant (2 Sph* 
Tr.) ; whence, DF being less than a semi- 
circle (6 Sph. Tr), B is the pole of the 
arch DGMF (Cor. 3. Sph. Tr.\ therefore 
BG and BM are quadrants (2 Sph. Tr,), 
and of course GM is the measure of the angle CBA (3. Sph. 
Tr). In like manner it may be shcwn^ that LH is the measure 
of the angle CAB : and KN\)f the angle ACB. 

And, because F is tlie pole of the arch GAH {Hyp.)^ the arch 
FG is a quadrant (2 Sph. Tr.), and Ir cause 1> is the pole of the 
circle MCN {Hyp.), tlie arch DM is a quadrant (2 Sph. Tr.), 
therefore FG and DM together, orDFand GM together, are 
equal to a scmimircle, and so the side FD, which iso])positethe 
angle CBA, is the complement of GM, which is above shewn to 
be the measure of the angle CBA, to a simicircle. In like man- 
ner it may be sliewn, that FE is the complement of the measure 
of the angle CAB, and DE, of the measm*C of the angle ACB, 
to semicircles. 
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Andy because BM and CN are quadrants, these arches togeth- 
er, or Miy and CB together, arc equal to a semicircle ; and 
therefoi-e MN, the measure of the angle FDE, is the comple- 
ment of the opposite side CB of the triangle ACB, to a semicir- 
cle. In like manner it may be demonstrated, that KI^ the* 
measure of the angle DEF, is the complement of the side AC, 
and 6H the measui-e of the angle F, of the side AB, to a 
semicircle. 

Scholium, Although, in this proposition, the word comple- 
ment is used in its customary meaning ; yet the complement of 
an arch or angle, to a semicircle or two right angles, is also 
called its supplement, as mentioned in Def. 5. PI. Tr. ; and 
therefore one of the triangles mentioned in this propoaitioD^ is 
said to be supplemental of the other« 



PROP. XIV. THEOR. 



The three angles of a spherical triangle C^^BC^ see fig. to the preced- 
ing projwsition J , are greater than two right angiesy and less than 
six. 



For the three measui*es of the angles of the triangle ABC, 
together with the three side« of its supplemental triangle DKF, 
are equal to three semicircles (IS. SpL Tr ); but the three sides 
of the triangle DEF are less than two semicircles (11. 8ph. Tr. ) ; 
therefore the thi'ee measures of the angles of the triangle ABC, 
are greater than a semicircle, and of course these three angles 
arc together greater than two right angles. 

And these tliree angles are less than six right angles, for tiie 
internal and external angles together of tljc triangle ABC, ai*e 
equal to six right angles (4. Sph. Tr.)^ thei-cforc the tliree inter- 
nal angles are less than six right angles. 




PROP. XV. THEOR. 

Of ail arcltet of great circlet fD^, DE, DF and DBJ, rohidi can 
be drawn to any great drdeCAKBJ of a sphere, from any point 
. CD) which is m>t its pole, the greate&t is that CDA) which 
p&sses through the pole (H), and the contimialion of it COB J 
ia the least ; and of olliers (DE avd DF), that (BE J wMch in 
nearer to the greatest, is greater than tlie inore remote (DFJ ,■ 
and the angles (DE^ and DEB} which any oflliem (as DE), 
which does not pass through its pole H), makes with it, are 
unequal, that (DBA) -which is towards the pole, i^ng thx 
greater. 

Let AB be the common section 
of the circles ^DB and AEB, 
from D draw DG perpendicular 
to AB, and Join GE, GF, DA, 
DE, DFand UB. 

Berakise AB is a diameter of 
the R|!liei-e (l- Uph. Tr.), its mid- 
^'  point is the centre of the 
samer and therefora a right lino 
di-awn thereto, from tlie pole U 
oi Uie circle AEB, is perpendi- 
cular to theplainAKB (Cjr. 2. zSph. Tr.), and therefore to A B 
{Def. o. 3 Sup.}, and therefore, DG being perpendicular to AB 
 IComir.), parallel to DG (23, l Eu.); whence, the right line so 
drawn from U to the centre being perpendicnlar to the plain 
AEB, the right line DG is perpendicular ia the same pliun 
(5. 2 fhqt.),, and so the angles DGA, DGE, DGF and DGB 
are right angles {Def 3. 3 Sup). 

And Ga IB the greatest, and GB the least, of all right lines, 
which can he drawn from G to the circumference AEB, and the 
right line GE greater than GF(r. 3 Eu.) ; whence, the triangles 
DGA, DGE, DGF and DGB' being right angled at G, and 
having the side DG common, the S4|uarc of DG and GA together, 
or, which is equal (47. 1 Eit.), the square of DA, is greater tlian 
the squares of DG and GE together, or which is equal (In/ the 
lame), the souar^of DE ; tlierefdrc tlie right line DA is greater 
tbnn DE. In like manner it may be shewn, tlint the right lino 
i>E is greater ttian llB', and DF than I>B ; whence it follows, 
that the arch DHA is the greatest, and DB the least, of all arches 
of gi-eat circles, which can be di-awn from D to the great cii-clo 
AEit, and tlie arch DE, which is nearer to DHA, grealerthao 
the arch DF which is moi'c remote. 
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And an arch of a great cii'cle being supposed to be drawn from 
H to E, the spherical angle HE A is a right angle (Cor. 7. 2 
Sph. Tr.), therefore the spberical angle DEA is greater, and of 
course (4. 8ph. Tr.)^ DEB less than a right angle. In like man- 
ner it may be proved, that the spherical angle DFA is greater, 
and DFB less than a right angle. 

Cor. 1. Hence it follows, that to any great circle [AEB] of 
a sphei»e, from any point [D] which is not its pole, but two per- 
pendiculars [DHA and DB] can be drawn, one [DHA] passing 
through its pole [H], and the other [DB"| the continuation 
thereof, their incidences being at the interval of a semicircle 
from each other. 

C(yr. 2. If to a great circle [AEBl of a sphere, from any poiut 
[D] without it whicli is not its pole, an arch [DK] of a great 
circle be drawn, to the point [K] in which an arch [AEB], inter- 
cepted between the perpendiculars [DHA and DB] let fall from . 
that point on the great circle, is bisected j the arch [DK] so 
drawn is a quadrant. 

For the angle KBD being a right angle, and KB a quadrant, 
K is the i)ole of the circle BD {Cor. 6. 2 and prop. 2 8ph. Tr.)j 
and therefore DK is a quadrant (2. 8ph. Tr). 



PROP. XVI. THEOR. 



yAe Ug8 containing the ngltt angle of a right angled sphericah 
triangle^ are of tlie same affection^ as the opposite angles. That 
is, according to the legs are eqnal to, or greater or less than, quad- 
rfintSf the tangles opposite to them are equal to, or greater ar les^ 
Vian, right angles. 

Part 1. Let the spherical triangle HAK (see fig. to the prec, 
prop.), right angled at A, have the leg AH equal to a quadrant, 
IL being supposed to be any where in the cii-cle'AEB, H is the 
pole of the arch AK {Cor. 6. 2 and prop. 2 *S^/;A. 7V.), therefore 
the angle HKA is a right angle {Cor* T. 2 Sph. Tr), 

Part 2. Let the spherical triangle DEA or DFA, right an- 
gled 4it A, have ^ leg, as AHD, greater than a quadrant, and 
the angle DEA or DFA, opposite that leg, is obtuse (15, 
Sph.fr). 

Part 3. Let the spherical triangle DFB or DEB, right 
angled at B, have a leg, as BD, less than a quadrant, andt lie 
angle DFiB or DEB, opposite that leg, is acute (15 SpL IV). 
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PROP. XVII. THEOR. 



If two legs of a right angled spherical triangle be of the same ^* 
fection^ Cand consequently by tlie preceding proposition^ the an- 
gles opposite to them J ; the hypothenuse is less than a quadrant ; 
unless both the legs be quadrantSf in which case the hypothenuse 
is a quadrant ; ^ they be of different affections, the hypothenuse 
is greater than a quadrant. 



fart 1. If in the spherical triangle ADF, see fig. to proposi- 
tion 15, right angled at A, the legs AD and AF be both gi-eater 
than quadrants, or in the triangle BDF, right angled at 13, the 
Ie.s;s BD and \\¥ be both less than quadrant ^ the hypothenuse 
DF is less tlian a quadrant 

For the semicircle A£B being bisected in K, the arch oP a 
great circle DK being drawn is a quadrant {Cor. 2. 15 -fi'pA, 
Tr.), and DF is less than DK (15. Sph. Tr-), thercfoi-eJDF is 
less than a quadrant. 

Part 2. If in the spherical triangle AHK, riglit angled at A, 
the legs Ail and AK be quadrants ; the tliird side HK is a 
quadrant. 

For A is the pole of the circle HK {Cor. 3. Sph. Tr.) ; whence, 
the spherical angle K AH being a right angle (Hyp.), the arch 
HK is a quadrant (3 Sph. Tr). 

Part 3. If in tlie spherical triangle ADE, right angled at A, 
one of the logs AD be greater, and the other AE less than. a 
quadrant ; DE is greater than a quadrant. 

For the arch DK being drawn as in part 1, is a quadrant; and 
DE is greater than DK (15 Sph. Tr.) ; therefore DE is greater 
than ^ quadrant. 



PROP. XVIII. THEOR. 



} 



According as the hypothenuse of a right angled spherical triangle 
IS greater or les^ than a quadrant ; the legs, f a»d cxmsequently 
by 16. Sph. Tr. tlie oblique angles J, are of different affections, 
or of the same. 
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Tart 1. Tf tbe lijpolbenuse be greater than a quadrant, the 
legs are of different affections. 

For if the legs were of the same affection, the hypothenuse 
would not be greater than a quadrant (17. Bph. Tr.)^ contrary 
to tiie supposition. 

Fart 2. If tbe hypotbenuse be less than a quadrant, tb(f legs 
are of the same affection. 

For if they were of different affections, tbe bypothenuse would 
bo greater than a quadrant (17 8ph. 2V.), contrary to tlie 
supposition. ' ^ 

PROP. XIX. THEOR. 

JJi in any spherical triangle^ C^^^C^ seejigure 1 and 2 J, the per- 
pendicular (CD J M fall an the base C^^J from the opposite 
angle^ fall rvithin the triangle fas injign e I J ; the angles at 
the base are of tlie same affectian : if theperpendiadarfaU with^ 
out Vie triangle (as in Jig. 9, J ; tlie angles at tlie base are of 
dijf&rent affections. 

Fig. 1 . Fig. 2. 




Part 1. Fig. 1. Since the triangles ACD and BCD ai* 
both right angled at D,* the angles A and B are of the same 
affection with C^D (16 8ph, Tr.)^ and therefore with each otlier. 

Part 2. When the perjiendicular CD falls without the trian- 
gle, as in fig. 2, the angles A and ODD are of the same affectiou 
with CI) (16 8ph. Tr.)^ and thcivfore with cacli otlier, and the 
angles CBA, and CBD are of diflferent affections (4. Sph. Tr.) ; 
therefoi-e the angles A and ABC are of different affections 

StJiolium. In p irt 2, it is supnosed, that CD is not equal to 
a quadrant, for if it were, C would be the pole of the arch ABD 
{Cor. 6. 2 and prop. 2 Sph. Tr.)^ and all the angles CAB, CBA 
and CJtD would be right anj^es {Cor. 7. 2 Splu Tr). A like 
observation is applicable to the next pniposition, the ^ase being 
excepted, when the vertex of the triangle is the pole of the base 
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PROP. XX. THEOR. 



If the angles at the base of a ^lierical triavglef be of the saiiu 
affection^ the perpendimlar let fall thereon from the opposite an' 
guSf faUs within the triangle ; if of different affe^ions, the 
perpendicular falls without. 

Part 1. If the angles at the base of a Rplierical triangle he 
of the same affection, the perpendicular let fall thereon from flie 
opposite angle, falls within the triangle, as CD on AB in figure 
1 preceding proposition ; for if it did not fall within, the angles 
A and B at the base would be of different affections (19 8ph. Tr4), 
contrary to the supposition. 

Part 2. If the angles at the base be of different affections, the 
perpendicular let fall thereon from the opposite angle, falls with- 
out the triangle, as CD on AB produced in fig. 2 ; for i^ it did 
not fall without, the angles at the base would be of the same 
affection (19 8pL Tr.), contnuy to the supposition. 

PROP. XXI. THEOR. 



In a right angled spherical triangle f^^BC, right angled at B), 
the rectangle under radius and the sine of either leg CBCJ, is 
equal to the rectangle under the sine of the angle (BACJ oppor 
sUe that leg, and Hie sine of the hypothenuse fJiC.J 



Let D be the centre of the 
sphere; join DA, DB and DC. 
and draw BH perpendicular to 
DA ; BH is the sine of the arch 
AB, tlie semidiameter DA of the 
sphere being radius {p^» 6 PL 
Tr.); from *H, draw HE, in tl»e 
plain DAC, perpendicular to 
DA, meeting DC in £, and join 
BE ; from C draw CF perpendi- 
cular to DA ; from F in the plain 
DAB, the right line F6 at right 
angles to DA ; and join CG : CF 
is the sine of the ^rch AC to the 
8(ame radius. 




n ^. 
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Aiid since DH is perpendicular to both HB and HE, it is 

Erpendicuhir to the pldin EHB (2. 2 Stip.)^ therefore the plain 
AB which passes by DH is perpendicular to the plain EHB 
(9. 2 Su]).)^ and so the plain EHB is perpendicular to the plain 
DAB^ as is inahifest from Dcf. 4. 2 Snp, ; but the (ilain DBC of 
DBE is^ because of the spherical right angle at B, perpendicu^ 
larto the same plain DAB {Def. S. Sph. Tr.) ; thei-efor^ BE the 
common section of the plains HBE and DBE is perpetidieulai* 
to the plain DAB (10. 2 Sup.), and EBD and EBH are right 
angles {Def* 3. 2 Sup.) ; therefore BE is a tangc^nt of the arCk 
BC to the same radius {Def. 8 PL Tr). 

. In like manner CG may he shewn 1o be at right angles to'ihe 
plain DAB^ therefore CGD and CGF are riglit angles, and 
CG is the sine of the ai'cli CB to the same radius. 

And in the triangle CGF right angled at G, CG is to CF, as 
thesihe Of the angle CFG, or {Def. 3 Sphi Tn), of the spherical 
angle CAB « is to radius (1. PL Tr.) ; but, as h^s been jiisl 
shewn, CG is to CF, as the sine of CB is td the sitie of CA ; 
therefore (11.5 En.), the sine of the angle CAB is to radius, ka 
the sine of CB is to the sine of CA ; and therefore the rectanj^le 
under radius and the sine of CB, is equal to the rectangle under 
the sine of CAB and the sine of CA ( 16. 6 En)i 



PROP. XXII. THEORi 

In a right iingted spherical triangle (JiBC^ right angled at Bi M 
Jig. toprec prop. J, the rectangle under radius and the tangent 
of either leg (BCj^ is equal io the rectangle under the tangent 
of Hie angle (CAB J opposite t/uit leg, and tlie sine qf the other 

leg (AB), 

The saitie (lonstriiction reitiaitningy as in tte preceding propo- 
sition, in tlie triangle EBH right angled at B, BE is to BHy as 
the tangent of the angle EHB, or {D^. 3 Sph Tn) of the spher- 
ical angle CAB, is to radius (2. PL Tr.) i but^ as has been shewn 
in the preceding pi'op. BE is to BH, as the tangent of BC is to 
the sine of BA ; therefore (11. 5 Eu.)i the tangent of the angle 
CAB is to radius, as the tangent of BC is to the sine of BA^ and 
therefore the rectangle under radius and the tangent of CB, is 
equal to the rectangle under tlie tangent of CAB and tlie sim of 
AB(16. 6jBu). 

5(^ 
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PEOP, XXIIL THEO^ 



Jffina right angled spherical triangle^ either of the legSf the comple- 
ment of the hypothenuse^ or of either o^ the angles^ except the 
right angUf be taken as a viidJle part ; tlu rectangle under ra^ 
Mus and the sine of that middle part^ is equal to the rectangle 
under the cosines of those two of the other parts^ whlchf the right 
angle being excluded^ are remote from Hiat middle part* 




Let ABC be a right angled splieridal 

triangle, right angled at B and let either 

of the legs, AB or BC, the complement 

of the hypothenuse AC, or of either of 

the angles except the right angle, name- 
ly, of the angle A or ACB, be taken as a 

middle part ; the rectangle under radius 

and the sine of that middle part, is equal 

to the rectangle under the cosines of 

^ose two of the other parts, which, the 

right angle being excluded, are remote 

fi-om that middle part. 

Let the great circle DF be described of which A is the pole, 
meeting AB, AC and BC produced in D, £ and P ; and since 
the great circle AD passes through the pole A of the great circle 
DE, the angle D is aright angle {Cor. 7. 2 Spilu Tr ), and there- 
fore l)E passes thi*ough the jiole of the arch ABO {Cor. 6. 2 
Bph. Tr.) ; and, because the angle ABC is aright angle, BCF 
passes also through the pole of ABD {by the same) ; therefore 
tlie arches AD, AE, FB and FD are quadrants (2 Sph. tr.), 
and the angle CEF is'a riglit angle {Cor. 7. 2 Sph. Tr.) ; there- 
fore in the triangle CEF right angled at E, CE is tlie comple- 
ment of the hy|K>thennse AC of/ the triangle ABC ; also FC is 
the complement of BC, EF ot'ED, the measure of the angle A 
(S Sph. Tr.)j and BD, which is the measure of the angle F 
(Jyy the same), is the complement of AB. These, tilings being 
premised. 

Case 1. Wljcn eitlicr log, as AB, is the middle part, and the 
complements of AC and ACB, the remote parts. 

The rectangle under radius and the sine of AB, is equal to the 
rectangle under the sines of the angle ACB and of the hypothe- 
nuse AC (21 Spli. Tr). 
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Case 2. When the complement of either of flie oblique luiglesy 
as A, is the middle part, and BC and the complement of ACB^ 
the remote parts. 

In the triangle CEF, right angled at E, the rectangle uniet 
radius and the sine of EF is, by £1 Sph. Tr., equal to the rect- 
angle under the sine of ECF, or its equal (5. Sph. Tr.), ACB, 
and the sine of CF ; and therefore, substituting the equals in the 
triangle ABC, the rectangle under radius and the cosine of A, is 
^qual to the rectangle under the sine of the angle ACB and the 
cosine of BC. 

Case 3. When the complement of the hypothenuse AC is tiie 
middle part, and the legsAB and BC, the remote parts. 

In the triangle CEF, right angled at E, the rectangle under 
radius and the sine of CE is, by 31. Sph. Tr., equal to therect- 
angle under the sines of F and FC ; and therefore, substituting 
the equals in the triangle ABC, the rectangle under radius and 
the cosine of AC, is equal to the rectangle under the cosines of 
AB and AC. 

• 

PROP. XXIV. THEOR. 

The same thwgs being supposed, the rectangle under radius and 
the sine of the middle partf is equal to the rectangle under the 
tangents of the parts, which, the right angle being excluded, are 
adjacent to the middle part. 

The same construction remaining, as in the preceding pro- 
position. 

Case 1. When either leg, as AB, is the middle part, and BC 
and the complement of A, adjacent parts. 

The rectangle under radius and the tangent of BC, is equal to 
the rectangle under the tangent of A and sine of A > {2^^ Sph. 
Tr.), therefore tlie sine of AB is to radius, as the tangent of PC 
is to the tangent of A ( 16. 6 Eu.) ; but radius is to the cotangent 
of A, as the tangent of A is to the radius ( Cor. 4 Def. Fl. Tr. 
and Theor. 3. 15. 5 Eu.) ; therefore, by equality, the sine of AB 
is to the cotangent of A, as the tangent of BC is to radius (32. 5 
Eu.) ; therefore the rectangle under radius and the sine of AB, is 
equal to the rectangle under the cotangent of A and the tangent 
ofBC(l6. 6 J5m). 

Case 2. When the complement of either of the oblique angles, 
as A , is the middle part, and AB and the complement of AC, 
adjacent pai^. 
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In the triangle CEF, right angled at E, the reci angle under 
radiuH and the tangent of'CE, Ib equallo the rectangle under 
the tangent of K and the sine of EF (22 SpA. Tr.), therefore the 
sine of EF is to radius, as the tangent of CE is to the tangent 
of F 16. 6 En.) ; and therefoiT, suhstituting the equals in the 
/triangle ABC, tlie cosine of A is tx> radius, as the cotangent of 
AC is to the cotangent of AB, or, tangents heing reciprocally as 
their cotangents {Cor. 5 Def. PL Tr.), as tlie tangent of AB is to 
the tangent of AC ; and radius is to the cotangent of AC, as the 
tangent of AC is to radius {Cor. 4 Def. PL Tr. and Iheor. 3. 
15. 5 Eu.) ; thei*efore, hy equality, the cosine of A is to the cotan- 
gent of AC, as the tangent of AB is to radius (22. 5 Eu. ; and 
therefore the rectangle under radius and the cosine of A, is equal 
to the rectangle under the cotangent of AC and the tangent of 
AB {16.6 Eu). 

Case S. When the complement of the hypothenuse AC is the 
middle part, and the complements of the angles A and ACB, 
adjacent parts. 

. J n the triangle CEF, right-angled at E, the rectangle under 
radius and the tangent of EF, is equal to the rectangle under 
the tangent of ECF and the sine of CE (22. Sph. Tr.)f or sub- 
stituting the equals in the triangle ABC, the rectangle under 
radius and the cotangent of A, is equal to the rectangle under 
the tangent of ACB and the coaine of AC ; therefore tjie cosine 
of AC is to radius, as the cotangent of A is to the tangent of 
ACB (16. 6 Eu.) ; and radius is to the cotangent of ACB, as 
the tangent of ACB is to radius (Cor. 4 Def. PL Tr. and Tlieor. 
S. 15. 5 Eu.) ; therefore, by equality, the cosine of AC is to the 
cotangent of ACB, as the cotangent of A is to radius (22. 5 
Eu.)^ and of course the rectangle under radius and the cosine of 
AC, is equal to the rectangle undcj^ the cotangents of A and 
ACB (16. 6 En). 

Scholium. — In any right angled spherical triangle, the five 
parts mentioned in this proposition and the preceding, namely^ 
the two legs, and the complements of the hypothenuse and ob- 
lique angles, are called, circular parts ; of which, anyone being; 
considered as a middle parU those, which, the right angle being 
excluded, are adjacent thereto, are called adjacent parts, and the 
other two, remote parts, as in these propositions ; both the ad- 
jacent and remote parts being called by a common name, extreme 
farts. » 



SPHEBIOAI. TSIGONOMETRT* 417 



PROP. XXV. THEOR. 



If in an oblique anged spherical triangle CABC)^ two right angled 
spherical triangles ^.tfJOC and BBC) beformed^ by letting fall 
a perpendicular CCBJ9 on any side C^^J considered as thebase, 
from the opposite angle^ and the perpendicular ( CBJ be assumed 
as the middle part in each of the right angled triangles ; tlie 
rectangle under the cosines of the remote parts in one of the right 
angled triangles^ is eqnal to that under the cosines of the remote 
parts in the other ; and the rectangle under the tangents of the 
adjacent parts in one^ is equal to that under the tangents of the 
adjacent parts in the other* 

Fig. 1 . Fig. 2. 




For the rectangles under the cosines of the remote parts in 
tlie triangle ADC9 which are the complements of A and AG, 
and in the triangle BDC, which ai*e the complements of CBD 
and BCy are each of them equal to the rectangle under radius and 
the sine of the middle part CD (23 8ph. Tr.\ and therefore to 
each other. 

And the rectangle under the tangents of the adjacent parts in 
the triangle ADC, which are AD and the complement of ACD, 
and in the triangle BDG, which are BD and the complement of 
BCD9 are each of them equal to the rectangle under radius and 
the sine of the middle part CD (24. 8ph. Tr.), and therefore to 
£ach other. 

Cor. The tangents of the segments of the base [AD and DBl 
are to each other^ as the tangents of the vertical angles [ACD 
and BCD]. 

For, by this proposition, the rectangle under the tangent of 
AD and cotangent of ACD is equal to the rectangle under the 
tangent of DB and cotangent of BCD ; therefore the tangent of 
AD is to the tangent of DB, as the cotangent of BCD is to the 
/:otangent of ACD ( 16. 6 Eu.)^ or^ the tangents of any two arches 
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or angles being reciprocally as their cotangents ( Cor. 5 Def. Flm 
Tr.), as the tangent of ACD is to the tangent of BCD. 

PROP. XXVI. THEOR. 

The same tilings hdng supposed^ except that a middle part he so as^ 
summed in each oj the right angled triangles^ that the perpendic^r 
lar may have a similar situation with respect to both these mid» 
die partSf and of course may be an extreme part of the same 
name, in both the right angled triangles ; the sines of the middle 
parts are to each other^ as the cosines of the remote, or as thetan^ 
gents of the adjacent parfs^ which are peculiar to each of the 
right angled triangleSf according as the perpendicular becomes a 
remote or an adjacent part. 

Case 1. When the perpendicular CD, see fig. to prcc. prop., 
is a remote part. 

The rectangle under radius and the sine of the part assmned 
as a middle part in the triangle ADC, is equal to the rectangle 
under the cosines of CD and the other remote part in the same 
triangle (23. Sph. Tr.) ; and the like being true with respect to 
the triangle BDC ; tlic rectangle under radius and the sine of 
the middle part in the triangle ADC, is to the rectangle under 
radius and the sine of the middle part in the triangle BDC, as 
rectangle under the cosines of CD and the other remote part in 
the triangle ADC, is to the rectangle under the cosines of GD 
and the other remote partin the triangle BDC {Cor. 1. 7. 5 Eu.)i 
whence, the two first terms of these proportionals having a com- 
mon side, namely, radius, and also the two latter, namely, the 
cosine of CD, by omitting these common sides, the sines of the 
middle parts are to each other, as the cosines of the remote parts 
which are peculiar to the triangles ADCand BDC (1. 6 and lU 
^Eu). 

Case2. When the perpendicular CD is an adjacent part» 

The rectangle under radius and the sine of the part assume^ 
as a middle part in the triangle ADC, is equal to the rectangle 
under the tangents of CD and the other adjacent part in the same 
triangle (24 Sph. Tr.) ; and the like being true with resjiect to 
the triangle BDC ; the rectangle under radius and the sine of the 
middle {mrt in the triangle ADC, is to the rectangle under radius 
and the sine of the middle part in the triangle BDC, as the 
rectangle under the tangents of CD and the other adjacent part 
ia the triangle ADC^ is to tlie rectangle under the tangents of 
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CD and the other adjacent part in the triangle BDC {Cor. 1.7. 5 
Eu.) ; whence, the two first terms of these proportionals havinjE^ a 
coromon side, namely, radius, and also the two latter, namely, 
the tangent of CD, by omitting these common sides, the sines of 
the middle parts are to each other, as the tangents of the adjacent 
parts which are peculiar to the triangles ADC and BDC (1. 6 
and 11. 5Eu). 

Cor. 1. If in a right angled spherical triangle [ABC, sec fig. 
to prop. 25], a perpendicular [CD] be let fall on any side [AB] 
considered as the base, from the opposite angle ; the cosines of 
angles at the base [A and ABC] are to each other, as the sines 
of the veii;ical angles [ACD and BCD]. 

In the right angled triangles ADC and BDC, the complements 
of A and CBD being assumed as middle paHs, CD and the com- 
plements of the angles ACD and BCD are i*emote parts ; there- 
fore, by case I of this proposition, the cosine of A is to the co- 
sine of CBD, or, by Cor. 1 Def. PI. Tr., in fig. 2, of CBA, as 
the sine of ACD is to the sine of BCD. 

Cor. 2. The same thing being supposed ; the cosines of the 
sides [AC and BC] at^ to each otiier, as the cosines of the seg- 
mients of the base [AD and BD]. 

In the same right angled triangles, assuming the complements 
of AC and CB as middle parts, CD and the segments of the 
base AD and BD are remote parts ; therefore, by case 1 of this 
pix)position, the cosines of AC and CB are to each other, as the 
cosines of AD and BD. 

Cor. 3. The same tiling being supposed ; the sines of the 
segments of tlie base [AD and BD] are to each other, recipro- 
cally as tl4e tangents of the angles at the base [A and ABC]. 

In the same riglit angled triangles, assuming AD and BD as 
middle parts, CD and tlie complements of the angles A and CBD 
become adjacent parts ; therefore, by case 2 of this proposition, 
the sines of AD and BD are to each other, as the cotangents of 
the angles A and CBD, or by Cor. 1 Def. PL Tr., in fig. 2, 
CBA, or, the tangents of any two angles being inversely as their 
cotangents (Cor. 5 Def. PL Tr.)^ reciprocally as tlie tangents of 
the same angles. 

CoV' 4. The same thing being supposed ; the cosines of the 
vertical angles [ACD and BCD J arc to each other, reciprocally 
as the. tangents of the sides [AC and BC]. 

In tlie same right angled triangles, the complements of the 
angles ACB and BCD being assumed as middle parts, CD and 
the complements of AC and CB are adjacent pai*ts ; therefoi'e, 
by case 2 of this proposition^ the cosines of ACB and BCD are 
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to'each other, as the cotangent of AC and CB, 01*9 the tangents 
of any two arches being inversely as their cotangents {Cor* 5 Def^ 
PL Tr.)f i*eciprocally as tiie tangents of the same arches. 



PROP. XXVII. THEOR. 



The sines of the sides of spherical triangleSf are to each otlicr, as 

the siiies of the opposite angles. 



In the case of right angled spherical triangles, flie proposition 
is manifest from 21 Sph. Tr-, 16. 6 Eu. and Cor. 2 Def. PI. Tr. 

But if the spherical triangle be oblique angled, as ABC, see 
the figures to proposition 25, the sines of any two sides, as AG 
and BC, are to each other, as the sines of the opposite angles 
CBA and CAB. 

Let fall on the third side AB, produced if necessary, the per^ 
pendicular CD, which perpendicular being assumed as a middle 
part in each of the right angled triangles ADC and BDC, the 
complements of AC and of the angle A become the remote parts 
in the former triangle, and the complements of BC and the angte 
DBC, the remote parts in the latter; therefore the rectangle un- 
der the sines of AC and the angle A, is equal to the rectangle 
under the sines of BC and the angle DBC (25 Sph. Tr.) ; there- 
fore the sine of AC is to the sine of BC, as the sine of the angle 
DBC, or, which is equal in fig. 2 (Cor. 1 Def. PL Tr.), of ABC, 
is to the sine of the angle A (16. 6 Eti). 
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I^t AOC lie a tjihi-rifftl lriiini;)t>i awl CD .1 prqicnilicniu 
let fall on Ihr tKiw A '5 rroin tin- «itpnHit4' aii^^Ir ACB : Iho iiX'tJ 
BiiRlv miiln- Iho iHiigcnN of ^ln^ linll' «irii mill lialf diffiirCHf o ofl 
AC nitd BC, \h e'jnnl In Ihr tvcUinelp imilfr tint inngRnlii ofl 
tlic ball' Wlltl mill )iair ilHTcn-iirt' ol' AD anil IID. 

Fur Hie coqinc iil" AC it (" *lii* nwinr of lU', as Ww ca<nne o _ 
AD is in llii« ci»iiif Bll 'Voi: 2. 20 j*i)4. Tr.) : llin'ofnrp, hf'i 
rtMU|iut'Ii>!; thi; siier^ nnd iliin-rt'iin-<> nf tnc li^nns, tlit^ mini uf Uiel 
cnsincs nl' AC uml [tC Lt lu ilictr ililfrrvncc lu^ ilii* imu hI' tkc 
owln«^i*i>f AD attd IJD is lo tlwir diHri-rnirc (17. ifl and a-3. 3 
Eu,] i tiiil tlip wini of llir nrwiiwh of anj, tw-i niHitiM i* to lliril 
difHrctiCi n» ^n* mtatij^-ut nl' Imlf llit'tr siini h tii tln^ Inn^tit itj 
Imirtlicir di«l-rii«r (fl i't. 7V.> ; ij.m'fi.f.'. MiWimUftg llic Iwttcrf 
rnliiiii liir tlic fnrmf-i'. tliR raURf^cnt (|f lialttiK miinor AC nn^ 
&C istn tbRlnnKi-nl nfhniriltpjp dkflutvniif. itHllir riitanj^'nl oCi 
ltnll■Ul^ ■jiniinrAnand RD i . In (l:i- <;iiigi-iit nfliDlf IhrtrdimT. 
enci»: and. fonniii';  '  Hir two fir«l li-nm, witli i_ 

cniiiHiaii Mill' id' III) : ' ^iini id' AC and UC. nnttj 

Flitiu lltii twntu.«t. ••■.<' Ill lliKtnnjp-nl tif i)i«> Italfl 

lilim of AO nnd nn. 1 < 1 'ri' dm t:tii!;piit aihI rotuii-S 

f;i-iit of Oil- Italf Mim <i( AC and BC. i» to llii- rcrtunglflT 
uiidiT ilif Innp'iiU ot tW linir Aiim and lialf difTi-ivniY ut 
AC and BC, as tlic irrta'igJi' unilw tin: laiijp-nt nnd oitan'j 
g'CDT ur (lie liutr turn or ad uuO BD, IK Ui tUu i-cclnnj;!* 



nnflfp fto tanpiils or the hair sum ami tinlf fliffirpiire 
An ami nn O-liitnil ll.SBn.)i linl ll>o flrit ant) third tu 
or tirn^F |impaHi<maU arei<i|utU, Wmf; each rt|tial In tlie «|i 
nf i-mliut ( for- A fkf- i'l. Tr. and 16. 6 iV), rlK-ivfure Ihc 
Mm) ami rounli irniinarpp<|iial (U. 5 Ku.', iiaincl>, lln? reel 
^h"^ iinrttTlhi'Uiijp-nlsorUic half soin anil half HifR'M'Tirp of 
an<t BC. aiid uiidci- l|ie taitgtnls of t|ie half »um ami half diOt;^ 
rna'of AI> and BO- 
PROP. XXIX. TDEOB. 

Tiir mmr thhij^s flropj mjipoud, the mtanglf. under the tan^et 
of ihr hiilfxum and half diffirmce of Ihe nni;!es at the huge 
fjftial to the rectangle wler Hit cutangmt of Iht hatf mm i 
tangent, of the iiofj differmex of the Mgittf^nts of Uic verSml aii 
y(if, viatic by Ihe irga vTith the perjjendicaittr. 



The flame ftf^uiv and construction rematning us in dte pn 
u-dinR nr*i]KwitJon, tln> rtttiinjclr under Uic laiismUi rtf Ok- hnl 
mini aud hatf iDITerenoc or tlie angles A and AHT, is oiiual ti 
the nrtaniclc umiIm- the rutait);ciit iif ttic half sum nni] tatigent o 
thr li.iir (tifTmnii-c »f thr< anglM AC'D aw) BCD. 

Fnr (hf cou»r of tbr an^lf- A itt to th(: cosine of tliR n 
ARC, as thi^ fw nf tlie Hnj;l« A<:1> is tti (h(- sim> nf thv nngi 
liCI) ( Cor. I. 26 fipk. Tr,); tberwtbre, by cumpaiiti;; (lie aiini 
and ililTt-rnircfl of the terms, the »tim nf the oasines nt llir. a 
A and ABC in In Ihf^ir diflefeDC^, adDwiKmii of the siiw-Hof 
and IK'D m tu tlidr liiSbivnciG (ir. til ami £Q. s A'm.); bnt t.. 
Hiinof the croHinc«ufil)eniij^ltM A am) ABC is (oiltWrdil1^rnic« 
UH till- niliing^tit of half tlu-ir f^uin in Ui tUv. (.-injc<-nt of lialf |li 
difrci-Mi'B (a n. Tr.),*w\lhf.mmn(UiK6\ue>ial't\M.-an9;\iv \( 
iiml UCn w»(i Ihrir dilfeivMc*, !w thp tunffiinl of luilf theirs 
iatu UitMan^iil of halftlirir ditU-mici? 1.1 PL Tr); tbrrclnn! 
si(b>ilU<irniK lite liiritT ratltw fur Ihf furmiT. the cotutij^di)! uf tl 
ti»ir <«um of ih^ nn^es A mid ABC ih t.t tli<i Inngenl of half Hit- 
dilfrrfncc, as thi' (iinfivnt nf Mn- hnlf Mim ofthc anghw ACI» mi 
BCUiK tmtir ta>i;:t'nt of half thetl- djllrrviice: aiid* fnrni(ti]i 
1T< (uiixh-^ fmm llie Itto TirHt tei'ms, uitti a rommtnt •iitio ofO^ 
laiiRMiluf (III- hair Willi i.l' Ihe aiij^h-K A and AMI-, and In-m I 
l»<tl.i>>t, witti a wimtiim side of tlic coUi-.^-iil td'rhe half fltini 
Ihenncltai ACU ami BCD, tin' n'i;liinKlc nnilcrilii'i'MM^inii 
n»Ui>ij;t!Ul- uf l)i« half KUiu of the aiij;lut A and AllC. in tli tin 



irrtAnpiIe under tlir tan^nts rtf tlidr lialf Miin ami hair ilifittivfl 
enci', as tlH' p«:t*mplc miilcr the (yn^^nt ami cotangfiit of <)i« I 
hairsiim of till! ani^PH ACDaixI UCD. ik to tltc rrotan.^le uitdrr 1 
tlt^ C'llun^fll gf tW liair^iiini of tlii-sc aiij^les uuil tlic tuu^-iitorl 
bajftlifii- diflrivtiCf (K *> iiritt 11. Ji £u } ; t)iit Uir fii-^ unit tliird J 
of Mtuw fotir [ii-opnrtinnaU iu-c equal, being cucll M|ual to tlifil 
W|uaiv iif nulitu (Cur. 4 De/. PI. 7V. and iS. 6 Ku.), tlHT«-J 
r»re iliu >jL>cniitI arid rimrlii teriu<i art- itjual (11. 5 Eo.), Daiut^ly, J 
tlie rt<i-tnn);li-Mimlrr Hw titn{i:f(it^orilM< bairtniiii un«I lialfiltlfi^r- 1 
cm'r ni iUp aii^lf-s A and ABC, atid iiiitlvrthi* cntanj^nt of tha J 
ImirHuiu luiit luiecnlDrtlicluiirdiireraDniortliPangln ACOandl 
BCD. 

LEMMA 1. 



The rcdan^le under Mf ihe nutius and tti£ difference nj ffir rtruS* 
»i,nts uf any hcu arches, is tijwil to Ihe mbrnzle under tlir sines I 
hJ Italf Iht turn and half ihc Ji^rri-ncr (/ f.V san.r afiUes. 

\xX AB und AOItn twdiinwiflalarrli- 
p^, M>A |rt tiicir^iffitrciirt- til) ni- tiixncl 
Mill li; AE'iB ciiuiil toliair tliewmt, i 
»ml DK trt l.^tir ll.i. dlirereiir* (if tliOM; | | "J 

ai-cLe!4. Lt'tCbiilhr ri-nhii nr llif oir'- | , I ,;'\ 

clc, atwl list A UK \it\ luki'ii Pfpial lu a ( ' ' '^ 
nimdraiil: jdii. CF. CK.CB, UAaud ,i ' 

1)B, ili-.m im. El. rtt.illtK lit i-ipht / y 1 

Hnelf-s I'tt^A, lUV t.i UII, ami t).M I-. .- ' I 

CB. ami lei UU im-rl CK i» I. liU [a" _| | 
or UK IK Hie dllli-iTiin- i.f lli.ir vcl|-«^-<I <•, ji i,'~.:r\. 

AJliiw ilA mid KA, iitiil Ul is tin' ^ino 
(>niainin!iiMliltciTiKi-. AiKl"liic<*ll.iMrt«iis>sCLElindnCfi 
np- i'iiiiiiiii;;ul;ir, tieniii-(<- 'il' tlti> Hglit iiii^^is al L initl IS, uiiil llie] 
uiic^r ni)(i »t till- rii-riitiifiTi-nn; itisiMiiig ad an bitIi t-ijiiiil In^ 
the tvtn Mt'>'l«-s Alt niid AH tiikcii tiij;:f))ii>Vt iliid iirrmir»? diiublo I 
to that AK nt.ich >iulilri)'!3 the anp^f I^L'iu at Uie rriilw, KL i»l 
Innn nrllK. ;ti CK Is In l»lt {4.6 »iiil lt>. 5 /la.). or (IS. 5 I 
Eiu). AH tlip hiiU III' m !)(< ihp \iA[- III' i-udiii-s. IH tn (be balf nf [Ifl, 1 
or, wliirb iHi->iii:il. to HI ; )lK>i('t'iitv tbi-ivttaiiglr ittnU-i' lialf ttiel 
l-»<lilis. atiit IIKlhr illiri'niicf »!' the VffM-d hlnf^ol' ilie- uictim I 
Alt Hiid A D* IS pt|if»l til the ivrtunglr niidei' bL IIm; Hiiii* nf IliO 1 
tmll' fluin. Ami Ul tin- ■--ino'iriln' haU'iUflVii-ti'-r ul'llni mitu' an^li-] 



.KMMBVra.OV 



Thericlon^.* under lM\f the radlm, n«*l the inncA »mt ftVii, 
J7^. \a jircf^ prup.J, iir any arefi CflllJt ^ tgual In Itte st[mu 
On -line (llfj ofhtitf IM anttic arciu 

Vnr tilt trintifil'^ C^l anil DMB mi'. ln'puiMe of the rig! 
f>}{-H at I mill M, and the rommoti impir ut tl, pqniiinjii)] 
Tlx-rrrort: Mtt i» I,, liti. n<; »l is Ut ItC .)r r»t1l>H (i. G£ 
aiifl. tialrinf; tilt? riiii4P(|iii'i)l'<, M[{ in tii Illc half of 111) (irl» E 
iLxBliN tulHrliliirurmdiuifC/ViiYtr.^- 15. 5 /^u.) ; (l>i<i<i!ftii« ll 
ivclftiij'ti'undfir hftlftlift i'ailiii»aii(l MB, ucqtini totliAaqinuvJ 
Dl(ir.fi£ii), -- - -- 



PROP \XX. lltEOU. 

The reaart^e uHitn- t/ie sws iif the hsu af an^ spfimml triiut^ 
M fi) Wt nieiniigle uniirr Ihesinm vf (he t:ctie»sia nf the tmlf.n 
nfall the shUn above crtWt oflhr If if*, in a dujHiMde ^^^l^il»tlff|t 

Nj ta the nitu oj htUJ' Ihe rcrlimi aii-isU. 

Li^r ADC brn t<)i!i<>i-ioitI 
mattjile, of wliicti All is 
tbc liaw ; tlic rrftiinj;)!! »n- 
iIrrtlii*>4nici9firtU(i]p!^ C'V 
ouil Vl\. h Ui tbn rcrtun- 
S^lc ttiuk'i' till! ntneM uf tin* 
ojtwsws of llir. ImifOTfB of 
AM, RU ati>l AC uliot-n 
CAiii)(lCH,lu«clii|]licnt« 
nitiooC ruUhisK. Ilm siwn 
oftlic vcrtJral nngli' ACIJ. 

I.L-1 AC bo lJii''(fi-«ii\tppor 
llii- I.-jii* AC aiitl BC. HndnUicctrilrpnnWspbrt'P. On ( 
pmifiict'lf. Uilic rr L'ljqiil ton •|tiailn>iit, ntMl nil t;» ITrniltMtl 
luliv t M wi«al lo TA, ami CN (i|tml (n » iiiiriflrm.t. Ki-owli 
1'»..'^ *^;' Uirarrh nr a nmU ohb- I'FC?! :in.l.ir llw IKwna 
A<JM bf iliwnbi-'l, j-.ir ll(^ |)H. n\ nmi Dl' ; Ut KM bi- IQ 
mmilH... ^.'(Hion nl- \Ur [iJailiV-i OrN ami Al^M. w'lit.'li 1*4 llf 
nir.'r HI », uKil j..in l-'A r Irl fLiI! .!«' iw-i'iioiuiinihiM PO aj.il .\J 
'.?.  ni'i'-i-M. ^i.i) Ulu .Ml DC ! Ill fall ll.i- |.el'w')i.ti..nl(» 
li' I -MlvOi. DU. jui.lji.iiiAI. 



llMifilW(fATi"nif*WW<WllWlT. '- 



, - • 



Bcfni«c llip plains m*N and r AM nro iK'rp«'»iillniliu'tnll»e 
f\i;hl lino DC dinvrn fifim llntr jmlr (" Ui llii' cenltv ol tlio 
til)}i(-rr {Cor. 2 null 4. S SpA. I v. and 1!>. 3 Sup.)- """V an- IniP- 
rK-nclinilar to (Ik- plain I>L'N (9. 5 J^utf.) : miil Iwi-nnif tin- iilnln 
i>PN ixpcrpcntlirularUtllir plain Dl'N.ninI I'fJ |K'rppD<Iinifiir to 
tlieir commwn srcKnii DN (tiHufr.), IHl It* iwn"'"<'i'"'<'i»'' To* i 
riRlit line di-jwuri'uui !• iti llic pluin OCN |H-i-|ii<n<liriilni- lu DN J 
(Jfef.A aad a. i Mtip.), uiitl lhcrfr.w M tin-. pJ«i« l»CN (2.1 
*«p.) ; in like inaniit>r. AH mnr Up piwrtl t<t Ik> tK-riM-iii1ii*ii)Hr to I 

on is pi!j-pi<iii)irtilai- tu lv\ (rVir. n. iSii{i.)t llicn>rni-ii IB ia tlicl 
■wmpdidrieMrtliewdi Art, as Lrt wof Hicardt MB.HiUtd'iuidl- ( 
iiiu<-lrr»r tlie !4pltiMi^ bi'in^i-niliuK {liff. 7. PLTr), 

Ami lu;rnii«r lltii atrlir^ AM »nil l'\ ni-e cinrulnn luvliigllto I 
CPiib-oi at K anil 1) in ilxi i-i.:;tii Itor 01! ( 1*>. 3 fTiqi.), tlii< Irfvo- j 
g\e>t FAM nn'l Ul'N arc iai^trks. niHt, .Iwa^iw Uw'lr vrrtir*!^ 
AUf*)!--* at F aiitl I) An- ci|iiiil (J5 Hnd \i. -2 Snp.). f'liiiaiis^ila 
Kntl AH bciri^ [icrjiriiilirnlnr ta l''M ami 1*G In DN (r\iii«tr.%l 
Uir Iriaiijfli^ Jiitu wfiiili llirxt^ |iri-|K'ii<lii'uiarfi iliviitr iliciu arel 
4inil|Hr. tlH-rdViro FM if, to UN, bL>i HM m to OX (4. ft hiiiI 16.I 
nnd 32. 5 A'li.) ; and. BK lu'lns drawfn ar ri,i;lit ansle^ to DC,/ 
'iccauwi Oir li-ia»i;li-.<i DER, IIIO nnd ^II.I) dn- rqiiiunj^lar, 1 
i* to DB, n^N.isintlM (4. C and lit. 5 /■,«.), ttrKlouHi- ' 
itinie tlwsi* inn ra)li*s. tl.r n-rtanslR nitildr FM tlip sitk- of 
«p CA. and KB IIhi Minp iif CB. itt tit Ihu rfctaiislo imdrr 
and l)U. tn' Iltu Mpum' of r:idiuM, at iIm^ r^-i^tanglc untlcr 
niid IL U U> till' rwliinj?lc under ll>l nitd H'S (S3. 6 ami J 
sa. 5 K«.]. or. wid.ti is cipial (I. fi «ii.). M ILw to (IN. or,f 
wliiih h vitnal (/rj 'Ac samr). mt the iifctiini;ti! under lite iialtofi^ 
taitim ami II., li$ lt> llii^ rixtunultt under II»l< liall' or i-Kdiut audi 
■'CM. i' 

But liif rct-lnnKlnitinlpr tlirtinir nf raditifl and IL, Ihr ililTrr-i 
iiriliuvn«itlxit>i-vul'tlti;ni-rlii^ AB ami HM.i^etiual to tlinl 
iiislf nmlrr ilie shicH ol' tlio hair mint and (latf diffcrcna' afB 
irrl»« All anil BM (;>m. l fn (AisiTin ); imdlxTfliw CA.| 
ialCa(''M.ti(t'liuir'<uilinr AU and liM iingn.il tn ll>cc.\n-KW. 
liitll' -(iminrABniid AC aliov,- ilic liulf orUC, oi-, (n lUul 
of (III- linli' nam of tin- fiidr^ AB. AC and Bt) above IM; { 
illii- liuir difTi-n'orf or A R and BM ii njuitl In rh« citcnw oCl 
Wlfiofa rr AB and BC uIium-. iIh-. hall' id* Ai;, nr, tn the rx-f 
, ol" iJtr Imirpom orUifvidM AB. BC nnd AC al">vi* AC itilsul 
Tlfi^ tfcUiiiiflr' undfrtlit! liaBoi' iiidin«»tid ON. Itio v<>iwh1 iHneutJ 
Dif Hii It i:X, Iji i->|iiui lo tlic ^luufi; of tlif. 111)1! uf halt llio 



wtKhVftft.tm. i to fhis prop.), or, of half the ane]p ACB, ( 
which I'N JH tJif measuw (3 ffpk. Tr.) ; tln-rvfon- tl.r ns-iinij^l 
nndrr tbr!iinr<i nr CA ami CB, is tn the Miuarc of radius, an I' 
rpr(mt|t!r hihIt thPMiWHt of ihe cxfi^ws firibrlinirtiiiiii "lull I 
jiidcft AH. BC aii(l AC above each of Hip Ipcth AC ami BC. 
tbr. e()iiare ttl tlic binr of half the vprlical !ii));lo ACI). ami I>> s 
trmiitiitj;. Hip rertaiiglc unAev tlip sipics nf AC ami t'B, jii to ll 
iTctan^lc iiiiilor the Hiivcs of the csrvssrs of the half Miiti '>r Afl 
B(' am) A4' atiove AC. anil nf tlK* ftatiie hairsuin ahovp DC 
thr wiTinn- of radiufi. is lo the Miiiart of HiirsinFcif hair ihn u 
AC'B < W'. 5 Fn.) ; nr. whirl) i* njuiil (2n. <> Km.), in n duitUcI 
mUo of ruliua to tUc Biiwufhatf the angle ACfi. 



tTOKvmx TTiiftjntoiiraTRT. 4af 

BpLtmdirs OF the several 

CASES OF BPOEIUCAL THlGO&OAlETaY. ; 



PBODLKM I. 



Of(ht Ihrrtxitles nnd thrtr nngli^"/ a ri^litan^lal aphcrirat tri- 
an^lt:, unjl iwit being given, besldntthe riglit angU, ta JmdtMt 
rat. 



All (lui cases (if tlij:* proliliin iiiv itnlvibln hy prop. S3 and S4 < 
Bidi. Tr., (nr twti (il'tlio (ive parts tlif-ro oKtittioncd ticiii^ dways 
|[ivcii, Hiitl (I thinlMouglil, tlivsr tlim* pHrts miii^l vitlu'i- bp nil 
coiitig^uniin. or OIK? of tlifm in tint cnitlij^iKHut to f ithcr of ttinotlier 
two ; in llif. (imt turn:, tlic part nhitli is iH'tnYic-ii the wtlier two 
btTHitieH tliD niiildin (lart. and tlic Hohitinn is made by prop. 
S4 and 16. 6 Eu. ; in tlin rjthei* cuac, tlw pari which \>f itnt con- 
tiKuniis Ui i;1tli«r of die otlH^r two UccnmeA thi> initldle part, and 
ttic oulution in made ity prtin ^3 and l€. 6 Eti. If » mtddlr part 
be Kituj^bl, yi'i sliiHiId bejpii wiUi radius, if one. of tlin csti-cma 
.. witb Ittc " 



'I'lin Knlnliiin'< nl' llii* wvcpiil *: 



4rigouaDtctry are lutbibitcd in tlie rollowiiig tabic. 



H of rigUl aiiglod spht^rlcftl 



1 


1 


" 


1 




Cmb. 


Pari. 




s<»i.etir. 


-i 

Snluliuns. 








The livpolh,-- 
.V<: and ,Ui. 


Ihwk-K. 
Bf. 


BjeiS|.1..Tr. ilil 
tA.tiEii., makin!>(h 
rumplfliii-nt nl' iV( 
riie mill die ini-i. Cm 
AB: R: .Cw».AC 
**4Hi. UC. Acconiin 
&<• A C is K-ss nr KTi'ii 
i-f tlinii a iiuadnin 
All And Iir an- < 
tin- •*a(iio ftrdinv-cw 
aHfcfUiiuHflij- 18 SiJi 
Tr. 


d. 


'Wic sarnie 


Tliriih- 

n.|«» «.,- 

fir niljrt- 
riM.ll.. ill. 


]fl.fiEii., milking 111) 
oiniuIiMiiriit nfAinid 
Jl.-imrt, n : T. AI 
t ; tut. AC : Ctw. A 

Af'h-.rdinjT tts AC li 
IcHS nr srealor Uiaji I 
[jiiHiUanl. ATI nni 
Bf. ai.a n..-ii-fiii> 
AU iinti A arc •>!' tli 
sailHi or iUffrrriil »t 
rcnliDiis, br 1.1 Spl 


1 




1 



flPHBSICAL TBIOOITOHBTRZ. 



Case. 


Part. 


Giveji, besides 
tlie risht aiisle. 


Sought. 


Solutions. 




3. 


The same. 


Theob- 
liiltie an- 
gle oppo- 

site the 
given leg 


Ely23Sph.Tr. anil 
16. 6Eu,, making A B 
the middle pai-t, S. 
AC :R: : S. AB:S. 
C of the same affec- 
tion as AB, by 16. 
Sph. T.-. 


2. 


1. 


The hypotlii!- 
nuse and one ob- 
lique angle. 

AC and A. 


The leg 
adjacent 
to the giv 
eiHibl. ai 
gle. 
AB. 


By 24. Sph. Tr. 
and 16. 6 En., mak- 
ing the complementof 
A middle part. Cot 
AC : U ; : Cos. A : 
T. AB. According 
as AC ia less or great- 
er tiian a (jTiad rant, A 
and C, and of courae 
A and AB, are of tiit 
same or different af. 
f'ertions, hy 18 and 
16 Sph. Tr. 




The same. 


The Its 
op|i. tlie 
gi>e„obl 

'"bo. 


By 23 Sph. Ir. 
and 16. 6 En., mak- 
ing BC the middle 
part, R : S. A : : S. 
AC ; S, BC, of the 
same affection as A, 
by 16 Sph. Tr. 


3 


The same. 


The 0- 
tliei- obi. 


By 24 Sph. Tr, 
and 16. 6 Eu., mak- 
ing the comp. of AC 
middle part, Cot. A : 
R: ; Cos. AC : Cot, 
C. According as AC 
IS le,ss or greater than 
a quadrant, A and C 
ai* of the same or 
different affectiims, by 
l8Sph.Tr. 1 
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EUSHEKTS or 



Case. 



3. 



Part. 



1. 



Given, besides 
the right angle. 






2. 



One leg and 
adj. obi. angle. 
AB and A. 



The same. 



3. 



The same. 



1. 



Sought. 



The o- 



Solutions. 



By 23 Sph. Tr. 
ther obi. land 16. 6 Eu., mak- 



angle. 
C. 



ing the comp. of C 
middle part, R : Cos* 
AB : : S. A : Cos. C, 
of the same affection 
as AB, by 16. Sph. 
Tr. 



The o- 
ther leg. 
BC. 



By S4 Sph. Tr* 
and 16. 6 Eu., mak- 
ing AB middle part, 
Cot. A : R : : S. AB 
: T. BC, of the same 
affection as A, by 16 
Sph. Tr. 



The hy- 
pothe- 
niise. 
AC. 



By 24 Sph. Tr. and 
16. 6 Eu., making the 
comp. of A middle 
part, T. AB : R : 
Cos. A : Cot. AC— 
According as AB and 
A are of tlie same or 
different affections, 
AC is less or greater 
than a quadrant, by 17 
Sph. Tr. 



One leg and 
the o])p. angle. 
AB and C.* 



The o 
ther obi* 
angle. 

A. 



By 23 Sph. Tr. 
and 16. 6 Eu., mak- 
ing the comp. of C 
middle part, Cos. AB 
: R : : Cos. C : S. A, 
which is ambiguous. 



8PHEBICAI. TBIGOirOMBTBT. 
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Case. 


Part. 


GlTen, besides 
the right angle. 


Sought. 


Solutions. 


4. 

\ 

V 


2. 


The same. 


Theo- 
ther leg. 
BC. 

The hy- 
pothenuse 
AC. 

Thehy- 
pothenuse 
AC. 


By 24 Sph. Tr. 
and 16. 6 Eu., mak- 
ing BC middle part, 
R : T. AB : : Cot 
C : S. BC, ambigu- 
ous. 


3. 


The same. 


By 23. Sph. Tr. 
and 16. 6 £u., mak^ 
ing AB middle part, 

5. C : R : : S. AB : 

6. AC, ambiguous. 


' 5. 


1. 


. Both legs. 
AB and BC 


By 23 Sph. Tr. 
and 16. 6 Eu4, mak- 
ing the comp. of AC 
middle pai^t, R : Cos. 
AB : : Cos. BC : 
Cos. AC, which is 
less or greater than a 
quadrant, according , 
as AB and BC are of 
the same or different 
affections, by 1 7 Sph. 
Tr. 


2. 

 


The same. 


Either 
obi. angle 
A. 


By 24 Sph. Tr. 
and 16. 6 Eu., mak- 
ing AB middle part, 
T.BC:R::S. AB: 
Cot. A, of the same 
affection, as BC, bv 
16 Sph. Tr. , 
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Case. 



6. 



Part. 



1. 



2. 



Given, besides 
the right angle, 



Both obL an- 
gles. 
A and C. 



The same. 



Sought. 



Solutions. 



Eitheii 
leg. 
AB. 



Thehy- By 24 Sph. Tr 
pothenuseand 16. 6 Eu., mak- 
AC. ing the comp. of AC 
middle part, R : Cot, 
A : : Cot. C : Cos.i 
AC, which is less on 
greater than a quadJ 
rant; according as A 
and C are of the same 
or different affections, 
by 17 Sph. Tr. 



By £3 Sph. Tr. 
and 16. 6Eu., mak- 
ing the comp. of C 
middle part, S. A : 
Cos. C : : R : Cos. 
AB, of the same af- 
fection as the angle 
C, by 16 Sph. Tr. 



PROBLEM II. 



Of the three sides and three angles of an oUiqne aTigled spherical 
triangle, any three being given, to find the rest. 



The cases of oblique spherical trigonometry, with their so- 
lutions, are as follow. 

Fig. I. Fig 2. 
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Given. Sought. 



l.ll. 



Two 
sides 
and an 
angle 
oppo- 
site 
one of 
them. 
,' AC, 
XB & 
A. 



There- 
maining 
side. 

AB. 



The 
^ame. 



The an- 
gle oppo- 
site the o- 
ther giv- 
en side. 

ABC. 



3. 



The 
same. 



2. 



The an- 
gle inclu- 
ded by the 
given 
sides. 
ACB. 



Solutions* 



The perpendicular CD being, in both 
figures, let fall from C on AB ; in the 
triangle ADC, right angled at D, AC 
and A being given, to find AD, by 24. 
Sph. Tr. taking the complement of A, as 
middle part. Cot. AC : R : : Cos. A : T. 
AD ; and by Cor. 2. 26 Sph. Tr. Cos. 
AC : Cos. CB : : Cos. AD : Cos. DB ; 
and AB is the sum or difference of AD 
and DB. 



By 27 Sph. Tr. S. BC 
A : S. ABC. 



S.AC: : S 



i.. Two 
jsides & 
the in- 
cluded 
angle. 
AC, 
AB & 
A. 



The o- 
ther side. 
CB. 



In the triangle ADC, right angled at 
D, AC and A being given, to find the 
angle ACD. By 24. Sph. Tr. taking 
the complement of AC as middle part 
Cot A : R : : Cos. AC : Cot. ACD, and 
by Cor. 4. 26 Sph. Tr. T. BC : T. AC 
: : Cos. ACD : Cos. BCD, and the angle 
ACB is equal to the sum or difference ef 
the angles ACD and BCD. 



In the triangle ADC, right angled at 
D, AC and A being given, find AD, as 
in case 1 part 1 above, and by Cor. 2. 
26 Sph. Tr. Cos. AD : Cos. DB : : Cos. 
AC : Cos. BC. According as BD and 
DC are of the same or different affec- 
tions, BC is less or greater than a quad- 
rant, by 17. Sph. Tr. 



Sought 



The 
same. 



the given 



of in 



In (he triangle ADC, rig^it angled at 
D, AC and A being given, find AD, as 
in rase 1 pait 1 above ; and by Cor. 3. 
36 Sph. Tr. S. DB : S. AD : : T. A : 
T. B, According as AB is greater or 
lesa tlian AD, tbe angles A and B are of 
tbe same or different affections (19. Sph 
Tr.l. 



Two The o- In the triangle ADC, right angled at 
angles Iher an- D, AC and A being givtn, find the angle 
and aele. ACD as in case 1 pai-t 3 above; and by 

sideop- ACB. Cor. 1. 26 Sph. Tr. Cos. A : Cos. B : : 
posite S. ACD : S. BCD ; and ACB is the sum 

one of or difference of ACD and BCD, accord- 

them. ing as the perpendicular CD falls within 

or without the triangle ACB, or {19. 
ABC f^ph. Tr.), according as the angle A and 

& AC. ABC are of the sanie or different affec- 

tions. 



The 
same. 



The side 
opposite 
the otiier 
given an- 
gle, 
BC. 



Thej Theside In the ti-iangle ADC, right angled at 
same between D, AC and A being given, tind AD, as in 
the given case 1 pait 1 aboie ; and by Cor. 3. 2< 
angles. Sph. Tr. T. B : TA : : S. AD : S. DB 
and AB is tlie sum or difference of AD 
and DB. 



By 27. Sph. Tr. S. B : S. A : 
S.BC. 



S.AC 



s 
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4. 



^ 
p 

a 



1. 



Given. 



Two 
angles 
and the 
sidebe- 
tween 
them. 

A, 
ACB 
&AC. 



Sought 



A side 
opp. one 
of the 
given an- 
gles. 
BC. 



£. 



The 
same. 



Solutions. 



In the triangle ADC, right angled at 
Dy AC and A being given, find the an-| 
gle ACD9 as in case 1 part 3 above ; and 
by Cor. 4. 26 Sph. Tr. Cos. BCD : Cos. 
ACD : : T. AC : T. BC. If BCD and 
A, (and therefore, by 16. Sph. Tr. DB 
and DC), be of the same affection, BC 
is less than a quadrant ; if BCD and A, 
and therefore DB and DC, be of different 
affections, BC is greater than a quadrant 
{17 Sph. Tr). 



Theo- 
ther an- 
gle. 

ABC. 



In the triangle ADC, right angled at 
D, AC and A being given, find the angle 
ACD, as in case 1 part 3 above ; and by 
Cor. t. 26 Sph. Tr. S, ACD : S. BCD 
: : Cos. A : Cos. B. According as the 
angle ACB is greater or less than ACD, 
the perpendicular CD falls within or 
without the triangle ABB, and therefore 
the angles A and ABC are of the same 
or different affections (19 8pL Tr). 



S 
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9 



99 

3^ 



5. 



Given. 



All 
the 
sides. 

AB, 
BC & 
AC. 



Sought. 



Any an- 
gle. • 
A. 



Solutions. 



From one of tlie angles not sought, as 
ACB, let fall the perpendicular CD oq 
the opposite side AB ; let AC be the 
greater of the two sides AC and CB ; and 
if the perpendicular fall within the trian* 
gle, AB is the sum, if without, the differ- 
ence, of the segments AD and DB ; in 
either case, find an arch, whose tangent 

AB 

is a fourth proportional to T — 

T. AC+CB ^^^ AC— CB jj 

AB be the sum of AD and DB^ the arch 
80 found is half their difference^ if AB be 
their difference, that arch is half their 
sum (28 Sph. Tr. and 16. 6 Etu) ; in ei- 
ther case, the sum of that arch and the 
half of AB, is equal to the greater of the 
two AD and DB, and their difference, to 
the less (7 PL Tr.) ; and AD and DB 
being found ; in the triangle ADC, right 
angled at D, AD and AC being given, 
the angle A may be found by Prob. 1. 
solutions Sph. Tr. 

Otherwise. 

The rectangle under the sines of AB 
and AC : the rectangle under the sines 
of the arches ABj-BC+AC_^b ^„j 

2 

AB+BC+AC_^C : : the square of 



radius : the square of the sine of half the 
[angle A (30 Splu Tr. and 20. 6 Eu). 
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6. 



Sought. 



Solutions. 



All 
the an- 
gles. 

CAB, 
ABC 
and 
ACB. 



Any 
side. 
AC. 



On one of the sides not sought, as AB, 
let fall a perdendicular CD from the op- 
posite angle ; let ABC be the greater of 
the two angles A and ABC ; the per;)en- 
dicular falls either within or without the 
triangle, according as the angles A a id 
ABC are of the same or different affec- 
tions (20 8ph. Tr.) ; in the former case^ 
the angle ACB is the sum, in the latter, 
the difference, of the vertical angles ACD 
and BCD ; in the former case^ find an 
angle, whose tangent is a fourth propor- 
tional to Cot ^1^ T. ^^^+^ and 
T. ABC->A .^ ^j^^ j^^^^ ^^ ^^gj^^ 

whose cotangent is a fourth proportional 
^ T. ACB T. ABC+A ^„j ^^ 



ABC— A 



I 



; the angle so found is, in the 

former case, half the difference, and in 
llatter, half the sum of ACD and BCD 
(29 8ph TVf and 16. j6 Eu.) ; in either 
case» the sum of the angle so found and 
the half of ACB, is equal to the greater 
of the two ^CD and BCD, and their 
difference to the less (7 PL Tr.) ; and 
ACD- and BCD being found ; in the tri- 
angle ADC, right angled at D, the an- 
gles A and ACD being given, AC may 
[be fou nd by prob; I solutions Sph. Tr. 
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1 



6. 



Given. 



All 
the an- 
gles. 

CAB, 
ABC 
and 
ACB. 



Sought. 



Any 
side. 
AC. 



I 



Solutions* 



Otherwise. 

Let DEF, see fig to prop. IS Sph. 
Tr., be the supplemental triangle to the 
triangle ABC ; the arch DE is the com- 
plement of the angle ACB, EF of the 
angle BAC, and DF of the angle ABC, 
to semicircles ; the sides of the triangle 
DEF are therefore given ; from which, 
by ease 5, find the angle DEF which is 
opposite the sought side AC ; which side 
may of course be found, being the com- 
plement of the measure of the angle 
DEF to a semicircle (13 Sph. Tr). 



In the preceding solutions of the several cases of oblique an- 
gled spherical triangles, the rules are given for ascertaining the 
affections of the arches or fingles sought, and removing ambigu- 
ities, where it could be conveniently done. For farther remarks 
on this subject, and particularly on the first solutions of the fifth 
and sixth cases, deduced from prop. 28 and £9 Sph. Tr. see note 
on Problem £ Spherical Trigonometry. 



4S^ 



ELEMENTS OF 



NATURAL PHILOSOPHY, 



Jhjar OS it relates to Jtstronamy, according to the J^Tewtonian System. 



Philosophy f which signifies a knowledge of things^ is a word 
of Greek origin, and in that language means^ a loye of know? 
ledge. It is divided into Moral and Natural. Moral FhUosaphy, 
which is also called Etticks, and by some' Metaphysicks, treats of 
tiie duties and conduct of man, considered as a rational being, 
MUtural Philosophy 9 colleA also PhysickSf treats of the properties 
of natural things, the causes of the different phenomena or ap- 
pearances, and the laws, by which the various operations, whid^ 
we observe in natural things, are regulated ; and of sucli 
natural laws, as may be applied to various useful purposes. 

The assemblage of natural bodies or things, is called tbQ 
Universe. 

Though it is by no means the intention of this little tract to 
enter into the business of Natural Philosophy, farther than may 
be necessary to explain the motions of the heavenly bodies, and 
the laws by which these motions are regulated, deduced from 
the laws of motion 5 yet it seems not unimportant, previously to 
mention some of the principal axioms of philosophy, which have 
been deduced from common and constant experience ; which are 
so evideat, and so generally known, that a recital of a few of 
them will be sufficient. 

1. JVdthing has no property. Hence, 

£• JV*o sribstance or being can he produced from nothing by any 
created being. 

3. Matter cannot naturally be annihUatedf or reduced to noth' 
ing ; and though things may appear to be utterly destroyed, as, for 
instance, by the acturti of fre, by evaporation, S^c, yet in such 
cases the substances are not annihilated, but they are only dispersed^ 
or divided into particles, so minute as to elude our senses. 

4. Every effect has, or is produ>ced by, a cause, and ispropor* 
tionate to it. 
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The niles of reasoning in T^hilosophy, vAncli have been form- 
ed afte'* m t»ii*e<lcM)e»*a*ion, are as follow: 

Eule 1. That more causes of natural things ought not to be 
admitted^ than are both truef and sufficient to explain their op* 
penran^es* 

Philosophers say. Nature does nothing in vain ; and that is 
done in vain hy more causes, wliich can be done by fewer.—— 
For nature is simple, and abounds not in su})erfluous causes of 
tbin&rs. 

Bnle 2. Therefore of natural effects of the same kindf the same 
causes are^ asfnr as possible^ to be assigned. 

As of respiration in a man, and in a beast ; of the descent of 
Atones in Europe and in America ; of the light of a culinary fire 
and of the sun ; of the reflection of light in the earth and in the 
planets. 

Rule 3. The qualities of bodies which can neither be increased 
or diminished^ and which are found in all bodies on which we can 
make experiments, are to be reputed qtuUities of all bodies what- 
ever. 

Such as the extension, Jiardiness, impenetrability, mobility 
and vis inertise of matter. And if it appear from experiments and 
astronomical observations, that all bodies about the earth gra- 
vitate towards the earth, and that, in proportion to the quantity 
of matter in each ; that the moon, according to its quantity of 
matter, gravitates towards the earth, and our sea towards the 
moon ; and all the planets and comets towards each other and 
the sun ; we must by this rule affirm, that all bodies whatever 
gravitate towards each other. Indeed the argument from the 
appearances, for the universal gravitation of bodies, is stronger 
than for their impenetrability, of which we can have no experi- 
ment or observation in the celestial bodies. 

Rule 4. In experimental 'philosophy, we should consider propth 
sitions collected by general induction from phenomena, as accurately 
or very nearly truCf notwitJistanding any contrary hypotheses 
which may be imagined, till other phenomena occur, by which they 
may bemade more accurate, or liable to exceptions. 

This rule should be followed, that the argument of inductioa 
may not be evaded by hypotheses. 

These rules are evidently formed, in order that in our enqui- 
ries about the nature of bodies, wc may be rather directed by 
experiment, than by hypotlieses not founded on experiment, as 
appears to have been often done, to the evident danger of being 
led into errors ; and as the object of research in these elements, 
is the systegpt of the worlds and to investigate the caases^ from 
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whence motions so accurate Shd beneficial are produced ; it 
seems proper to mention pi^eviously^ some of the principal laws 
of the planetary motions, discovered by that eminent astrono- 
mer, John Kepler, from actual observations, according to ths 
Copemican hypothesis, among wliich are the following : 

Ist The areas, which the planets, which revolve round the 
sun, describe by rigbt lines drawn to it, are proportional to ths 
times. 

2nd. Tlie orbits, which they describe, are not circles, as was 
before generally supposed, but ellipses, the sun being in one of 
the focuifes. 

Srd. The cubes of their mean distances from the sun are to 
each other, as the squares of their periodick times. 

The two first laws being applicable to the moon's motion 
round the earth, and all three to the motion of Jupiter and Sa- 
turn's satellites round their primaries. It remained for the 
great Newton to deduce these and other laws of the system of 
the world, from the laws of motion, by mathematical reasoning. 
Some of his principal discoveries on this subject are deliyered in 
the following elements* 



DEFIKITI0N9. 



]. The quantity of tnatter, is a measure thereof, arising from 
its density and magnitude jointly. 

The air, for instance, its density being doubled, in a double 
space is four-fold, in a triple, six-fold. This quantity may be 
ascertained -by its weight, especially in an exhausted receiver. 

£• The quantity of motUnif is a measure thereof, arising from 
fbe velocity and quantity of matter jointly. 
N The motion of the whole, is the sum of the motions of all the 
parts, and therefore in a body of double the quantity of matter, 
with an equal velocity, is double, and with a double velocity, 
four-fold. And ever so small a power may be made to move 
ever so great a weight; namely, by making the velocity of the 
power compared with ttiat of the weight such, that the product 
of the quantity of matter of the power multiplied by its velocity, 
may be greater than the product of the quantity of matter of the 
weight by its velocity, and so much greater as to overcome such 
resistance as may arise from friction, &c. 



^ 
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3. The force of inertness, or 'Ms inertiae, or vis insita of mair 
icTf is the power of resisting, by which every body, as mnch a9 
is in it, perseveres in its state of jrest, or of uniform motion in a 
right line. 

This force is proportional to the quantity of matter. 

4. Jin impressed force, is an action exercised on a hodj, fm 
change its state of rest, or uniform motion in a right line. ^ 

This force consists in the action alone, nor does itreniainin 
the body after the action. For the body perseveres in every new 
state by its force of inertness alone. But the impressed force is 
of different origins^ as from a stroke, a pressure, a centif petal or 
centrifugal force. 

5. Jl centripetal force, is that, by which bodies are drawnjt. 
impelled, or any how tend towards any point as a centre. 

Of this kind is gravity, by w^hich bodies tend to the centre of 
the earth ; magnetism, by which iron is attracted towards n 
magnet ; and that force, whatever it be, by which the planets 
are perpetually drawn from rectilineal motions, and caused to 
be revolved in curve lines. A stone, whirled about in a slings 
endeavours to recedjB from the hand which turns it ; and by that 
endeavour, distends the sling, and with so much the gi'eatep 
force, as it is revolved with the greater velocity ;|iand as soon as 
it is let go, flies away. That force which opposes itself to this 
endeavour, and by which the sling perpetually draws back the 
stone towards the hand, and retains it in its orbit, because it is 
directed towards the liand as the centre of the orbit, may be 
called the centripetal force. And the same thing is to be under- 
stood of all bodies revolved in any orbits. They all endeavour 
to^recede from the centres of their orbits, and were it not for the 
opposition of a contrary force, by which they are retained in 
their orbits, and which may therefore be called centripetal^ 
would go off in right lines with a uniform motion. A. projectile, 
if it were not for the force of gravity, would not deviate towards 
the earth, but would go off in a right line, and with a uniform 
motion, if the resistance of the air were taken away. By its 
gravity it is perpetually drawn aside from its rectilineal course, 
and made to deviate towards the earth more or less* according 
to the force of its gravity, and the velocity of its motion* — By 
how much the less the force of gravity is, and the greater the 
velocity, with which it is projected, by so much the less it will 
deviate from a rectilineal course, and the farther it will go. If 
a leaden ball, projected from the top of a mountain, by the force 
of gun-powder, witfi a given velocity, in a horizontal direction, 
be carried to the distance of two miles before it falls to tiie 
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ground ; the same, with a double or ten-fold velocity, would go 
about double or ten times as far, provided the resistance of the 
air was taken away. And, b^ncreasing the velocity, we may 
at pleasure increase the distance to which it might be projected, 
and diminish the curvature of the line described by it, till at 
len^h it might describe ten^ twenty, or ninety degrees, or even 
go round the whole earth, before it would fall ; or finally might 
never fall, but might go off into the celestial spaces, and by the 
motion of going off, might proceed in iniinituin. And in the 
same manner, as a projectile may, by the force of gravity, be 
made to revolve in an orbit, and go round the whole eartli ; the 
moon also may, either by the force of gravity, if it have gravity, 
or by any other force, by which it may be urged towards the 
eartli, be perpetually drawn from a rectilineal course towards 
the earth, and made to revolve in its orbit : and without such a 
force the moon could not be retained in its orbit. If this force 
were too small, it would not suflSciently turn the moon from a 
rectilineal course ; if too great, it would turn it too much, and 
draw it down from its orbit towards the earth. It is requisite., 
that the force be of a just quantity, and it belongs to mathema- 
ticians to find the foi'ce, by which a body may be accurately re- 
tained in any given orbit, with a given velocity; and again, to 
find tile curvilineal path, into which a body going from a given 
place, with a given velocity, would be turned, by a given force. 

Scholium. 



When the word centripetal force, attraction, impulse or 
propension is used, the i^cador is to be aware, that, by these 
words, it is not meant, to determine the species or mode of ac- 
tion, or the physical cause or reason of it ; or to ascribe these 
forces tridy and physically to the centres, which are mathema- 
tical points, when the centres are said to attract, or forces are 
called centripetal ; these forces being in this tract considered, 
not physically, but mathematically. 

The terms, time, siuice, place and motion, are not explained 
in the above definition^, as being well known to all. But in 
order to avoid certain prejudices which may anse from the com- 
mon conceptions of these things, it seems proper to distinguish 
them into absolute and relative, true and apparent, mathemati- 
cal and common. In explaining the distinction between these, 
which appears extremely obvious, I shall be very brief. 
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1. Absolute, true« and mathematical time^ in itself and iti 
nature, flows equably, without relation to any thing external^ 
and by another name is calledv^ (furafion ; Relative, apparent 
and common time, is some sensible and external measure of 
duration, by motion, whether accurate or inequable, commonlj 
used for a true measure of time, as a day, a month, a year* 
Natural days are unequal, and astronomers correct the inequal* 
ity, for the purpose of calculating the celestial motions. It is 
possible there may be no perfectly equable measure of time. 
All motions may be accelerated or retarded, but the flow of 
absolute time cannot be changed, and is the same, whether 
motions be swift or slow or none. 

2. Absolute space, in its own nature, without relation to anj 
thing external, remains always the same and immoveable. 
Relative space, is some moveable measure or dimension of this 
space, which is determined by our senses from its situation with 
respect to bodies, and is commonly reckoned immoveable : as 
the dimension of a subterraneous, aerial nr celestial 'space deter- 
mined by its situation with respect to the earth ; and if tht 
earth be moved, a space of our air, which, relatively and with 
respect to the earth, always remains the same, becomes at one 
time, one part of absolute space, and, at another time, another^ 
and so its portion of absolute space is continually changed. 

3. Place, is the part of space which a body occupies, and is^ 
according to the nature of the space, either absolute or relative. 
Thus a body on this earth, which, apparently and with respect 
to the earth, remains in the same place, if the earth move, is 
continually changing its place or situation with respect to abso* 
lute or immoveable space ; but situations, properly speakingt 
have not quantity, and are not so much places, as affections of 
places. 

4. Absolute motion, is the translation of a body from an 
absolute place to an absolute place ; Relative from a relative one 
to anotiier. Thus if the earth move, a body on it may be rela- 
tively at rest, that is, with respect to the earth, and yet, with 
respect to absolute space, be in motion. 

Uence it appears, that i*elative quantities are not the quanti- 
ties themselves, whose names they bear, but those sensible mea- 
sures of them, accurate or inaccurate, which are commonly used, 
instead of the measured quantities themselves ; and, if the mean- 
ing of words is to be determined by their use, by those names 
of time, space, place and motion^ these measures are to be under- 
stood ; and the language will be unusual, though purely mathe- 
matical, if the measured quantities themselves be meant*—' 
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Theivfoi'c they do violence to tlic sari'eil writinj^, wlio there 
ii!t«r(iiet these teems Toe tlie measured cjiiaulities themselves. 
Kor do the) less (-ontamhiate matheiiuiticks and phih)sophy9 
who eoiilomid the true ([uaiitities, with their rehitions and com- 
mon nieasni'es. 

To discoxer indeed the true motions of part icuhir bodies, and 
actual I V to discriminate t.!j.":ii, from lliose which are apparent^ 
is a matter of no little liilliiulty ; because the parts of that 
immoveable s))ace, in w);ic!i boilies are really moved do not strike 
our ser.ses. Vet the catisj* is not eiitirely desperate. F'or ar^u- 
metits are wilh'n our reach, partly fronithe apjiarent urjlions, 
which are the dia'erenoesof triieones, and partly from the forces, 
which are tiie causes ol' the true motions. 



AXIOMS, OR LAWS OF MOTION. 



Law 1. That every body pe^'severes in its state of rest 9 or of 
mariit,^ uniformlif in a right Ihie, unless so far as it is compelled, 
hy forces impressed thereon^ to change that state, 

I'rojectiles persevere in their motions, unless so far as they 
are ''etarded by the resistance of the air, and impelled downwarf 
by the force of j^ravity. But the «;:reatei' bodies of the planets 
and comets preserve their ])ro|5J'essive and rotatory motions, in 
less resistini^ spaces, for a vej'y lon,^ time. 

Law Q. That a change of mnfion is proportional to the force 
impressed^ and according to the right line^ in which tluit force is 
impressed. 

If any force generate a motion, a double force will generate a 
double motion, a triple force, a triple one, whether the force be 
impressed together and at once, or gradually and successively. 
And if the impressed body were previously in motion, a»id the 
impi'essed force be intliesamedii'ection, as that pi*evious motion, 
the impressed motion is added to, or taken from, the previous 
motion, according as the two motions conspire with, or ai'e 
contrary to eacii other. But if the impressed force be in an 
oblique direction, with respect to the previous motion, a new 
motion will arise compou^ided of the determination of both. 

Law 3. That reaction is ahvays equal and contrary io action: 
or^ that the actions of two bodies on each other are always equal, 
and directed to contrary parts* 
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Wliatever presses or draws another, is as much pressed or 
drawn by that other. If any one, with his finger press a stfme, 
his finger is also pressed by the stone. If a liorsc draw a stone 
tied to a rope, the horse, if I may so speak, will be equally 
drawn back towards the stone : for the stretched rope, by the 
endeavour of relaxing itself, will urge the hoi'sc towards the 
stone, and the stone towards the horse, and will as much im- 
pede the progress of one, as it advances that of the other, if a 
globular body, as an ivory ball, impinging on another similar 
one, by its force change in any way the motion of that other, 
the same will also by the force of that otlier, on account of the 
equality of the mutual pressure, undergo an e(|ual change iv its 
motion, to the contrary pai-t. By these actions, if the bodies 
be unequal, equal changes are made, not of velocities, but of 
motions ; namely, in bodies not otherwise obstructed : for the 
changes of velocities, made towards conti*ary parts, because the 
motions are equally changed, are reciprocally propoiiiional to 
the magnitudes of the bodies. 

In attractions, which are 
the principal object of this 
tract, the truth of this law may 
be thus shewn. Between any 
two bodies A and B, mutually 
attracting each other, conceive 
any obstacle to be placed, by 
which their coming together 
may be hindered. If either bo- 
dy A be more attracted towards 
the other B, than that other B 
towards the former A, the ob- 
stacle would be more urged by 
the pressure of the body A, 

than by that of B, and therefore would not remain in an equili- 
brium. The stronger pressure would prevail, and cause, that 
the system of the two bodies and the obstacle would be moved 
directly towards the part, on which B lies, and in free spaces 
would go forward in injinitum^ with a motion continually acce- 
lerated ; which is absurd and contrary to the first law. For, by 
the first law, the system ought to persevere in its frtate of I'est. or 
of moving uniformly forward in a right line; therefore the bodies 
must e([ually press the obstacle, and are equally attracted by 
each other. The truth of this may be shewn by experiment, in 
the attraction between a magnet and iron, 'if these, placed 
apart in proper vessels touching each other, float near each other 
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in still water, neithrr will propel the other, but, by the equality 
of attraction both ways, they will sustain each other's pressure, 
and at^ len,e^li rest in an equilibrium. 

So also the gravity between the earth and its parts is mutual. 
Let the eai*th EH be cut by any plain DF into two unequal 
parts DEF and DHF ; their weights towards each other are 
mutually equal. For if the greater part DHF be, by another 
plane GK parallel to the former DF, cut into two parts DFKG 
and GBK, of which the exterior part GHK is equal to the less 
part first cut off DEF : it is manifest, that the middle part 
DFKG will, by its own weight, tend to neither of the extreme 
parts, but will, if I may so speak, be suspended, and rest in an 
equilibrium between both. But the extreme part GHK would 
press with all its weight on the middle part, and urge it towards 
the other extreme part DEF ; therefore the force with which 
the sum of the parts GHK and DFKG tends towards the third 
part DEF is equal to the weight of the part GHK, or, to the 
weight of the thii'd pai't DEF. Therefore the weights of the 
two parts DEF and DHF towards each other are equal, as was 
proposed to be proved. And unless these weights were equal, the 
whole eai-th, floating in a free ether, would yield to the greater 
weight, and, in going from it, would be carried off in wjinitiim. 
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Cor» 2. And much more, the rectilineal figure, which is com- 
prehended under the chords of the evanescent arches ab, be, cd, 
&c. coincides ultimately with the cUrvilineal figure. 

Cor. 3. As also the circumscribed rectilineal figure, compre- 
hended under the tangents of the same arches. 

Cor, 4. And therefore these ultimate figures, (as to their 
perimeters acE,) are not rectilineal, but curvilineal limits of 
I'ectilineal figiu'es. 



LEMMA IV. 



If in two figures there beinscribedf as in the preceding lemma, two 
ranks of parallelograms, an equal number in each figure, and, 
when their breadtlis are dimiiiished in infinitum, the idiimate 
ratios of the parallelograms in one figure to tlwse in the other, 
each to each, be the same ; these two figures are to eadi other, in 
the same ratio^ 



For as the parallelograms in one figure are to those in the 
other, each to each, so is the sum of all the parallelograms in the 
former to the sum of all in the other (12. 5 Eu,), and so is the 
former figure to the other, the former figure being to the former 
sum, and the latter figure to the latter sum, in the ratio of equali- 
ty {by Lemma 3). 

Cor. Hence if two quantities of any kind, be any how divided 
into an equal number of parts, and these parts, when their num- 
ber is increased, and magnitude diminished in infinitum, have a 
given ratio to each other, the first to the first, the second to the 
second, and the others in their order to the others; the whole 
quantities are to each other in the same given ratio. For if, in 
two such figures, as those mentioned in this lemma, parallelo- 
grams be taken, which are to each other as the parts, the sum of 
tlie parts are always as the sum of the parallelograms (12 and 
11. 5 ^u.), and therefore, when the number of the parts and 
parallelograms is increased and their magnitude diminished in 
infinitum, in the ultimate ratio of a parallelogram to its corres- 
pondent one, or which is equal ( Uijp.), of one of the parts to its 
correspondent one. 
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LE51MA V. 

j^ _ « • _ ^ 

LEMMA VL 

an J* in q^% mii? 'J sis tv ik^/Jk^V ■" :^J" ,vr, 'r^ri^v? ,^i -*,v. 



For if that an.i^^e stlnMilii ni^i van- 
ish, the arch AB vouM Ciru.^iu, 
with ihe tan,s:e'it AD. an ancle 
eq.al to a rectilineal o'>o. and 
therefore the curvat'nv at xlie n.nnt 
A would not be continual, contra- 
rj' to the supposition. 




LEMMA MI, 



1%€ game things being supposed : ihe nltimate ni,'?,» of the cji\\'>» 
chord, and tangent to each other^ i\s the ratio of equahty. 

m 

For while the points, see fip:. to pirr. lonnnn, ap)mnuiioN 
to the point A, let the rifi^ht lines AB and Al> ho uIwuvh undoi*** 
stood to be produced to distant |>oints h and d. and <o the socuni 
or cutting line BD, let bd be drawn parallel, and let thoaivh 
Ah be always similar to the airh AB. And. the poinN A and H 
coinciding, the angle dAb, by tlie pivroiling leninui, vani.slH's« 
and therefore the ri2:ht lines Ab and A<K wWivh are always llnito, 
and tlie intermediate arch Ah. coin<'i<h* and aiv (heivfoiv tM|Ujil. 
Whence also the right lines A B and Al)., always proportioiuil 
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to the right lines Ab and Ad (4. 6 Eu.) ; and the intermediate 
arch AB, have to each otlier, an ultimate ratio of eciuality. 

Cor 1. Whence if throusrh B, 
a ri.i^ht line BF be drawn paral- 
lel to the tangent, always cutting 
any right line AF passing thro' 
A, in F ; this right line BF, has 
ultimately to the evanescent arch 
AB, a ratio of equality ; because, 

the parallelogram AFBl) being completed, it has always a ratio 
of equality to AD. 

Cor. 2. And if through B and A, there be drawn more right 
lines BE, BD, AG and AF, cutting the tangent AD and its 
parallel BF ; the ultimate ratio of all the abscissas or right lines 
cut off AD, AF:, BF, BG, and of the chord and ai-ch AB, to 
cacli other, is the ratio of equality. 

Cor. 3. And therefore all these lines, in all reasoning about 
ultimate ratios^ may be used for each other. 



LEMMA VIIL 



If the two ris;ht lines JIU and ^ff, see the figure to lemma 6, with 
the arch JilU the chord JiBn and the tangent J^T)^ from three tri^ 
angles JIRB^ Jl tB and ART)^ and the points Jl and B approach- 
and come together ; the ultimate form of the evanescent trian* 
gleSf is that of simllitiide, and th-e ultimate ratioy that of equality* 

For while the point B approaches to the point A, let AB, AD 
and AR be always understood to be produced to distant points 
b, d and r, the right line rbd to be drawn parallel to RD, and 
let the arch Ab be always similar to the arch AB. And the 
points A and B coinciding, the angle dAb, by lemma 6, vanishes, 
and therefore the three triangles rAb, rAb and rAd, which are 
always finite, coincide, ami are tlierefore similar and equal. 
Whence also the triangles RAB, RAB and R.VD, which arc 
always similar ^and proportional to these, become ultimately 
similar and equal to each other. 

Car. And lieiice, these triangles, in all reasoning about ulti- 
mate ratios, may be used for each otlier. 
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LEMMA IX. 



If a right line AE, and a curve JIBC, giveti' by posiiion, cut each 
other in a given angle at J^ and to that right line, in anotlier 
given angle, BD and CE be ordinately applied, meeting the 
curve in B and C, and the points B and C approach and come 
together to the point A ; the areas of the triangles ABB and 
ACE are to each other ultimately, in a duplicate ratio of the 
sides* 



For while the points B and 
C approach to the point A, 
let the right line AD oe under- 
stood to be produced to distant 
points d and e» so tliat Ad 
and Ae may be proportional to 
AD and AEy and let the ordi- 
nates db and ec be drawn par- 
allel to DB and EC, which 
may meet the right lines AB 
and AC produced in b and c. 
Let there be understood to be 
drawn, both the curve Abe 
similar to ABC, and the right line AG, which may touch both 
curves in A, and cut the ordinates DB, EC, db and ec in F, G, 
f and g. And, the length Ae remaining the same, let the points 
B and C come together to the point A, and, the angle cAg 
vanishing, the curvilineal areas Abd and Ace will coincide with 
the i*ectilineal ones Afd and Age, and therefore, by lemma 5, 
will be in a duplicate ratio of the sides Ad and Ae (19. 6 Eu.) ; 
but to these areas, the areas ABD and ACE, and to these sides, 
the sides AD and AE are always proportional ; therefore the 
areas ABD and ACE are to each other ultimately in a duplicate 
ratio of the sides AD and AE. 
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LEMMA X. 



The spaces, which a body describes, by any finite force urging it, 
wlietlier that force be determined and immutable, or be continually 
increased or continually diminished, are, in the very beginning of 
the motion, in a duplicate ratio of the times. 

Let the times be represented by the right lines AD and AE, 
sec figure to the preceding lemma^ and the velocities generated, 
by the ordinates DB and EC; the spaces described by thes© 
velocities, are as the areas ABD and ACE described by these 
ordinates, or, which is equal by the preceding lerama^ in a dupli- 
cate ratio of the times AD and AE* 

LEMMA XL 

2%e evanescent subtense of the angle of contact, in all carves hav- 
ing a finite curvature at the point of contact, is ultimately in a 
duplicate ratio of the subtense of the conterminous arch. 

Case 1. Let that arch be AB, its tangent p^ 
AD, the subtense of the angle of contact BD, 
and the subtense or chord of the contermi- 
nous arch or the arch having the same ex- C 
tremes, the right line AB ; and first, let the 
subtense BD of the angle of contact be per- 
pendicular to the tangent AD. To the sub- 
tense AB and tangent AD, erect the perpen- 
diculars BG and AG, meeting each other in 
G, and let the points D, B and G approach j 
to the points d, b and g, and let J be the in- cr 
tersection of the right lines BG and AG, p 
made ultimately, when the points D and B 
come to A. It is manifest that the distance GJ 
may be less than any given right line. But, because of the right 
angled triangle ABG, the square of AB is equal to the rectangle 
GAC {Cor. 1. 8 6 and 17. 6 Eu.), or, AC and BD being eqtial, 
to the rectangle under AG and BD ; for the same reason, the 
square of the riglit line Ab is equal to the rectangle under Ag 
and bd ; therefore the square of AB is to the square of Ab, in 
a ratio compounded of the ratios of AG to Ag and of BD to bd 
(23. 6 Eu). But because GJ may be assumed less than any 
given length, the ratio of AG to Ag may be such, as to differ 
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from fhe ratio of equality less than by any given difference, and 
therefore the ratio of the square of AB to the square of Ab may 
be such, as to differ from the ratio of BD to bd less than by any 
given difference ; and therefore, by lemma 1, the ultimate ratio 
of the square of AB to the square of Ab is equal to the ultimate 
ratio of bD to Bd, and so bD is to bd ultimately in a duplicate 
ratio of the subtenses AB and Ab (20* 6 Eu). 

Case £• Let now BD be inclined to AD in any given angle^ 
and the ultimate ratio of BD to bd will still be the same as before 
(4. 6 Eu.)^ and therefore in a duplicate ratio of the subtenses AB 
and Ab. 

Cnse 5. And though the angle D should not be given, but be 
formed by tiie right line BD converging to a given point, or by 
any other law ; yet the angles D and d, constituted by a com- 
mon law, always tend to equality^ and approach nearer to each 
other, than by any given difference, and are therefore ultimately 
equal, by lemma 1 ; and therefore the lines BD and bd are to 
each other, in the same ratio as before. 

Cor. 1. Since the tangents AD and Ad, the arches AB and 
Ab, and their sines BC and be, become ultimately equal to the 
chords AB and Ab ; their squares are ultimately, as the subten- 
ses BD and bd. 

Cor. 2. Their squares are also ultimately as the sagittas or 
versed sines of the arclies, bisecting the chords, and tending to a 
given point. For these sagittas are as the subtenses BD and bd. 
Cor. 3. And therefore the sagitta is in a duplicate ratio of the 
time, in which a body with a given velocity describes an arch ; 
the arch described with a given velocity being as the time. 

Cor. 4. The rectilineal triangles ADB and Adb are ultimately 
in a triplicate ratio of the sides AD and Ad, and in a sesquipli- 
cate of the sides DB and db, as being in a ratio, compounded of 
the ratios of the sides AD and DB to Ad and db {Cor. 1. 23. 6 
Eu). So also the rectilineal triangles ABC and Abe are to 
each other ultimately in a triplicate ratio of the sides BC and 
be (See Def. 14. 5 En). 

Cor. 5. And because DB and db are ultimately parallel, and 
in a duplicate ratio of AD and Ad, and therefore AC and Ac 
ultimately in a duplicate ratio of BC and be, which is the nature 
of the parabola (Cor. 2, 40. 1 Sup.); the ultimate curvilineal 
areas ADB and Adb are two thirds paiiis of the rectilineal tri- 
angles ADB and Adb (Cor. 81. 1 Sup.) ; and therefore the ulti- 
mate segments AB and Ab third parts of tiie same triangles. 
And therefore these areas and segments arc in a triplicate ratio 
both of the tangents AD and Ad, and of the chords of the arches 
AB and Ab. 
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tn substquent dtationSf MU. Ph. denotes, JVatural ThiUaopky. 
PROP. I. THEOR. 

The areas, wAicA revotring bodies descrihe, by radiuses drawn to an 
imvioreabie centre of force, are in immoveable plains, and pro- 
portional to the times. 




Let tltetime he divided 
intn equnl parts, and, in 
tbc first part of time, let 
the body describe, by its 
innate force, the right 
line AB. The same 
would, in the second part 
of lime, if nothing hin- 
dred, go on directly to c, 
desciibing the riglit line 
Be equal to AB (by law 
1), HO that the radiuses 
AS. BS and cS being 
drawn to the centre S, 
there would be described 
equal areas ASB and 
BSc (38. 1 Eu.) : but, 
when the body comes to B, let a centripetal force act with a 
ungle but great impulse, and cause that tiie body deviate from 
the right line Be, and go on in tlie right line BC. Through c 
draw'cC parallel to BS, meeting BC in Cj and, the second 
part of time being completed, the body (by cor. to the laws), 
will be found in C, in the same plain with the triangle ASB : 
join SC, and the triangle SBC, because of the parallels SB and 
Cc, is equal to the triangle SBc (37. 1 Eiu), and tliciffore to tiie 
triangle SAB. By a like reasoning if the centripetal force 
act successively in C, D, E, &c. causing that the body, in the 
several particles of time, describe the several right lines CD, 
DE, EF, &c. all these will be in the same plain, and the triangle 
 SCD will be equal to the triangle SBC, the triangle SDE to 
SCD, and SEF to SDE; therefore equal areas are described 
in equal times in an immoveable plain, therefore any sums of 
the areas SAD S and SAFS arc to each other, as the times of 
their de8crij)tion {Theor. 2. 15. 5 En), Let now the number of 
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these triangles be increased, and their breadth diminished in 
infinitum, and their ultimate perimeter ADF {by cor. 4 lent. S), 
'will be a curve line, as must be the case, since the centripetal 
force, by which the body is perpetually drawn from the tangent, 
is supposed to act unceasingly ; and any described areas SADS 
and SAFS, which have been shewn to be always to each other, 
as the times of their description, are, in this case also, to each 
other, as the times of their description. 

Cor. 1. The velocity of a body, attracted towards an im- 
moveable centre, in non-resisting spaces, is inversely as th« 
perpendicular let fall from that centre, on a rectilineal tangent 
of the orbit. For the velocity in the places A, B, C, D and E, 
are as the bases of equal triangles, namely, AB, BC, CD, DE 
and EF, and these bases are reciprocally as the perpendiculars 
let fall on them, as is manifest from 15. 6 Eu. 

Car. 2. If the chords AB and BC, of two arches successively 
described in equal times, in non-resisting spaces, by the samd 
body, be completed into a parallelogram ABCG, and its diagonal 
BG, in that position, which it has ultimately when these arches 
are diminished in infinitum, be produced both ways ; it will pass 
through the centre of force. 

Cor. S. If the chords AB andBC, DE and EF, of archfes 
described in equal times in non-resisting spaces be completed 
into parallelograms ABCG and DEFH ; the forces in B and E 
are to each other in the ultimate ratio of the diagonals BG and 
EH, when tliese ^rches ai*e diminished in infinitum. For the 
motions of the body BC and KF^yy cor. to the /atcs), are com- 
pounded of the motions Be and BG, Ef and £11 ; and BG and 
£H, equal to Cc and Ff, in the demonstration of this proposition, 
were generated from the impulses of the centripetal force in B 
and E, and are therefore proportional to these impulses. 

Cor. 4. The forces, with which, any bodies, in non-resisting 
spaces, are drawn from rectilineal motions, and turned into 
cur^dlineal orbits, are to each other, as those sagittas of arches, 
described in equal times, which tend to the centre of force, and 
bisect the chords, when these arches are diminished in infinitum. 
For the sagittas BK and EL, when these arches are so diminish- 
ed, are halves of the diagonals, mentioned in the preceding 
corollary {Sdwl. 3. IS. QEu). 

Cor. 5. And therefore, the same forces, are to the force of 
gravity, as these sagittas, are to sagittas, perpendicular to the 
horizon, of the parabolick arches, which projectiles describe in 
the same time. 
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PROP. II. THEOR. 



Every body 9 ivhidi is mavedr in any curve line described in a plain, 
and by a radius drawn to an immoveable point, describes areas 
about that point, proportional to the times, is urged by a centri- 
petal force tmding to the samepoiTtt* 



Fop every body, which is moved in a curve line, is turned 
firom is rectilineal course, by some force acting on it {by law 
1)$ and that force, by which a body is turned from a rectilineal 
course, and is made to describe the equal least possible triangles 
SAB, SBC, SCD, &c. see fig. to prec prop., about an immove- 
able point S,. in equal times, acts, in the place B, according to a 
fine parallel to cC (40. 1 Eu* and Law 2), or, according to the 
fine BS; and, in the place C, according to a line parallel to 
dD, or, according to the line CS, &c. Therefore it always acts 
according to lines tending to that immoveable point S. 

Cor. 1. In non-resisting spaces or mediums, if the areas be 
not proportional to the times, the forces do not tend to the con- 
course of the radius, but deviate therefrom, in comequentiaf or 
towards the part to which the motion is directed, if the descrip- 
tion of the ai*eas be accelerated ; but in antecedentia^ if retarded. 

Cor. 2. Even in resisting'kn^iums, if the description of areas 
be accelerated, the directions of the forces deviate from the con- 
course of the radiuses, towards the part, to whicli the motion 
is made. 

Scholium. — A body may be urged by a centripetal force 
compounded of several forces. In this case, the sense of the 
proposition is, thattlie force, which is compounded of all, tends 
to the point S. Moreover, if any force act according to a line 
perpendicular to the described surface, this will cause, that the 
body deviate from the plain of its motion, but will neither in- 
crease nor diminish the quantity of the described surface, and is 
therefore to be neglected in the composition offerees. 

And since the equable description of areas is an index of the 
centre, which that force respects, by which a body is most affect- 
ed, and by which it is drawn from a rectilineal motion, a 
retained in its orbit ; the equable description of areaSf is used in 
this tract, as thetnrfco: of the centre, about which, all curviliiieal 
motion is performed in fi*ee spaces. 



PROP. m. THEOR.— .5ee JVote. 

The centripetal JorceSf of bodies, which describe different drdes 
with an equable motion, tend to the centres of the circles, and 
are to each other, as the squares of arches described togetheTf 
applied to the radiuses of the drdes. 

These forces tend to the centres of the circleSf by prop. 2 and 
cor. 2 prop. 1 Nat. Ph. ; and are to each other, as the versed 
sines of the least possible arches, described in equal times {Cor. 
4. 1 MiU Ph.), or, which is equal (Lem. 7 JV*af. Ph. 31. 3, Cor. 
1 to 8. 6 ^ 17. 6 Eu.), as the squares of the same arches applied 
to the diameters of the circles; and therefore, since these arches, 
are a3 arches described in any equal times, and the diameters 
of circles, are as their radiuses, these forces are to each other, as 
the squares of any archej described together, applied to the ra- 
diuses of tbe circles. 

Cor. U Therefore, since these arches, are as the velocities of 
the bodies, the centripetal forces are as the squares of the velo- 
cities, applied to the radiuses of the circles ; or, in the language 
of geometers, in a ratio compounded of tlie duplicate ratio of the 
velocities and the inverse simple ratio of the radiuses. 

Cor. Q. And, since the periodick times, are in a ratio com- 
pounded of the direct ratio of the radiuses and the inverse one of 
the velocities ; the centripetal forces are inversely as the squares 
of tbe periodick times applied to the radiuses of the circles ; that 
is, in a ratio, compounded of the direct ratio of the radiuses and 
the inverse duplicate one of the periodick times. 

Cor. 3. Whence, if the periodick times be equal, and there- 
fore the velocities be as the radiuses ; the centripetal forces are 
as the radiuses : and the contrary. 

Cor, 4. If the periodick times, and therefore the velocities, be 
in a subduplicate ratio of the radiuses ; the centripetal forces ar^ 
equal : and the contrary. 

Cor. 5. If the periodick times be as the radiuses, and there- 
fore the velocities equal ; the centripetal forces are inversely as 
the radiuses : and the contrary. 

Cor. 6. If the periodick times be in a sesquiplicate ratio of 
the radiuses, and therefore the velocities in an inverse subdupli- 
cate ratio of the radiuses ; the centripetal forces are inversely as 
the squares of the radiuses : and the contrary. 

Cor. 7. And universally, if the periodick time be as any pow- 
er R" of the radius R, and therefore the velocity inversely as 
R"** ; the centripetal force is invei'sely as R*""^ : and the con- 
h'arr. 
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Cor. 8. All the same thinjs^s, concerning the timesy velocities, 
and forces, with which bodies describe similar parts of any simi- 
lar figures, haying their centres similarly posited in those figures, 
follow from the demonstration of this proposition and its corol- 
laries, applied to these cases. And it is applied, by substituting 
the equable description of areas, for equable motion, and the 
distances of the bodies from the centres, for the radiuse^s. 

Cor. 9. From the same demonstration, it follows also ; that 
the arch, which a body, by revolving uniformly in a circle with 
a given centripetal force, describes in any time, is a mean pro- 
portional between the diameter of the circle, and the descent of 
the body performed in the same time by falling with the same 
given force. 

Scholium. The case of the sixth corollary of this proposition, 
namely, that of the periodick times being in a sesquiplicate 
ratio of the distances, or, which is the same, of the squares of 
the periodick times being as the cubes of the distances, obtains 
in the planetary bodies, ails has been observed by Kepler, see the 
thii*d law discovered by him, mentioned in these elements of 
Natural Philosophy, in the preparatory observations; and 
therefore those things, which relate to a centripetal force, de- 
creasing in a duplicate ratio of the distances from the centres^ 
are more particularly explained in these elements. 



PROP. IV. THEOR. 

If a body in a non-resisting space, be revolved in any orbit, about 
an immoroeable centre, and describe any arch just nascent in 
the least possible time, and the sagitta be understood to be drawn, 
which may bisect the chord, and, being produced, ma/y pass 
through the centre of force; the centripetal force in the middle of 
the arch, is as the sagitta directly, and the square of the time 
inversely. 

For the sagitta in a given time is as the force {Cor. 4. 1 J^at. 
Ph.), and by increasing the time in any ratio, because the arch 
is increased in the same ratio, the sagitta is increased in a ratio 
which is duplicate of that ratio {Cor. 2 and 3 Lem. 11 JSlat. Ph.), 
and therefore is as the force and sq^iiare of the time jointly.— 
Taking from each the duplicate ratio of the time, the force is, as 
the sagitta directly, and the square of the time inversely. 
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Tlie same may also be demonstrated from Lem. 10. Nat. Ph. 
thus : 

The spaces, which a body describes, by any finite force urg- 
ing it, whether that force he immutable or continually increased 
or diminished, are, in the very beginning of the motion, in a 
duplicate ratio of the times {Lem. 10. J^TaL Ph.)^ and therefore, 
the forces being varied, as the forces and squares of the times 
jointly. Taking from each the duplicate ratio of the times, the 
forces are, as the spaces described directly, and the squares of 
the times inversely, and these spaces are as the sagittas mention- 
ed in this proposition, as is manifest from Cor. 4. 1 Nat. Ph. 

Cor^ 1. If a body P, in re- ^^"^^ IL 

volving round a centre S, des* ^.^-f^'-^^^lj? 

cribe a curve line APQ and a y/^ y^^^^^^JStl 

right line RPN touch that curve /^ /y^y'^^ \^ 

in any point P, and from any / 1^^ \ 

other point of the curve Q, a j^g>^| jj  »   \j ^ 

right line QR be drawn parallel 
to the distance SP, and a perpen- 
dicular QT be drawn to that distance SP : the centripetal force 

SP«xQT' 

is inversely as the solid , if that quantity of this 

QR 

solid be always taken, which it has ultimately when the points 
P and Q coincide. - ^ 

For QR is equal to the sagitta of double the arch QP, in the 
middle of which is P; and double the triangle SQP, or SPxQT, 
is proportional to the time in which that double arch is described 
(1 JV*a^ PA.), and therefore may be used, as an exponent of the 
time. 

Cot. 2. By a similar reasoning, a perpendicular ST being 
let fall, from the centre of the force S, on a tangent of the orbit 

SY^xQP* 

PR, the centripetal force is inversely as the solid — — * 

QR 
for the rectangles SYxQP and SPxQT are equal, being each 
equal to double the triangle SQP. 

Cor. 3. If the orbit be a circle, or contains the least possible 
angle of contact with a circle, having the same curvature, and 
the same radius of curvature at the point of contact P, and if 
PX be the chord of this circle, drawn from tlie body through 
the centre of force; the centripetal force is inversely as th« solid 

59 
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ST*xPX. For QP is equal to the rectangle PXxQR {ScM. 

QP^ 
Theor. 5. 4 Eu.), and therefore PX is equal to , and may 

be substituted for it^ in expressing the quantity of the solid, 
mentioned in the preceding corollary. 

Cor. 4. The same things being supposed, the centripetal 
force is, as the square of tiie velocity directly, and that chord 
inversely. For the velocity is inversely as the perpendicular 
ST {Cor. 1. 1 Mit. Ph). 

Cor. 5. Hence, if any curvilineal figure APQ be given, and 
in it a point S be also given, to which the centripetal force is 
continually directed ; the law of the centripetal force may be 
found, by which, any body P, being continually drawn off from 
a rectilineal course, will be detained in the perimeter of that 
figure, and, in revolving, describe it. Namely, either the solid 
SPxQT* 

 — , or the solid ST^xPX^ should be computed, a& 

QB 

inversely proportional to this force. 

Scholium. Although the method of investigatuig centripetal 
forces, given in the preceding corollary, being the fifth of thift 
proposition, is general, extending itself to any given curvilineal 
figure, and any point therein ; yet as the principal object of 
these elements, is the investigation of those laws, which actually 
prevail in nature ; and as Kepler has, from actual observation, 
ascertained, that the primary planets in their revolutions about 
the sun, describe ellipses, the sun being in one of the focuses ; 
see the second law discovered by him, mentioned in these ele^ 
ments of natural philosophy, in the preparatory observations ; 
and as the same law has been founds as far as observations have 
been made, to prevail in the motions of the secondary planeta 
round their primaries. The investigation of the law producing 
a jnotion in an ellipse, round a focus, as the centre of force, is. 
given in the next proposition ; the like investigation, as re^spects 
a motion in a hyperbola or parabola, round a focus, as the cen- 
tre of force, being given in the two following propositions.. 
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PROP. V. PROB. 

Let a body rerodve in an ellipse ; the law of tht centripetal farce, 

tending to Us focus, is required. 

Let S be fhe focus of 
the ellipse, to which the 
centripetal force tends, H 
the other focus, C the 
centre, CA and CB semi- 
axes, GP the diameter 
fassing through the body 
^, DK the diameter con- 
jugate thereto, Q a point 
in Ihe perimeter APQ at 
the least possible distance 
from P, Qz an ordinate 
to the diameter GP, RPN 
a right line touching the 
ellipse in P; draw SP 

meeting DK in £ and Qz in x, to the tangent RPN draw QR 
parallel to SP, on SP and DK let fieiU the perpendiculars QT 
and PF, and draw HI parallel to DK, meeting SP in I. 

Because of the equals SC and CH, and tlie parallels EC and 
HI, SE is equal to £1 (2. 6 Eu.), and because the angles IPR 
and HPN are equal (11. 1 Sup. and 15. 1 Eu.), and HI being 
parallel to BN {Def. 14. 1 Sup. and 30. 1 Eu.), and therefore 
the angles PIH and PHI equal to their alternates IPR and HPN 
(29. 1 Eu.), the angles PIH and PHI are equal, and therefore 
the right lines PH and PI (6. 1 Eu.) ; therefore EI is the half 
of SI, and IP of IP and PH together, and therefore EP is the 
half of SP and PH together, and therefore equal to the greater 
semiaxisCA (1. 1 Sup). 

The principal parameter of the ellipse being called L ; Lx 
QR is to LxPz, as QR, or its equal (54. 1 Eu.), Px is to Pz 
(1. 6 Eu.'), or, which is %qual (2. 6 Eu.), as PE or AC is to 
PC; and LxPz is to the rectangle GzP, as L is to Gis (l. 6 
Eu^) ; and the rectangle GzP is to the square of Qz, as the square 
of jCP is to the square of CD (40. 1 Sup.) ; and the ratio of the 
square of Qz to the square of Qx, the points Q and P coming 
together, is the ratio of equality (^Cor. 2 Lem. 7 J>rat. Ph.) ; and 
the triangles QxT and PEF being, because of the right angles at 
T and F, and the angles at x and E equal, being alternate an- 
gles (29. 1 Eu.), equiangular, tiie square of Qx, or of its equal 
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Qz is the square of QT, as the square of PE or AC is to the 
square of PF (4 and 22, 6 Eu.)^ or, which is equal (53. 1 Sup. 
55. 1, and 16 and 2£« 6 Eu.)^ as the square of CD is to the square 
ofCB; and, coni))ounding all these ratios, LxQR is to the 
square of QT, as ACxLxPC'xCD% or, ACxLheing equal to 
SCB^ (Def. 15 and 17. 1 Sup. and 17. 6 Eu.)^ as 2CB xPC'x 
CD» is to PCxGzxCD^CB' (22. 5 JSw.), or, applying each to 
CB^PCxCD', which is common tohoth, as SPC is to Gz ; but, 
the points Q and P coming together, 2 PC and Gz are equal ; 
therefore LxQR and Ql'% which are proportional to these, are 

SP 
equal {Cor. 13. 5 Eu). Let these equals be drawn into , 

QR 
SFxQT* 
and LxSP is equal to — — , or {Cor. 1. 4 JSHat. Ph.), in- 

QK 

versely as the centripetal force ; whence, L being a 'given quan- 
tity, the centripetal force is inversely as SP% or in an inverse 
duplicate ratio of the distance SP. 



PROP. VL PROB. 

Let a body be moved in a hyperbola ; the law of the centripetal 

force, tending to its focus, is requirea. 
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.Let S be the focus of the hy- 
perbola, to wliich the centripe- 
tal force tends, H the other fo« 
cus» C the centre, CA and CB 
semiaxes, 6P the diameter 
passini^ through the body P, 
KD the diameter conjugate 
thereto, Q a point in the peri- 
meter AQP at the least possible 
distance from P, Qz an ordi- 
nate to the diameter 6P, RPN 
a right line touching the hyper- 
bola in P; draw SP meeting 
and QZ in x and KD in E, 
to the tangent RPN draw QR 

{parallel to SP, on SP and KD 
et fall the perpendiculars QT 
and PF, and draw HI parallel 
to KD meeting SP pi-oduced 
in I. 

Because of the equals HG and CS, and the parallels CE and 
HI, SE is equal to EI .2. 6 Eu.), therefore PE is equal to half 
the difference of PI and PS, or, the angles HPR and IPN being 
equal (IK 1 Sup. and 15. 1 Eu.), and therefore, RN and HI 
being parallel {Def. 14. 1 Sup. and SO. 1 Eu.), their alternates 
PHI and PIH (29. 1 Eu.), and therefore the right lines PI and 
PH (6. 1 Eu.), PE is equal to half the difference of HP and PS, 
and therefore to the transverse semiaxis CA (1. 1 Sup). 

The principal parameter of the hyperbola being called L ; 
LxQR is to LxPz, as QR, or its equal (34. 1 JKii.), Px is to 
Pz (1. 6 JSm.), or, which is equal (2. 6 Eu.), as PE or AC is to 
PC^ and LxPz is to the rectangle GzP, as L is to Gz (1. 6 
Eu.) ; and the rectangle GzP is to the square of Qz, as the 
square of CP is to the square of CD (40. 1 Sup.) ; and the ratio 
of the square of Qz to the square of Qx, the points Q and P 
coming together, is the ratio of equality {Cor. 2 Lein. 7 J^aU 
Ph.); and the triangles QxTand PEF being, because of the right 
angles at T and F, and the angles at x and E equal, the exter- 
nal to the internal remote on the same side (29. I J?iu), equian* 
gular, the square of Qx, or of its equal Qz is to the square of 
QT, as the square of PE or AC is to the square of PF (4 and 
22. 6 Eu.), or, which is equal (53. 1 Sup. 35. 1, and 16 and 22. 
6 Eu.)f as the square of CD is to the square of CB ; and, com- 
pounding all these ratios, LxQR is to the square of QT, as 
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AC\LxPC*xCD% or, AC«L being equal to 2CB' {Def. 15 
and 17. 1 Sup. and ir. 6 Em.), as 2CB"xPC«xCD» is to PCx 
GzxCD*xCB" (22. 5 Ett,), OP, applying each to CB«xPCxCD% 
which is common to both, as 2PC is to Gz / but the points Q and 
P coming together, 2PC and Gz are equal ; theFefore LxQJEt 
and QT% which are proportional to them, are equal {Cor. 13. 5 

SP« 
Eu\ Let fliese equals be drawn into ^ and LxSP" ia 

SP*xQT« 

equal to , or {Cor. 1. 4 JW. PA.), inversely as the 

QR 
centripetal force ; whence, L being a given quantity, the cen- 
tripetal force is inversely as SP", or in an inverse duplicate ra- 
tio of the distance SP. 

PROP. VIL PROB. 

Let a body be nuroed in a parabola ; the law of the centripetal 

force, tending to its focus, is required* 

Let AQP be the parabola, 
S its focus, A the principal 
vertex, Yz the diameter pass- 
ing through the body P, i^ a 
point in the perimeter AQP 
at tlie least possible distance 
from P, Qz an ordinate to 
the diameter Yz, MP a right 
line touching the parabola in 
P, and meeting the axis in 
M ^ join SP meeting Qz in 
X, draw QR to the tangent Mp parallel to SP, and on SP and 
M F let fall the pcrpendiculai*s QT and SN. 

Because tlie angle SPM is equal to the angle YPM (11. 1 
Snp.), or, wliicli is equal (29. 1 Eu.), SMP, which is alternate 
to it, SP and SM are equal (6. 1 Eu.), whence, the triangles 
Pxz and SPM being equiangular, Px, or its equal (34. 1 Eu.), 
QR, is equal to Pz ; but the squaie of Qz is equal to the rectan- 
gle under Pz and the parameter of the diameter Yz (40. 1 Sup.), 
or, that parameter being equal to 4PS {Def. 16. 1 Sup.), to the 
rectangle under Pz and 4 PS, orto that under QR and 4PS; but 
the points V and Q coming together, the ratio Qz to Qx is the 
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ratio of equality {Cor. 2 Lem. 7 JSTat. Ph.); therefore the square 
of Qx iSy in that case, equal to the rectangle under QR and 
4PS. And since the triangles QxT and SPN, having the angles 
at T and N right, and the angles QxT and SPN equal, the 
external to the internal remote on the same side (29. 1 Eu.), are 
equiangular, the square of Qx is to the square of QT, as the 
square of PS is to the square of SN (4 and £2. 6 Eu.)f or which 
is equal (62. 1 Sup. and Cor. 2. 20. 6 Eu.)9 as PS is to SA, or, 
which is equal (l. 6 Eu.\ as'4PSxQR is to 4SAxQR ; but the 
square of Qx is above shewn to be equal to 4PSxQR, therefore 
the square of QT is equal to 4SAxQR (14. 5 Eu.); let these 

SP SP'xQT" 
equals be drawn into , and is equal to SP^x 

QR QR 

4SA, and therefore, by Cor. 1. 4 Nat. Ph., the centripetal force 
is invei'sely as SP*x4SA, or, 4SA being a given quantity, the 
centripetal force is inversely as SP , or in an inverse duplicate 
ratio of the distance SP. 

Cor. 1. From this and the two preceding propositions it fol- 
lows, that if any body P, go from a place P, in the direction of 
any right line PR, witli any velocity, and be at the same time 
urged by a centripetal force, which is inversely proportional to 
the square of the distance of the places from the centre ; this 
body vnll be moved in one of the conick sections, having a focus 
in the centre of force ; and the contrary. For a focus, the point 
of contact and position of the tangent being given, a conick 
section may be described, having a given curvature at that 
point. But the curvature is given, from the given velocity and 
centripetal force ; and two orbits touching each other, cannot be 
described by the same centripetal force and the same velocity. 

Cor. 2. If the velocity, with which a body goes from its place 
P, be that, by which, in any least possible particle of time, the 
lineola PR may be described, and the centripetal force be sucli^ 
as in the same time to move the same body tlirough the space 
QR ; this body will be moved in some conick section,, whose 

QT» 

principal parameter is that quantity , which is made ulti- 

QR 

mately, when the lineolas PR and QR arc diminished in infini- 
tum. In these corollaries, the circle is referred to the ellipse, 
and the case excepted, when a body descends in a right line to 
the centre* 
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PROP. VIII. THEOR. 



JjT many bodies he revolved ahoiit a common centre^ and the centri-' 
petal force be in a reciprocal duplicate ratio of the distance of the 
places from the centre ; the principal parameters of the orbits, 
are in a duplicate ratio of the areas, which bodies, by radiuses 
drawn to the centre, describe in the same time. 

I 

For, by Cop. 2. 7 Nat. Ph. the principal parameter is equal to 

the quantity , which is made ultimately, when the points P 

QR 
and Q come together ; but the very little line QR, in a given 
time is as the generating centripetal force, or, which is equal 

{Hyp.), reciprocally as SP"*; therefore is as QT^xSP'; 

QR 
therefore the principal parameter is in a duplicate ratio of the 
area QTxSP, and therefore in a duplicate ratio of the areas 
described in the same time. 

Cor, Hence, the whole area of an ellipse, and that which is 
proportional to it {Cor 1. 78. 1 8up.), the rectangle under its 
axes, is in a ratio, compounded of the subduplicate ratio of the 
principal parameter, and the ratio of the pcrio<lick time. For 
the whole area is as the area QTxSP drawn into tlie pcriodick 
time. 

PROP. IX. 



The same things being supposed; theperiodick times in ellipses, are 
in a sesquiplicate ratio of the greater axes* 

For the less axis is a mean proportional between the greater 
axis and the principal parameter {Def 15 and 17. 1 Sup.)9 and 
therefore the square of the less axis is equal to the rectangle 
under the greater axis and tliat parameter (17. 6 jEw.), and 
therefore the less axis is in a subduplicate ratio of that rectangle ; 
let there be added on each side, the ratio of the greater axis, and 
the rectangle under the axes is in a ratio, compounded of the 
subduplicate ratio of that parameter, and the susquiplicate of the 
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greater axis ; but this rectangle {by Cor. 8 JWif. Ph.), is in a 
ratio, compounded of the subduplicate ratio of the principfd 
parameter, and the ratio of the periodick time ; therefore tho 
ratio compounded ef the subduplicate ratio of the principal 
parameter^ and the sesqiiiplicate of the greater axis, is equal to 
that which is compounded of the subduplicate ratio of the same 
parameter, and the ratio of the periodick time ; let there be taken 
away from each the subduplicate ratio of the principal parame- 
ter, and there remains the sesquiplicate ratio of the greater axis^ 
equal to the ratio of the periodick time. 

Cor. 1. Therefore the periodick times in ellipses, are the 
same, as in circles, whose diameters are equal to the greater axea 
of the ellipses. 

Cor. 2. And the periodick times in ellipses, are in a sesqui- 
plicate ratio of the mean distances of the revolving bodies from 
the centre of motion ; for these mean distances are equal to the 
greater semiaxes. 



PROP. X. THEOR. 



7he same things being supposed, and right lines being dravm^ 
' touching the orbits at the bodies, and perpendiculars being letfaU 
from the camnum focus on these tangents ; the velocities of the 
bodies are in a ratio^ compounded of the inverse ratio of the pet" 
pendicularSf and the direct subduplicate ratio of the prindpaii 
parameters. 
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'f. 




From 'the focus S, to 
tangent PR, let fall the 
perpendicular SY. 

The velocity of the body 
Pi is as the least possible 
arch PQ described in a 
given particle of time, or 
which is equal (Lem. 7 
Mht. Ph.)f as the tangent 
PR, or which is equal 
(because of the proportion- 
als PR to QT and SP to 
SY by 34. 1 and 4. 6 Eu., 

SPxQT 
as , or, as SY 

SY 
reciprocally and SPxQT 

directly, and SPxQT is as the area described in a given 
time, or, which is equal (8 J^TaU Ph.), in a subduplicate ratio of 
the principal parameter. 

Cor. 1. The principal parameters, are in a ratio, compound- 
ed of the duplicate ratio of the perpendiculars and the duplicate 
ratio of the velocities. 

Cor. S. The velocities of bodies, in their greatest and least 
distances from the common focus, are in a ratio, compounded of 
the inverse ratio of the distances, and the direct subduplicate 
i*atio of the principal parameters. For the perpendiculars are 
then the distances. 

Co. 3. And therefore the velocity in a conick section, in the 
greatest or least distance from the focus, is to the velocity in a 
circle at the same distance from the centre, in a subduplicate 
ratio of the principal parameter of the section to double thaf dis- 
tance. For that double is the principal parameter of the circle. 

Cor, 4. The velocities of bodies revolving in ellipses, in their 
mean distances from the common focus, are tlie same, as of 
bodies revolving in circles at the same distances ; or, {by Cor. 
6. 3 JVbf. PA.)' ^^ ^^ inverse subduplicate ratio of the distances. 
For the perpendiculars then are the less semiaxes ; and these 
are as .mean proportionals between the distances, which then 
become equal to the greater semiaxes, and the principal parame- 
ters. Let this ratio inversely, be compounded with the subdu- 
plicate ratio of tlie principal parameters directly, and it becomes 
the subduplicate ratio of the distances inversely. 
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Cor. 5. In the same fi^re, or even in different (l^res» whoso 
principal parameters are equal, the velocity of a body is inverse* 
ly as the perpendicular let fall from the focus on the tangent. 

Cor. 6. In a parabola, the velocity is in an inverse subdupli- 
cate ratio of the distance of the body from the focus of the figure ; 
in the ellipse, it is more varied, in the hyperbola, less, than in 
this ratio. For the perpendicular let fall, fropi the focus of a 
parabola, on a tangent, is in a subduplicate ratio of the distance 
I Cor. 1. 63. 1 Sup. and Co 1. 20. 6 Eu). In the ellipse, the 
perpendicular is more varied, in the hyperbola, less {Cor. S. 63. 
1 Sup). 

Cor. T. In a parabola, the velocity of a body at any distance 
irom the focus, is to the velocity of a body revolving in a circle 
at the same distance from the centre, in a subduplicate ratio of 
the number two to unity ; in an ellipse, it is less, in a hyper- 
bola* greater, than in tliis ratio ; f(»r, by Cor. 2 of this proposi- 
tion and Def. 15. and 17. 1 Sup., the velocity in the vertex of 
the parabola is in this ratio, and by Cor. 6 of this, and Cor. 6. 
9 Nat. Ph., the same ratio is kept in all distances. Hence also^ 
since, in circles, under the law of the centripetal force here 
supposed, the velocities are in an inverse subduplicate ratio of 
the distances {Cor 6. 3 J^at Ph.)^ the velocity in a parabola, in 
every where equal to that of a body revolving in a circle at half 
the distance ; in an ellipse, it is less ; in a hyperbola greater. 

Cor. 8. The velocity of a body revolving in any conick sec- 
tion, is to the velocity of a body revolving in a circle at the dis- 
tance of half the principal parameter of the section, as that 
distance, is to the perpendicular let fall from the focus on the 
tangent of the section. For the diameter of a circle being equal 
to its principal parameter {Def. 17. 1 Sup.), the principal 
parameters of the section and circle are equal, and therefore, 
by Cor. 5 of this proposition, the velocity in the section, is to the 
velocity in the circle, as the distance in the circle, which is the 
perpendicular on the tangent, is to the perpendicular on the tan- 
gent of the section. 

Cor. 9. Whence, since the velocity of a body revolving in 
this circle, is to the velocity of a body revolving in a circle at 
any other distance, in an inverse subduplicate ratio of the dis- 
tances {Cor. 6. 3 ^at. Ph.); by equality, the velocity of a body 
revolving in a conick section, is to the velocity of a body revolv- 
ing in a circle at the same distance, as a mean proportional 
between that common distance and half the principal parameter 
of the section, is to a perpendicular let fall from the common 
focus on the tangent. 
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ELEMENTS OF- ASTRONOMY, 



The principles delivered in the preceding elements of natural 
jihilosophy, may be considered as rather mathematical than 
philosophical ; principles, on which reasonings may he founded^ 
and conclusions deduced in philosophical enquiries. It remainsif 
that from these principles be taught the system of the world, and 
the elementary principles of astronomy. In order to render this 
subject more clear and satisfactory, the "principal and most im-*- 
portant pai*ts of it are thrown into the form of propositions, in a 
mathematical manner. 

And that the conclusions deduced may be founded on experi- 
ment and actual observation, and not on hypotheses forme4 
. arbitrarily ; it appears necessary before propositions are intro- 
duced on this subject, to lay before the reader a general view of 
the system of the world, and of those luminous bodies which are 
. continually offered to our attention, usually called, heavenly 
bodies, according to the decision of the most able astronomers 
and philosophers^ fQunde4 Qn the most accurate observations an4 
reasonings, 

OF THE SYSTEM OF THE WORLD, 



In treating on this subject,' the first thing, which naturally 
arrests our attention, is this earth which we inhabit ; of the size 
and shape of which we can have little doubt ; it having been 
repeatedly sailed round, its shadow being often exhibited to us in 
eclipses of the moon, and the shape of its surface such, that it is 
well known, that the situation of any part of it may be deter- 
mined, with great accuracy, by observations of the heavenly 
bodies ; its shape has been found to be nearly that of a globe or 
sphere of about 7900, nearly 8000 miles diameter. The causes 
of various appearances found to take place in it, as the vicissi- 
tudes of day and night, diversity of seasons and other phenQ« 
m^ndf ^re deferred^ till I shall treat of it§ mQtioQSft 
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The next thing, which attracts our attention, is that assemblage 
<if heavenly bodies, which, by their splendour, number and variety, 
80 much adorn the expanse around us ; and here, who can suffi- 
ciently admire and revere that infinite wisdom, power and good- 
ness, which is so manifest in the works of creation, as far as 
human intellect and observation can trace them ; it is both our 
duty and privilege to make his works? the subject of our enqui- 
ries and meditations, and the more we shall enquire into and 
meditate on them, the greater cause we shall find to love^ 
admire and worship their Almighty Author. 

Among the heavenly bodies, the sun is by far most remark- 
able, resplendent and interesting to us, being the chief source of 
heat and light to this caiiih ;, the moon is the next most striking 
object among them, being a great source of lignt to us, in the 
absence of the sun, and of about the same apparent magnitude, 
as that luminary ; besides these, the visible heavens is every 
where crowded with a vast number of luminous bodies, of small, 
but unequal apparent magnitudes, of which, by far the greater 
number retain, and have retained, since observations have begun 
to made on them, apparently the same situation with respect to 
each other, and are therefore called Jixed stars ; the few which 
are continually changing their situation among them, being 
called planetSf a Greek word, which signifies wanderers. 

These planets have been uniformly determined by astrono- 
mers to belong to that, which is called the solar system, a name 
derived from the sun, which is supposed to be at i*est in the 
centre, while the planets called primary, with their moons or 
satellites, called also secondary planets, revolve round him at 
various distances. By spots on its disk, however, the sun has 
been found to revolve on its axis in 25 days, 6 hours* It is 
likewise supposed to have a small motion about the centre of 
gravity of the whole system, which common centre of gravity, 
it has been determined by calculation, would not, on account of 
the superior magnitude of the sun, even if all the planets were 
on the same side of it, deviate father from the centre of the sun, 
than about the length of its diameter ; which is supposed to be 
about 890,000 miles, 

The most noted primary planets which revolve about the sun, 
and the only ones known to the ancients, are in number, six, of 
which tlie earth is one ; of the others, two are nearer to the sun, 
and three more remote from it, than the earth ; the nearest to the 
sun being Mercury, the next Venus, then the earth, the three 
others in order being Mars, Jupiter and Saturn. Modern 
diiscov^rie^ hj^ve s^Wed a few mori^ to the number^ of which 



mention will be made in order ; the figures, which theic primary 
planetH describe, in revolving round the sun, have been found by 
observation to be ellipses, the sun being in one of the fociises. 

In the following table are exhibited their magnitudes, mean 
distances from the sun, as determined by observations of the 
transit of Venus, which is b^ far the most accurate mode, 
kuown, tliftir periodick times, and the other most important par- 
culars respecting them. 

4 TABLE of the diameters, mean diatawxt, periadirk Hma, ^c. 
of the principal primary planets in the sdar system. 
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The other primary planets, are Ceres Ferdinandea, Pallas, 
Juno, Vesta, the Georgium Sidus or Herschel, and Hercules, 
the fourfirst move in orbits between those of Mars and Jupiter, 
of which the first was discovered by M. Piazzi, 1st January, 
1801 ; Pallas, by Dr. OJbers, 28th March 1802; Juno, by M. 
Harding, at Lilicnthal, in Germany, 1st September, 1804, and 
Vesta, by Dr. Olbers, in March, 1807. It is remarkable of the 
two former, tliat their orbits cross each other ; Pallas, coming 
nearer to the sun than Ceres in the perihelion, or nearer part of 
their orbits, but removing to a greater distance in their aphelion, 
or more remote part ; which is occasioned by the great eccen- 
tricity of the orbit of Pallas, compai-ed with that of Ceres. 
The magnitudes of those two planets have been variously stated 
by astronomers. Dr. Herschel computes the diameter of Ceres 
to be a hundred and sixty-two, and that of Pallas, ninety-flv© 
miles. The four plands have been considered by some astron- 
omers, as of a different species from the otlier planets, and have 
obtained tlie appellation of Asteroids. The periodick time of 
Ceres is 4y. rm. lOn.; of Pallas, 4y. 7m. Ud. j of Juno, 5y, 
18Sd. ; and of Vesta sy. l&i^d. 
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The Georgiitm Sipus, discovered by Dr. Herschel^ and so 
named in honour of George III, king of England, but generally 
called Herschely after the discoverer, may be seen with almost 
any telescope; its distance from the sun is computed at eighteen 
hundred millions of miles ; its periodick time is about eighty- 
. two years ; and it is supposed to be ninety-three times the size 
of the earth. Six moons have already been discovered to move 
round it, which require very powerful telescopes to discern 
them, and its remoteness from the sun renders it probable, that 
it has a still greater number. 

HERctJiiEs, lately discovered by Dr. Olbers, is about three 
times the size of Jupiter, and performs its revolution ix)und the 
sun, in about two hundred and eleven years, its distance from 
that luminary being computed to be three thousand and forty- 
seven millions of miles. It appears to the naked eye, like a star 
of the ^xth magnitude', and is attended by seven moons, one of 
which is suppose* to be twice as large as the earth. 

Besides these primary planets and the moons which have been 
mentioned, the earth is attended in its revolution round the sun 
by one satellite or moon, Jupiter by four, and Saturn by seven. 
Mercury and Venus, viewed though a telescope, exhibit phases 
like the moon, which shews, that they shine only by a borrowed 
light, namely, the reflected light of the sun, as all the planets 
both primary and secondary, which revolve round the luminary^ 
are supposed to do; two white circles have been discovered 
about the poles of tlie planet Mars, which are supposed by Dr. 
Herschel, to originate from the snow lying about these parts 5 
Jupiter is remarkable for his belts, and Saturn for his ring. 

The circle in the heavens, in the plain of which the earth 
moves round the sun, and in which of course the sun appears to 
move, as seen from the earth, is called the Ediptick; the angles 
which the orbits of the other principal planets have been found to 
make with it, are exhibited in the above table ; they all perform 
their motions round the sun from west to east, as does also the 
earth, which is therefore said, to be according to the order of 
the signs ; the whole circle of the ecliptick, through which the 
sun performs its apparent annual motion, with a space of eight 
degrees .on each side of it, within which all the planetary mo- 
tions were, by the ancients, thought to have been performed, is 
called the Zodiack, and has been divided by astronomers into 
twelve equal parts called Signs, each sign containing thirty 
degrees. 

The earth, besides its annual motion round the sun^ has a 
motion from west to east on its axis, in the space of about a day^ 
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which causes an apparent diurnal motion of the sun^ moon and 
other heavenly bodies in the contrary direction, op from east to 
west ; it appears from the above table^ that the other planets, 
ihere mentioned have, as far as has been ascertained by observa- 
tion, diurnal rotations on their axes. But the proximity of Mer- 
curity to the Sun and its consequent brilliancy, has hitherto 
prevented astronomers from determining the time of its rotation 
on its axis, or the position of that axis. Yet Mr. Shroeter in 
induced, from some observations, to believe^ that it revolves om 
its axis in 24h 5' 8". 

Of the Satellites or Moons by which the primary planets are 
attended, the most remarkable to us is our Moon, which attends 
the earth in her revolution round the sun, and revolves about 
the earth fro^l any one particular point in the heavens or fixed 
star, to the same point or star again, in twenty-seven days, seven 
hours, forty-three minutes ; from change to change, in twenty- 
nine days twelve hours, forty-four minutes, and a little more 
than three seconds. Her diameter is about two thousand, one 
hundred and eighty miles, and her mean distance from tlie cen- 
tre of the earth, about two hundred and forty thousand miles. 
Her orbit makes an angle with the plain of the ecliptick of 
about 5^ 18', the mean eccentricity contains about fifty-five 
parts, of which the mean distance contains a thousand, but va- 
ries fi'om about forty-four to sixty-six of such parts, according 
to the different positions of the sun and earth. She shines with 
the borrowed light of the sun, which causes her, according to 
her situation with respect to the sun, to appear to us full, gibbous 
or horned ; when the moon, being opposite to the sun, gets with- 
in the earth's shadow, so that, on account of the interposition of 
the earth between her and the sun, the sun cannot shine on her, 
she becomes opaque, and is said to be eclipsed, totally or parti-* 
ally, according as the sun, by the interposition of the earth, is 
prevented from shining on the whole or a part of the surface 
turned to us ; again, when at the time of the change, the moon 
gets so between the sun and us, as to prevent the whole or a 
part of tlie surface of the sun which is turned to us, from shining 
on us, the sun is said to be eclipsed, totally or pai*tially, accord- 
ing as the whole or a part of that surface is so obscured ; and 
astronomers suppose the diameter of the eclipsed body to be di- 
vided into twelve equal parts, called digits ; and the magnitude 
<>f the eclipse is estimated by the number of these digits eclipsed 
at the moment of the greatest obscuration. 

From what has been said, it is manifest, that, if the plain of 
ih« moon's or&it coincided with the plain of the ecliptick, there 
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%ould be eclipses at every change and full of the moon; but ^ 
the plain of the moon's orbit makes an angle \vith the plain of' 
the ecliptick of about 5° iWf as is above observed, no eclipse 
Will happen, unless at the time of the change or full, the moon 
be so near to a node or interstfiion of the plains of the orbits, ad 
in the former case, to get between the sun and some part of the 
earth, and in the latter, to get within the earth's shadow ; the li- 
mit within which eclipses can happen being in the former Case 
about seventeen degrees, and in the latter about twelve from such 
an intersection. 

The earth has, besides the annual and diurnal motion jiist 
mentioned, a very slow retmgrade motion of its axis, about the 
pole of the ecliptick, of 50" each year, or of one degree in 72 years^ 
its whole revolution would therefore require 25920 years, its 
half revolution 12960, and a fourth part of it 6480 years. Which 
motion is to be ascribed, as is hereafter shewn in this work, to 
the spheroidal form of the earth* 

This motion has a considerable effect, in regulating the pro- 
portional time of the sun's remaining on the different sides of the 
equator, during the earth's annual motion ; the earth wasr in its 
aphelion, when the sun was in the first of cancer, or at the time 
of the longest day with the inhabitants of northern latitudeil^ 
about A. D. 1148, and since that, in the lapse of nearly 700 
years, has varied from that situation, but a littie more than nine 
degrees ; the consequence is, that the period from the March to 
the September equinox, is about eight days longer than the re* 
^idue of the year, and the inhabitants of northern latitudes have 
their summers so much longer, and winters so much shorter^ 
than those of southern latitudes ; to which appeal's chiefly to be 
ascribed, the superior degree of cold experienced in Southern !*-• 
titudes, compared with northern of the sanie distance from the 
equator, for the situation of land and water in southern latitudes 
seems more favourable to temperature. If the present order of 
things were to last till A. D. 7628, the earth's aphelion would 
take place, when the sun would be in the first of aries, and each 
side of the equator would have him an equal portion of the year J 
and if the same order were to continue 6480 years longer, that 
aphelion would happen, when the sim would be in the first of 
Capricorn, and the inhabitants of southern latitudes would have 
their summers eight days longer, and winters as much shorter^ 
than those of northern latitude!^. 

From this motion arises also the plienomenon of the predeS* 
fiion of the equinoxes, whereby the point among the fixed .stars,r 
in whieh the sun crosses the equinox in the 1st of aries, has a 
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slow retrograde motioTi» or from east to west^ of about one de- 
gree in 72 years, so that the point where the sun at this time 
crosses the equinox in March, is about a whole sign to the west- 
ward of the constellation of arhJL near which it crossed it in the 
time of Hipparchus, who flounSied about 150 years before the 
Christian era, and now crosses it in the constellation of pisces. 

Besides the planetary bodies just mentioned, there belong to 
the solar system, other bodies, called CometSf which appear from 
time to time, and are chiefly distinguishable by tails which con- 
tinually issue from them. They have been determined by astro- 
nomers, to be opaque bodies, receiving all their light from the 
tun, and to move round the sun in very eccentrick or oblong el- 
liptical orbits ; so eccentrick and so nearly approaching to the 
figure of Parabolas, that, while within our view, their observed 
places hardly differ sensibly from those arising from calcula- 
tions founded on this hypothesis | their apparent magnitudes are 
Tery different, sometimes appearing of the size of one of the fixed 
stars, sometimes equalling the diameter of Venus, or even of the 
snn or moon ; and they exhibit phases like those of the moon ; 
their tails are supposed to arise from the gross atmospheres 
by which they are surrounded, driven off by the extreme heat of 
the sun, as these tails are in a direction opposite to that lumina- 
ry, extending or shortening, as they, approach toward or recede 
from it, their tails being a little incurvated, and most so near the 
ends of the tails, towards the parts, which the comets heads in 
their progress have left ; the increased curvature towards the end 
of the tails is accounted for, from the diminished velocity with 
which the vapours ascend from the sun, in places more remote 
from the heated body of the comet ; these tails are so thin, that 
stars can be seen through them. 

The periods of the comets which have been observed, are sup- 
posed to be from seventy-five to five hundred and seventy-five 
years ; there are but few of them whose orbits seem to be ascer- 
tained with accuracy; the period of one, which appeared in 1680, 
is supposed to be 575 yeai*s. The period of one which appeared 
in 1758, is thought to be about 75 years. 

The next heavenly objects which arrest our attention, are the 
fixed stars, which are distinguishable from the planets, by being 
more luminous, and by continually exhibiting that appearance, 
which is called their scintillation or twinkling; which is usually 
ascribed to their appearing so extremely minute, that the inter- 
position of the numerous small bodies, which are continually 
floating in the atmosphere, deprives us of the sight of them ; but 
as they are continually changing their places, the stars become 
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quickly again visible^ which occasions the scintillation. Ano- 
ther remarkable property of the fixed stars^ and that which first 
gave them their name, is their never changing their apparent 
situation with respect to each other. They are supposed by as- 
tronomers to be bodies of the same nature as our sun, having 
systems of planetary bodies revolving about them ; their appa- 
rent diameters are so smalU that very powerful telescopes but 
little augment their apparent magnitudes^ i^nd it is owing to 
their extreme brilliancy, that they are so clearly visible ; they 
have been distinguished by astronomers into diiSferent orders ac-* 
cording to their apparent magnitude, the largest being said to 
be, of the first magnitude; the next, of tlie second magnitude, and 
so on. Those of the sixth magnitude, are such as can be barely 
distinguished by the naked eye. Those which can only be seen 
by the aid of telescopes, are called tekscopick stars* They hav6 
also been assorted by astronomers into different imaginary fig- 
ures, called constellations. A part of the heavens, called the 
galaxy or milky way, is thought to owe its brilliancy to the vast 
number of very small fixed stars, with which it is crowded. 

A small variation of about 20' in the situation of the fixed 
stars, has been lately discovered, owing to the difference of the 
time, which their light takes to arrive at the earth, in different 
parts of her orbit, which is called the Merration of light. ,lt 
had long before b^en discovered, by the eclipses of Jupiter^s 
moons, that light takes about 8 minutes in coming from the sun 
to the earth. 

Having premised thus much concerning those heavenly bodies, 
which are the subject of astronomy ; I proceed to deliver some 
propositions respecting them ; in the course of which, the phe- 
nomena mentioned in the beginning of the elements of natural 
philosophy, as laws of the planetary motions, will be cited, as 
there laid down, PI. L. denoting, planetary law. 



. PROPOSITION 1. THEOREM. 

That the forces, by which the primary planets are perpetually 
drawn from rectilineal motions, and are retained in their orbits, 
tend to the sun ; and are reciprocally as the squares of their dis-* 
tances from its centre. 
The former part of the proposition is manifest from the 1st 

planetary law, and prop. 2. Nat. Ph : and the latter part, from 

the Sd planetary law, and Cor. 6. prop. 3. Nat. Ph, as also from 

t^e 2d planetary law^ aud prop. 5. Nat. Ph. 
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Scholium* • The same reasoning applies^ to prove the samo 
iJiingy to the satellites op moons, which revolve about Jupiter, 
Bfttum, Herschel and Hercules, all the tliree planetary laws be- 
ing applicable to their motions round their primaries. Note, 
that, when revolving bodies are s]K)ken of, the laws are applica^ 
ble to their centres of gravity; and when a primary, with one or 
more satellites, revolves about the sun, tlie laws are to be under-r 
ptood, as applicable to the centre of gravity of the whole re^ 
volving system, 

PROP. II. THEOR. 

TAai the forces by which the moon is retained in Iter orbit, tends to 
the earth ; and is redprocally as the square of its distance from 
the earth^s centre* 

The former part of the proposition is manifest from the 1st 
planetary law, as applied to the moon. The latter part is de-» 
oucible from the second planetary law, as applied to the moon, 
and prop. 5, Nat. Ph ; and also from comparing the centripetal 
force, by which the moon is retained in her orbit, which may be 
do/ie by Cor. 9. prop. 3. Nat. Ph, with the force of gravity at 
the earth's surface. Assuming the moon's mean distance from 
the earth, as 60 of the earth's semidiameters, the lunar period 
with respect to the fixed stars, to be completed in 27d. 7h. 43m. 
as is determined by astronomers, and the circumference of the 
earth to be 132,192,000 English or American feet, as it has been 
estimated by geographers; if the moon were supposed to be de- 
prived of all motion, and to be let down so, that, all that force 
urging it by which it is retained in its orbit, it should descend 
towards the eaii;h, it would, in the space of one minute, by fall* 
ing describe about 16^^ ft- Whence, since that force, in ap- 
proaching to the earth, is increased in ah inverse duplicate ratio 
of the distance, and therefore at the surface of the earth is 60x60 
times greater than at the moon, a body, falling by that force in 
our regions, would describe in one minute 60x60x16^^ feet, 
and in the space of one second 16^^ feet, as is known to be the 
case; and therefore, by the 1st and 2d rules philosophizing, 
mentioned in the beginning of the elements of Nat. Ph.Jthe force 
by which the moon is retained in its orbit, is the same, as that 
which we are accustomed to call gravity ; for if gravity w^ere 
different from it, bodies in falling towards the earth by both 
forces jointly, would descend with double velocity, and would 
describe in one second 32} feet, entirely contrary to experiment. 
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Cor. Hence, seeing that the revolutions of the primary planetn 
round the sun, and of tlie secondary round their respective pri- 
maries, are phenomena of the same kind, as the revolution of 
the moon round the earth, and therefore, hy rule 2, depend on 
causes of the same kind, especially since the forces, on which 
tliose revolutions depend, tend to the centres of the sun and pri- 
maries, and vary by the same law, as that by whicK the force of 
gravity does in approaching to and receding from t|||^earth ; and, 
since reaction is equal to action, the sun and primaries gravitate 
towards the planets, which revolve about them ; and in short all 
planets gravitate towards each other. And hence Jupiter and 
Saturn, near their conjunction, disturb each others motions, the 
sun disturbs the lunar motions, and the sun and moon disturb 
pur sea, thereby causing the tides. W 



PROP. III. THEOR. 

That the axes of the planets are less than the diameters, which are 

perpendicular to them. 

For by the circular motion of the planets on their axes, it 
happens, that the parts about the equator, by their centrifugar 
force, endeavour to recede from the axis, and thereby increase 
the equatorial diameter. Thus the axis of Jupiter is found to 
be less than his equatorial diameter. For the same reason, un- 
less our earth was higher under the equator than at the poles, the 
seas at the poles would subside, and by ascending near the equa- 
tor, would inundate the parts there. 

Scholium. From the attractions of the sun and moon, op the 
elevated parts about the equator, arises the retrograde motion of 
the axis of the earth about the pole of the ecliptick, which has 
been mentioned. 

And, though the motion of the planetary bodies in ellipses, the 
centre of motion being in a focus, is put among the planetary 
laws, being discovered by Kepler by most accurate observations 
on the planet Mars, as may be found in Small's excellent tract 
on Kepler's discoveries, a work well worthy the attention of the 
curious in astronomy, and is made use of in proving the law of 
the planetary attraction ; yet as that law is deducible from Cor. 
6. prop. 3. Nat. Ph. it from thence follows by Cor. 1. prop. 7, 
Nat. Ph. that the orbits must be ellipses, unless so far as these 
orbits may be a little disturbed by the mutual attractions of the 
planets on each other. Thus is this law corroborated by many 
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concurrent proofsu It maybe observed, that the planet Mars* 
from the greatness of its eccentricity, which may appear from 
the above planetary table, to be much greater than that of any 
of the other planets there mentioned, except Mercury, and from 
its proximity to the earth, appears to be peculiarly well adapted 
for observations of this kind. 

Thus have I finished what I intended to deliver respecting the 
motions of ihe heavenly bodies; it being my intention to give 
only the ge^lral and most important laws, on which their mo* 
tions depend, a brief account of those motions, with the demon- 
strations of the principles necessary for this purpose. Those 
who wish to go more fully into this subject, are referred to New- 
ton's Mathematical principles of natural philosophy; to the un- 
derstaiuUng which work, it is hoped the information given in 
this booK will be a great assista.nce. 

NOTES. 

Definition 1. Book 1. of Euclid* s Elemdnts* 

What a point, line and superficies are, may be most easily 
Conceived from the nature of a solid or body ; for the bounds of 
t solid are not parts of it, and therefore have no thickness, their 
only dimensions therefore are length and breadth, they are there- 
fore superficies or surfaces ; but the bounds of those have only 
length, for if they had breadth, they would be parts, not bounds, 
they are therefore lines ; whose bounds want even length, and 
liave therefore no dimensions, and are points. 

^x. 10, 11 ^ 12. B. 1. Eu* — ^These three axioms, depending 
on definitions, are manifestly different from the other axioms. 
They have been differently managed by different editors. For 
the reasons of the mode in which they are here managed, see notes 
on 4. 1. and 29. 1. Eu. 

Prop. 1. 1. Eu. — ^The proof given in this prop, of the circles 
intersecting each other, seemed quite necessary, as the intersec- 
tion of the circles is requisite to the construction? and in geome- 
try nothing should be assumed,. except the axioms and postulates. 

Prop. 4. 1. Eu. — ^llie demonstration of this proposition has 
produced much disquisition ; some have thought a postulate ne- 
cessary, for removing one of the triangles about which the proof 
is exercised, and placing it on the other ; but this does not appear 
to be requisite. There are? as far as I know, but two principles, 
whereon to found correct demonstrations of the equality of mag- 
nitudes, namely, by definition and coincidence, an instance by 
definition is found in the circle, all radiuses of the same circle 
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keing equal by def. 10. 1. which principle is used in each of Eb- 
clid's 3 first propositions, but the principle could evidently do 
but little. 

There remains then the principle of coincidence, which Eu- 
clid uses in this proposition, and a most perfect one it appears to 
be, carrying with it the clearest evidence. That he might con- 
fine himself to principles laid down, the 8th axiom is used, that 
things, which being applied to each other, do coincide or agree, 
are equal ; the application is not mechanical, it is altogether the 
work of the mind ; the definitions of the terms, about which this 
proposition is exercised, are most clear and perfect, the axioms 
made use of most manifestly following from them, and the evi- 
dence of the coincidence of the figures so defined, on mental ap- 
plication, most clear, complete and satisfactory ; and it appears 
to have been the best Euclid could possibly do. 

The 11th axiom of this book is used in the proof of this pro- 
position, and seems quite necessary, for if, part of the equal 
right lines supposed to be applied to each other coinciding, it 
were possible, that part of them should diverge or deviate from 
each other, or that two right lines should have a common seg- 
ment, the demonstration of this proposition would be defective; 
and the impossibility of this being proposed to be demonstrated 
by Mr. R. Simson and other editors, subsequently to this 4th 
proposition, is a concession, that it ought not to be assumed in 
that proposition. The equality of all right angles to each other 
is proved, by means of this 11th axiom, in the theorem at the 
11th of this book. 

In most of the editions of Euclid's Elements which I have 
seen, the equality of right angles to each other is substituted foi: 
the 11th axiom here used, but I think there is reason to suspect^ 
that the elements have in this instance been vitiated by Theon 
•r some unskilful editor ; the axiom here employed is used by 
Clavius and several others. 

Many editors have attempted to deduce this principle from 
that of the equality of right angles, the demonstrations of tw^ 
of them, Mr. R. Simson and Mr. Elrington are as follow: 

Mr. R. Simson, Cor» Prop* 11. B. 1. ^ 

If possible, let two right lines ACB 
and ACD have the segment AC com- 
mon to both of them. Fi*om the point 
C draw CE at right angles to AB ; and 
because ACB is a right line, the a.nglft 
BCE is equal to the angle EC A {Def. -S 
5SQ. 1.); in the same manner, because ACD is a rlg^t line, &• 
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angle DCE is equal to the angle ECA; wherefore the aftglei 
ipcE is equal to the angle BCE, the less to the greater, which 
t^ impossible ; therefore two right lines cannot have a common 
segment. 

Mr. Elrington, Note to Ax. 11. B. 1, which axiom asserts thef 
equality of right angles to each other- Let, if possible, two right 
lines CD and CB, see the above fig., have a common segment 
AC, and let CE be perpendicular to the right line ACD, and if 
it be also perpendicular to the right line ACB, the angles DCE 
and BCE are equal {^x. 11.), which is absurd. But if not, let 
GF be perpendicular to the right line ACB, and the angles ACF 
and ACE are equal (by the $ame)9 which is sdso absurd. 

Of the first of these demonstrations, Mr. Elrington observes, 
that it does not appear to him perfect ; for through the point C, 
it draws CE perpendicular to AC, and assumes that there can 
be but one perpendicular at that point; but this cannot be con- 
ceded, because, that a perpendicular may be raised, AC must 
be first produced, and if this could be done in different ways, 
there would be different perpendiculars at the point C, as ap- 
pears from the construction of Prop. IJ. B. 1. and therefore the- 
whole demonstration fails. 

And the second demonstration does not appear to me to be 
perfect, introduced at the axioms, or any where before Prop. 11*^ 
B. 1 ; because it supposes, that a perpendicular may be drawn to 
a given right line, from a given point therein ; which is not 
taught before that proposition. 

Since therefore Jx. 11. B. 1. here used, appears to be neces* 
sary to the proof of this 4th Prop, is very manifest from the de- 
finition of right lines, does not api>ear to be legitimately deduci- 
ble from that usually used instead of it, namely, that all right 
angles are equal to each other, previously to this 4th Prop, which 
latter principle also, contrary to Euclid's usual practice, sup- 
poses the existence of right angles, before the possibility of their 
existence is shewn by any construction, and since moreover the 
axiom here used lias been adopted by several respectable editors, 
and there is great reason to suppose that Euclid's Elements have 
been in many instances vitiated, is seemed quite expedient to 
follow the course here taken. 

Prop. 22. B. 1. A like observation, as is made in Prop. 1. of 
tliis book, respecting the propriety of proving that the circles^ 
intersect each other, applies here also. 

Prop. 29. B. 1. The axiom used in most editions of Euclid's 
Elements, instead of that which is, the 12th in this, is, that " if 
" a right line, fajling on two right lines, make the two interior 



AOTE*. 485 

** antics on the same side of it. togotlier less tlian two right 
*• angles ; these right lines may be so prodiicecK towards the part^ 
*' on which the interior angles are h\*<stlian two riglit angles, as 
** to meet :*' which is acknowledged by Mr. K- Sinison, Slf. El- 
rington, and many other editors, 1o b'* a pi'oposition inquiring 
demonstration, and indeed j beibi'e the reader could know, that, 
when the interior angles on one side wei*o less than two right 
angles, the right lines would at all appi-oach on that side, he 
should know, that the four interioi* angles were together erpial 
to four right angles, and of course that the two interim* angles 
formed at either intei'section of the cutting line were equal to 
two right angles, which is not dt-moinstratfHl until Pro/?. 13. B. 
!• Theiti is therefore reason to susiiect, that the elements have 
in this axiom been ^ itiati»d, and the alteration l>ere made appear- 
ed to me very ex|>cdient. 

Prop. 44* B. 1. In most of the editions of Euclid's Elements 
which I have seen, in the construction of this problem, it is rc- 
quii-ed, to make a parallelogram ecpial to the given triangle, 
having an angle equal to the given angle, and one of its sides in 
a right line with the given right line > for which as there i» no 
piTvious problem or postulate, I cannot avoid being of Mr. El- 
rington's opinion, that tlie elements Inn e pi*obably been here vi- 
tiated, and have therefore altered the construction so as to avoid 
thafirregularity. A like observation is applicable to some pro^ 
positions in the sixtii book. 

Prop. 8. B. 2. This proposition, being of little use, and 
when requisite, easily supplied by other propositions, and never 
used in any subsequent part of this work, may be omitted at the 
discretion of the reader or teacher. 

A like observation is applicable to the two subsequent propo- 
sitions, which arc rather curious than useful. 

Prop. 11. B. 2. Professor Leslie calls the division of a rigM 

line in the manitef* taught in this proposition, the medial section, and 

. thei*efoi-e a right line so divided, may be said to be cut medially* 

Prop. 13. Brf 3. The demonstration here given of this propo- 
sition diifers from that, which is in most editions of Euclid's Ele-^ 
ments, being similar to that given by Mr. Elrington, for reasons 
assigniHl by Mr. R. Simson and Mr. Elrington in their notes on^ 
this proposition. 

Def. 3. B. 5. Since, according to this definition, ratio is a 
Certain relation between two magnitudes of the same kind, with 
respect to quantity ; those writers of Navigation and Surveyings 
who, in their canons, compare lines witk angular denominations^ 
appear to be incoriTct. This iriTgulaiity is avoided hy Mr* 
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M«Kay and Mr. Gomere in their treatises on ^iavigation and 
Survryi'it^. A like observation is applicable to tlie rule of three 
in Arithinrtick, the inva^ularity being corrected by Mr. Stephen 
Pike and some otI»e2*s, in their treatises on that subject. 

I)ef. 5 and 7. B. 5. If any two magnitudes whatever of the 
same kind were commensurable to each other, that is, had a 
common measui-e, and wei-e to each other, as a number to a 
number; the definition of propoKional magnitudes might be 
much simplified, and made similar to that of pi-oportional num- 
bers, in the 7th book of Euclid's Elements : but since, in several 
instances, magnitudes have been found by geometricians to be 
incommensurable to each other, as has been demonstrated of the 
diagonal and side of a square in the 117 Prop. B. 10. of Eu- 
clid's Elements, and of other magnitudes elsewhere; it was ne- 
cessary to define proportional magnitudes, by properties appli- 
cable both to those which are commensurable and incommensura- 
ble ; such is tliat by equimultiples, used by Euclid in his 5th 
book.; and such is that by equisubmultiples, used in this w^ork ; 
of which mention is made moi*e fully in the preface of this book. 

And though ratio is a i*elation between two magnitudes of the 
same kind, yet the two first terms of four pi*oportionals may be 
of a difiei'cnt kind from the two last. 

Tlieor, 1. ai Prop. 3. B. 5- Though this theorem and the fol- 
lowing have been inserted for the purpose of demonstrating the 
following prop, being tlie 4th of this book, that none of Euclid's 
propositions might be omitted ; yet as that 4th prop, is unneces- 
sary in this place, on the plan used in this work, and is easily 
deducible fnmi subsequent propositions of this book ; both that 
pro])osition and these theorems may be omitted at discretion. 

Prop. 15. B. 5. Euclid in this proposition cites Frap. 7.5, 
instead of that which is demonstrated in Cor. 1.7.5. of this book. 

Frop. 20 and 21. B. 5. Though these propositions are insert- 
ed, because they are in Euclid's Elements, yet being put there 
for the purpose of demcmstrating the two following propositions, 
and not being necessary for tliat purpose on the plan used in this 
work, they may be omitted at disci^ction. 

Prop. 2(S 27,28, and 29. B. 6. These propositions, being of 
little use, may be omitted at discretion: if omitted, the last con- 
struction only of the following 30th proposition should be used. 

Tlieor. 1 and 2. Prop. S3. B. 6. These theorems are inserted 
for the purpose of bi*inging to one general principle, sundry de- 
monstrr^tl i»is ntf ,^b^ 'rc!um ; they ai*e used fi>r this purpose in the 
r8th and 79th propositions B. 1. Sup. and by ihcir means the de- 
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monstratioiis of several propositions of the 12th B. of Euclid's 
Elements may be much abht-eviated. 

Case 4. Prob. 2. Plain Trigonometry. This case may be 
sohedy without letting fall a perpendicular, by mcs^is of the fol- 
lowing 

PROPOSITION. 

The rectangle under the legs of a plain triangle, is to *the rectangle 
undei' the half snm of all the sideSf and the excess of that half 
swh above the bate, in a duplicate ratio of radius to 'the cosine of 
half tlte vertical angle. 

Let ABC be a plain triangle, 
of whicli AB is the base ; the 
i*cctangle under AC and BC, 
is to the rectangle under the 
half sum of AB, BC and AC, 
and the excels of that half sum 
above AB, in a duplicate ratio A 
of radius to the cosine 'of half 
the angle ACB. 

Let CB be the greater of the 
legs AC and CB,*^and take thereon CD e^ual to AC ; join AD, 
which bisect in E, and join Ci* ; draw KH parallel and equal 
to AB, join HB, which produce to meet CK produced in G. 
^ Because the triangles Ch. A and Cl.D are mutually equilate- 
ral, the angle ACE is equal to DCE, and the angles AEC and 
DEC are also e(]ual, and theiTfore right.' 

And cince EH is equal and parallel to AB, BII is equal and 
parallel to AE (SS. 1. En), 

And in the triangles DFE and BFH, the angles at F are 
equal (15. 1 Eu). the angle FED is equal to FIlii (29. 1. Eu), 
and ED to BH, being each equal to AV' ; therelbre KF is equal 
to FH, and DF to FB (26. 1. En.); also the angle EGEI is 
equal to CKD (29. 1. En,), and therefore a riglit one ; tiierefoi*e 
a circle described from the centre F, at llie distance FE or VH 
would pass through G (Cor. 31. S. En*); let this circle be des- 
cribed, and meet CB produced in K and L. 

Because both DC is to CF2, and BC to CG, as radius is to 
the cosine of the angle DCE or of half the angle ACB (l /'/-• 
Tr.)f the rectangle HCD is to the rectjmgle GC' , or its equal 
(Co?'. 1. 36. 3. Eu.)^ the rectangle RCL, as the square of radius 
is to the square of the cosine of half the angle ACB (23. 6 and 
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^2. 5. Eli.); but the rectaii,^]e BCD is equal to the rectangle 
ACB under the le^, because CD is equal to AC [cmiHtr.) ; and 
CL is equal to half the sum of the sides AB, HC and AC, be- 
cause FL i^equaj to FH, the half of EH or AB ; CD 'is the 
half of AC and CD ti)gether, and DF the half of DB, and 
therefoiH? CF the half of AC and CB togetlicr j also CK is equal 
to the excess of that h^lf ^uni above KL^ the diameter of the 
pircle, and therefore e(|iial to EH or AB. Thei-efoi-e the rect- 
angle ACB, under the legs* is to the rectangle under the half 
sum of AB, BC and AC, and the excess of that half sun) above 
AB, as the square of radius is to tlie f$c|uareiof the cosine of half 
the angle ACB, or, ^^hich is equal (20. 6. ^>i.), in ailuplicate 
ratio of radius to the cosine of that angle. 

The application of this proposition, to finding any angle, as 
ACB, from all the sides given, is similar to that of the 30th 
Sph. Tr, to find ^n angle of a spherical triangle, fram all the 
sides given, being the second solution of the 5th case of oblique 
angled spherical trigonometry, the application being thus. The 
rectangle under AC and CB : rectangle under AB + BC rAC 

^nd ABfBC+AC_^|^ . . ^^^ ^^^^^^ ^^ ^^^j^^^ . y^^ gq^^^^ ^f 

t{ie cosine of half tlie angle ACB {by this Prop, and ?0. 6. Eu.) 
Def. \. B. 1. SupplemenU Since the name Conick SecHonSf 
given by the ancients to the figures treated of in this book, is 
flerived from their formation by the section of a solid, and the 
ihoderns have very generally fallen into the mode, of defining 
^hpm from their desci'iption in a plain, it seems pi'oper, that they 
^ho'ild have a name diffei*ent from that derived from the solid ; 
of this Sir Isaac Newton seemed to be aware, when, after hav- 
ing demonstj*ated, that according to the laws of motion, bodies 
In free spaces must describe one of these figures, in the twenti- 
eth and nine folhiwing propositions of the iirst book of his prin- 
cipia, he calls them trajectories ; but as the term trajectory is ap- 
plicable to any line whatever described by a body moving accoiil- 
ing to any law, and with any i-esistance whatever," it appeared 
proper, to give tliem another appellation ; and as they have been 
generally f by those who define them from their description in a 
plain, described by pins ; the name of Pattalldd^ derived from 
the Gieek word " passalqs" or " pattalos'% which signifies a pin, 
has been selected, 

Prop. 14. 2/. 1. Sup. From this proposition may be deduced, 
the law of variation of the square of the segment of a tangent, 
or rectangle under the segments of a secant, to a conick sectioi^ 
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or opposite sections, passing through a given point* and meeting 
a dii'cctrix* between that \fOint and the section or sections, with 
the variation of the inclination of tlie tangent or secant to the 
directrix. 

For the better understanding which, and some other things 
in this work, it seems proper to observe, that, as it is well 
known, that th0rai*ea of a rectangle is found by the multiplica- 
tion of the sides into each other, and tliei-efore, if the area of a 
rectangle be divided by one of its sides, the quotient gives the 
other; matliematicians in their reasonings, often use tlie words 
drawn into, and applied to, instead of multiplied and divided by. 

And the ratio of any two quantities to each other, is very con-p 
veniently expressed, by the quotient of the consequent divided 
by the antecedent ; thus, the ratio of 1 to 3 may be expressed 
by \ or 3, being triple, and a ratio of greater inequality ; the 
ratio of 3 to 1, by -i, being subtriple, and a ratid of less in- 
equality. 

Which being premised, by this 14th Prop, see figures to 

rect. PKQ KD^ diff. sq. KG and KM 
it, is= X  ; but KX be- 

rect. SKT KG» diff. sq. KD and KM 

ing radius, KD and KG are cosecants of the angles KDX 
and KGX (i2. PL Tr.)^ and KM is to KX in the determining 
ratio; therefore the rectangle PKQ is, as the square of the co- 
secant of tlie angle KDX, applied to the difference of the squares 
of that cosecant and of a right line which is to radius in the de- 
termining ratio; or, the sines of angles being inversely as their 
cosecants {for. 7. Def. PL Tr.), inversely as the sine of the 
angle (KDX), which the secant or cutting line makes with the 
directrix, drawn into the difference of the squares of the same 
sine, and of a right line, to which radiiis is in the determining 
ratio. A like i*easoning is applicable to the tangent KR. 

Prob. 2. Solutions of the cases of Sph. Tr. In case 1 part 2, 
the affection of the angle ABC is ambiguous, unless it can be 
determined by this rule, that according as AC+BC is greater or 
less tlian 180% A+ABC is greater or less than 180" (12. 
SpL Tr.). 

The following propositions ai*e useful in removing ambiguities 
in the first solution of the 5 th case. 

PROP. I. THEOR. 

m 

Jn an isosceles spherical triangle, the angles at the base are of tlie 

same affection as the sides. 

If DE or DF, sec fig. to prop. 15. Sph. Tr. be one of the 
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sides of the isosceles triangle, the other side must meet tlie arcb 
AKB in its continuation (15 Splu Tr.); and if both be gi-eater 
than DK, the sides are greater than ((uadrants, and the angles 
at the base obtuse {by Hie same and Cor. 2. 15. Spit. Tr.) ; if less* 
the sides arc less than quadrants, and tlie angles at the base acute 
(by the same). 

PROP. 11. THEOR. 

Jf the two least sides of a spherical triangle he of the same spedes, 
the perpendicular let fall from tlie angle ivdnded by them on the 
third side J falls within the triangle: or if the third side be less than 
either of tlie others^ C these othei's being of the same species^ ) but 
greater tlian their supplements^ tlie perpendicular falls within the 
triangle: and the less segment of the base and less vertical angle^ 
are adjacent to the greater side^ and the greater segment and 
greater vertical angle to the less sidef if the sides be together 
greater than a semicircle- 

Part. 1. Let ABC be the triangle, 
AC and CB being both less than quad- 
rants, CD a perpendicular on its base ^ 
AB ; make AE equt*l to AC and BF to ^ 
BC,- the triangles AEC and BFC are 
isosceles, therefore the angle AEC is of 
the same species as AC, and BFC as BC 
{by the prec prop.) ; and AC and BC ai^e 
of the same affection {Hyp.) ; therefore 
the angles AEC and BFC ai-e of the 
same affection ; therefore tlie pei'pendicu- 
lar CD falls betw een tliem (20 Sph. Tr.), ' X> E 

and of course within the triangle ABC. 

Furl 2. In the triangle AUB, where AH and HB are each of 
them greater than AB ; the two least sides HL and HM of the 
triangle MHL being the supplements of AH and BH, aiHi each 
of them less than AB {Hyp.); but the arches ABL and BLM 
are semicircles (1 Sph. Tr.), taking from each the common part 
PL, the arches AB and LM are equal ; therefoi-e HM and HL 
are each of them less tlian ML, and being of the same species, 
the perpendicular HK falls between them, and therefoi'e the per- 
pendicular Hi) falls between AH and HB {by part 1). Let 
AD be less than DB, the angle AIID is less than BHD, and 
AH greater than BH, if AH and BH together be greater 
Ihan 180', or the point H be more remote fi'om AB than 
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its pole P (15. 8ph. Tr.) ; for if the iioiiit H were not more re- 
mote from AB tlisin that pole^ neitlier AH nor BH would be 
^-cater than 90" {Car. 2. 15. 8ph. Tr.), nor therefore their sum 
greater than 180". 

Cor. 1. A per|)cn(licular beinji^ let fall on a side of a spherical 
trianc^Ie consitlered as its base, from the opposite angle, the sides 
arc both greater or both less than tlie perpendicular. 

For since CD is per])endlcular to AB, it passes through its 
pole P {Car. 6. £. Sph. Tr.) ; and if the vertex C be below the 
pole P, and therefore CD less than a quadrant, it is the least of 
iall arches, which can be drawn from C to AB, and therefore less 
than CA or CB (15 Spfu 2'r,) ; if the vertex of tlie triangle be 
above P as in H, the arch UD is the gi'eatest of all arches, 
which can bo drawn from H to AB, and therefore greater than 
HA or HB : if the |)eri)endicular fall without the triangle, ds in 
B6C or BGH ; the demonstration is similar. In all cases there- 
fore, the sides ai*e both gi*eater or both less than the perpendicular. 

The case is omitted, when the pole P of the base being the ver- 
tex of the triangle, both the sides and perpendicular are quad- 
rants (2 Sph. Tr.). 

Cor. 2. When the perpendicular falls without the triangle, 
there ai»e two pi*rpcndiculars, the less next the less side, and less 
than a quadraiit or either of the sides ; and tlie greater next the 
greater side, and gi*eater than a quadrant or either of the sides ; 
and either of them may be considered, as the proper perpendicu- 
lar on the base [n*oduccd. 

In the triangle BGC, cither CD or CK may be esteemed the 
perpendicular on the base GB produced, the less CD, next the 
less side CG, and less than a quadrant or either of the sides CG 
or CB ; and the greater CK, next tlie greater side CB, and 
greater than a quadrant or either of the sides CB or CG ; and 
either of them may be used for determining the several parts of 
the triangle BGC, but the one is sometimes more convenient, than 
the other. 

PROP. III. THEOR. 

If to the base of a spherical triangle, a perpendicular he drawn 
from the opposite angle, which either falls tdithin the triangle^ 
or is the nearest of the two which fall without ; tlie least of the 
segments of the oa^e is adjacent to the least of the sides of the 
triangle, or to the greatest, according to the sum of the sides is 
less or greater Hum a semicircle* 

See Jig. to the prec. prop. 
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Part *i. if both the sides AC and BC, BC being the greater,* 
of the triangle ABC, be less than quadrants, the perpendicular 
CD on the base AB falling within ; because AC is less than 
CB9 the arch AD is less than DB (15 8ph. Tn), and so the per- 
pendicular CD is adjacent to the less side AC. 

Fart d. If both the sides CG and CB of the triangle CGB, 
be less than quadriintsy the per|)endicular CD, on the base B6 
produced falling without i tlie side CG adjacent to tlie perpendi* 
eular CD is the le^(l5 Sph. >r.), and so the perpendicular CD 
is adjacent to the less side CG. 

Part 3. If both the sides AH and BH, AH being the greater^ 
of the triangle AHB^ be greater than quadrants, the perpen- 
dicular HD on the base AB falling witliin ; the segment AD ad- 
jacent. to the greater is less than DB (15 8ph.'Tr,)^ and so the 
perpendicular HD is adjacent to the greater side AH. 

Part 4. If both the sid«>s HG and HB of tlie triangle GHB 
be greater than quadrants, the perpendicular HI) on the base 
BG producexl tailing without; the side HG adjacent to the per- 
pendicular HD is the greatest (15 8ph. Tr^), and to the perpen- 
dicular HD is adjacent to the greater side HG. 

Part 5. If the sides CG and HG be of different affections, CG 
being less and HG greater than a quadrant, both together being 
less than a semicircle, and GD be a perpendicular on the base 
HC produced ; because CG and HG are together less than a 
semicircle {Hyp.)^ CG is less than tlie supplement of HG, there- 
fore CD is less than the segment of CD piH)duced, between D 
and the point in which CD produced would meet HG produced 
(15 8pL Tr.)f and so the perpendiculai' GD is adjacent to the 
less side CG. 

Part 6. If the sides CB and BH be of different affections, CB 
being less and BH greater than a quadi*ant, both together being 
greater than a semicircle, and DBK be a perpendicular on the 
base CH produced, meeting it in D and K ; let BH be produced 
to meet BK in M; and because CB and BH are together greater 
than a semicircle {Hyp^), CB i» greater than the supplement HM 
of BH; whence BD and MR being each of them supplements 
of BK, and therefore equal, and both CB and HM less than 
quadrants, HK is less than CD (15 8ph. Tr ), and thei-efore the 
perpendicular DBK is adjacent to the gi*eater side BH. 

Cor. Hence^ all the sides of a ti'iangle being given, it is easy 
to know* to wjiich of the sides, including the angle fi-om 
which a perpendicular is drawn to the opposite side, the per- 
pendicular is adjacent; which is useful in the 1st solution of the 
5th case of oblique angled spherical tiigonometiy, the segments 
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of the base computed tliere, being those cut off by the neai'est 
perpendicular. 

Lemma 1. JSTaU Ph. This lemma and the ten following, con- 
tain Newton's method of first and last ratios, and were, he said^ 
inserted, that he might avoid the tediousness of deducing per- 
plexed demonstrations ad absurdum, in the manner of the an- 
cient geometers. 

Frop» 3. JSTaL Ph^ In order to render the corollaries to this 
proposition more easily intelligible to the reader, I have thought 
proper to throw some of them into an algebraick form. 

Let then F, denote the centripetal force of a body supposed t^ 
describe a cii-cle ; V, its velocity ; P, its periodick time ; ai 
R, the radius of the circle : and let the corresponding small k 
tcre denote the like in a body describing any other circle. Lei. 
the ratios be denoted in the manner mentioned in the note to 14. 

1. Sup. namely, by the quotient of the consequent divided by the 
antecedent, in a fractional form. Then^^ 

JSTumber-l. Since the velocities, are as the arches described to- 
gether ; substituting the velocities for these arches, by the pro- 
F V^ r rV^ 

position — is= — x— = , which is the 1st. Cor. 

f v' R Rv* 

2. The periodick times are in a ratio compounded of the direct 
ratio of the radiuses, and the inverse one of the velocities, that 

P R V Rv 

is, — is=— X— = . 

p r V rV 

F rV« 

3. Since, by No. 1, — Ls= , or multiplying each term of 

. f Rv' 

r'V'R r^* 

the last quantity by Rr,= , or substituting for , its 

RVV RV 

equal (by inverting and squaring the terms of the equation of 
p« p«R 

No. 2), — , = 9 which is the 2nd. Cor. 

F» P«r P 

4. If the periodick times be equal, or — be =1, the velocities 

P 
are as the radiuses, as is manifest | but it follows also from No. 

Rv P 

2, for by that — is=— =1 (Hyp.) ; therefore Rv is=*rV, and, 

rV p 
by 16. 6. JEi*, V : v ^ : R : r. 

63 
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5. The same thing being supposed^ fhe centripetal forces are 

F rV» 

as the radiuses. For, by No. 1, — is=s , and dividing each 

f Hv« 
term of the last quantity by rV and Rv, which are equal by No. 

F V R 

4, — is:= — , or, which is equal by the same No,= — . The Sd 

f V r 

Ckrr. is included in this No. and the preceding. 

In like manner, as the 3d. Cor. is proved in the two preced- 
ing numbers, may the truth of the 4th, 5th, Gth, and 7th corolla- 
ries be shewn, of which it seems sufhcient to. give an example, 
in the proof of the 6th, which is done in the two following num- 
bers. 

6. If the periodick times be in a sesquiplicate ratio of the 
radiuses, the velocities are in an inverse subduplicate ratio of 

I rV 

the radiuses. For, by inverting the terms of No. 2, is= 

Rv 
p r| r V 

— = — {Hyp.), therefore, dividing each quantity by — , — is 
P R| R V 

*2 



B^ 



7. The 43ame thing being supposed, the centripetal forces 
are inversely as the squares of the radiuses. For, by No. 3, 
F p°R p" r« r'R 

—- is= , or, — being= (J3vp),= , and, dividing each 

f F^ F« R« R«p 

r« 
term of the last quantity by Rr,=-— . The 6th Car. is includ- 

R« 
ed in this No. and the preceding. 

As to Cor. 9. Let a, denote an indefinitely small arch describ- 
ed by a body moving in a circle ; d, the diameter of the circle ; 
and s, the sagitta which the body in falling, would describe in 
the time of the description of the arch ; and, by the proof of the 
proposition, as a* is=^ds ; let t represent any time whatever, and 
mulfiplying each term of the equation byt% a«fis=dsxt% and 
therefore, by 17. 6. Eu, d: axt: : axt : sxt% but axt repre- 
sents the arch described, and sxt% the descent of the body with 
the same centripetal force, in the time t ; whence appears tiie 
truth of the corollary. 

THE END. 
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Clenaghan, Wm M, Esq 
Cleveland/ 4^. B, Esq 
Coale, Edw. J. Esq 
Cohen, J. I jun. Esq 
Coleman, Revd John 
Cooper, Revd J. G. 
Corner, James, Esq 
Cotter, llichard. Esq 
Coulter, John, M. D. 
Cox, Hugh, Esq 
Crabb, R. J. Esq 
Craig, John D. Esq 10 co. 
Cross, Walter, Esq 
Curran, Barn- Esq 
Curran, Philip, Esq 

D 

Dallam, Francis J. Esq 
Dalrymple, Jas. A. D. Esq 
Dashiell, Revd George 
Davidge, Francis H. Esq 
Davidge, John B. M. D. 
Davis, Elijah, M. D. 
Davis, Revd Henry L. 
D»ris, James G. Esq 
Davis, Reuben H. Esq 
De Butts, Elisha, M. D. 
Deem, Jacob, Esq 
De Le Rec, Revd James 
Dennis, Littleton, Esq 
Donaldson, Samuel J. Esq 
Dorsey, Henry, of Edw. Esq 
Dorsey, Hon. Walter 
Drill, Christian, Esq 
Ducatcl, Edme, Esq 
Duke, Revd William 
Duncan, Revd William 
Dunn, Robert, Esq 



Duvall, Lewis, Esq 
Duvall, William, Esq 

E 

Edes, Col. Benjs^min 
Egerton, Charles C Esq 
Evatt, John, Esq 
Everitt, William B. Esq 

F 

Farrell, Thomas, Esq 
Foard, Joseph R. Esq 
Foley, Thomas, Esq 
Forman, Revd John 
Fowler, Baruch, Esq 
Foxcroft, William, Esq 
Franklin, Thomas, Esq 
Frazier, Henry, Esq 
Freeman, William H. Esq 
French, Ebenezer, Esq 
Frick, William, Esq 
Frisby, Richard, Esq 

G 

Gadsden, Revd C. E. 
Gardiner, Thomas, Esq 
Garner, Henry, Esq 
Garretson, James, Esq 
Gassaway, John, Esq 
Gibson, John Lee, Esq 
Gibson, William, M. D. 
Gibson, William, Esq 
Gill, R. W. Esq 
Gilmore, Robert, Esq 
Glendy, Revd John 
Glenn, John, Esq 
Gould, James F. Esq 
Gowan, John, Esq 
Graham, J. Esq 
Graves, Revd Richard 
Green, Jonas, Esq 
Green, Wm S. Esq 
Green, Zachariah, Esq 
Gregory, Henry, Esq 



subscribers' nambs. 



Grey, Horatio N. Esq 
Grey, Revd James, D. D. 
Griffith, Edw. Esq 
Grosvenor, John, Esq 
Guyton, Benj. Esq 

H 

Ha.i^arty, John, Esq 
Hale, Henry, Esq 
Hall, Edw. Esq 
Hall, J.'E Esq 
Hall, Robt. Esq 
Hall, Richd W. M. D. 3 co. 
Hall, Servant, Esq 
Hall, Thomas, P. M. D. 
Hall, Wm W. Esq 
Hanson, Hon. Chas. W. 3 co. 
Hargrove, Revd John 
Harlan, Jeremiah, Esq 
Harris,. John, Esq 
Harwood, Benj. Esq 
Harvvood, Frederick, Esq 
Harwood, H. H. Esq 2 co. 
Harwood, Richard, Esq 
Hawkins, John, Esq 
Hawkins,- Matthew, Esq 
Hawley, Revd Wm 
Hays, Henry H. B. Esq 
Heard, Benj. J. Esq 
Heath, James P. Esq 
Heath, Upton S. Esq 
Helfenstein, Revd Albert 
Henderson, John, Esq 
Henry, William, Esq 
Henshaw, Revd John P. K. 
Herbert, John C. Esq 
Hewett, Daniel, Esq 
Hicks, Revd Galen 
Hillary, Tilghman, Esq 
Hinckley, Edward, Esq 
HoShian, David, Esq 
Hollingsworth, Thomas, Esq 
Hollingsworth, Samuel, Esq 
Hopkins, Ephraim^ Esq 



Hopkins, John, Esq 
Hopkins, Joseph, Esq 
Hopkins, Samuel, Esq 
Howard, Henry, Esq 
Howard, Henry, of Jno. Esq 
Howard, John B. Esq 
Howai'd, William, M. D. 
Hughes, Christopher, Esq 
Hughes, Jeremiah, Esq 
Hughes, John, Esq 
Hull, Revd James F. 
Hulse, Isaac, Esq 
Hunter, James, Esq 
Hurd, Ebenezer, Esq 



Jackson, Edward, Esq 
Jackson, William, Esq 
Jameson, Rush, Esq 
Jay, Thomas, Esq 
Jennings, Samuel K. M. D. 
Iglehart, James, jun. Esq 
Inglis, Revd James, 2 co 
Johnson, Edward, Esq 
Johnson, John, Esq 
Johnson, Revd Matthew 
Johnson, Thomas, M. D. 
Johnson, James, Esq 
JoUey, Edward, Esq 
JoUey, William D. Esq 
Jones, M. C. Esq 
Jones, Talbot, Esq 
Jones, Thomas, Esq 
Judah, Kevd H. R. 

K 

Keith, Revd Reuel 

Kell, Thomas, Esq [2 co. 

Kemp, Rt. Revd Jas. Bp. of Md 

Kent, Joseph, M. D. 

Kesley, Revd William 

Key, Francis, Esq 

Keyser, Samuel, Esq 

King, Charles B. Esq 



subscribers' names. 



King. Levin R. Esq 
Ktiiglit, Nathaniel, Esq 
Kui*tz, Revd Daniel D. D, 



LancC) Revd Maurice H. 
Latimer. Stephen- Esq 
Law, Anthony. Esq 
Learned. Joseph D Ei^q 
Lindon. I'evd John 
Liitlo, Francis* Esq. 
Lockermnn, Hichard, Esq 
Lockcrman T. R Esq 
LoA'c, Jolm, Esq 
Lux, William, Esq 

M 

M^Causland, George, Esq 
M Comas, James S. Esq 
M^Cormick, Revd And. T. 
M'Crodden, James, Esq 
MDoweil, John. D. D. 
M'Dowell. Maxwell, M. D. 
M^Elfresh, John 11. Esq 
M^Elhiney, Revd George 
Maegill, Robert, Esq 
M Intire, David. Esq 
M^Kenny? John^ Esq 
M^Kim, John, Esq 
M>>!ath, William, Esq 
Ma< kiibbin^ George, Esq 
M^?arlin, W^illiam, Esq 
M Pherson, Henry H. Esq 
Madden, Cato P. B. M. Esq 
Maddox, Samuel, Esq 
Magee, John, Esq ' 

Magruder, Alexander C. Esq 
Magruder, John R. Esq 
Magruder, Richard A. C. Esq 
Magruder, William, Esq 
Maguire, Hugh, Esq 
Marlow, Tliomas, Esq 
Marriott, Wm. H. Esq 
Mason, James M. Esq 



Matchett, GeorgCrEsq 
Maulsby, Israel D. Esq ^ 

Maynadier, Henry, Esq 
Meade, Revd William 
Meconekin, William E. Esq 
Meredith* Jonathaut Esq' 
Mitchell, G. C. Col. U. S. A. 
Monks, John, Esq 
Montgomei-y, Jolm, Esq 
Moore, George, Esq 
Moore. Jason, Esq 
Moore, John L. Esq 
Morrison, David, Esq 
Mosher, James^ Jun. Esq 
Munroc & French. Messrs 
Munroe^ his Ex. James, P. U. S. 
Munroe, John, Esq 
Munroe Thomas, Esq 
Murray, Daniel, Esq 
Murray, Henry M. Esq 

N 

Nevins, Rev. William 
Ninde, James, Esq 
Ninde^ Revd William 
Norris, Nelson, Esq 
Norris, Revd Oliver 
Norris, Samuel, Esq 



O'Brien, Revd Timothy 
Ogden, Jos. J Ksq 
Osborne, Len. U. S. Navy 
Owen, John, M. D. 



Patterson, William P. Esq 
Pattison, Granville Sharp, M.D. 
Pei'iman, Isaac, Esq 
l*feiffer, Revd Henry H. 
Phillips, Isaac, Esq 
Phillips, William, Esq 
Picket, John W. Esq 
Picknell, Joseph^ Esq 



subscribers' nakes. 



Pigman, B. T. Esq 
Pilmore, Revd James 
Findlc, Benjamin, Esq 
Pinkney, Jonathan, Esq 
Pinkney, Ninian, Esq [2 co. 
Pinkney, Hon. Wm. Sen. U. S. 
Pleasants, John P. Esq 
Posey, Lawrence, Esq 
Potter, Nathaniel, M. D, 
Power, Michael, Esq 
Price, E. Esq 

R 

Rafferty, Revd William 
Ramsay, James, Esq 
Raymond, D. Esq 
Read, Revd Thomas 
Reardon, Doctor James 
Reed, Jas. Capt U. S. Art. 
Reese, Revd Danl E. 
Reese, D M. M. D. 
Reese, J. J. Esq [C. 

Reynolds, Owen, Prof. Mat. B. 
Reynolds, Samuel, Esq [10 co. 
Richards & Mai lory, Messrs 
Richardson, Robert, Esq 
Rickctts, Samuel Esq 
Ridout, Horatio, Esq 
Hidgely, Charles, Esq 
Ridgely, John, M. D. 
Roberts, Revd George, D. D. 
Robinson, Henry, Esq 
Rogers, Micajah, Esq 
Rogers, Solomon A. Esq 
Rogers, Thomas, Esq 
Rogerson, Thomas, Esq 
Ruff, Rd. H. Esq 
SCtimmells, Mr. Stephen 



Sands, Joseph, Esq 
Schultz, Jacob. Esq 
Schwarer, George, Esq 
Scott, Mr. Leonard 



Selman, John, Esq 
Semmes, A. Esq 
SewelL Charles S. Esq 
Shaw, James, Esq 
Sherburne, Jonathan, Esq 
Shryer, Daniel, Esq 
Sinclair, Revd Wm. D. D. 
Smith, Clement, M.D. 
Smith, Pkca, Esq 
Smith, Revd Purnell F. 
Sorrel, Francis, Esq 
Spurrier, Beale, Esq 
Steele, John F. Esq 
Steever, DanieL Esq 
Stephen, Hon. John 
Stevens, Revd Daniel 
Stevenson, Cosmo G. M. D. 
Steward, Isaac, Esq 
Steward, Nathan, Esq 
Stewart, Caleb, Esq 
Stewart, Richard, Esq 
Stewart, Wm. Esq 
Stockett, R. G. M. D. [town 2 co. 
Stopford, Jas. Earl of Cour- 
Stopford, Rt. Rvd. Bp of Cork, 
Stran, Thomas P. Esq [Ireland. 
Stull, 0. H. W. Esq 
Stump,.Henry, Esq. 
Sullivan, Daniel, Esq. 

T 

Taylor, Wm. W. Ejiq 
Thomas, D. L. Esq 
Thompson, George H. Esq 
Thompson, John, Esq 
Tuck, Washington G. Esq 
Turner, Alexander, Esq 
Turner, Philip, Esq 
Turner, Samuel B. Esq 
Turner, Revd Samuel H. 
Tyng, Revd Stephen H. 
Tyson, John S. Esq 
Tyson, PhUip T. Esq 
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Vaiisicle, Bennett? Fsq 
Vinson, Charles, Esq 

W 

Walker, Josepli, Sen. Esq 
Walker, Joseph, Jun. Esq 
Walker, Rcvd Joseph R. 
Walker, Mrs. Mary 
Wall. Spencer, Esq 
Wallace. James, Esq 
Walsh, John, Esq 
Walsli, R. of Benj. Esq 
Warfield, William, Esq 
Waters, Amos, Esq 
Watkins, N. J. Esq 
Watkins, Tobias, Esq 
Webster, Henry W. M. D. 
Webster, Toppan, P^sq 
Weems, William L. Esq. 
WcUer Revel George 
Wells, William, Esq 



West, Arthur P. Esq 
West, Stephen B, Esq 
Wcver, Caspar W Esq 
White, John C. M. D. 
Williams, Barrett, Esq 
Williams, George, S<sq 
Williams, Revd Greo. M. 
Williams* Nathaniel, Esq 
Willis, Henry, r'sq 
Willis, Jesse H. " sq 
Wilmer, Revd Wm. H. 
Winchester, Geo. silsq 
Winchester, Samuel, Esq 
Woodward, Henry, ^-sq 
Worthington Samuel, Esq 
Wyatt, Revd Wm. E. 



Yeiser, John, Esq 
Yhary, Alexander, Escj 
Young, Rcvd Noble 
Young, Robert, Esq. 
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